


3.0 North Korea TST 2013/1

Problem 3.0 (North Korea TST 2013/1). The incircle of a non-isosceles triangle ABC' with
the center I touches the sides BC,CA, AB at A;, By, C, respectively. The line AI meets the
circumcircle of ABC at A,. The line B;C; meets the line BC' at A3 and the line A;A; meets
the circumcircle of ABC' at A4(# As). Define By, Cy similarly. Prove that the lines AA,, BBy, CCy

are concurrent.
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3.1 GOTEEM 3

Problem 3.1 (GOTEEM 3). Let D be a point in the plane of AABC'. Define D4, Dg, D¢ to
be the reflections of D over BC,C'A, AB, respectively. Prove that the circumcircles of AD,BC,
ADgCA, ADcAB, ADsDgD¢ concur at a point P. Moreover, prove that the midpoint of
DP lies on the nine-point circle of AABC.
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3.2 USA TST 2011/1

Problem 3.2 (USA TST 2011/1). In an acute scalene triangle ABC, points D, E, F lie on
sides BC,CA, AB, respectively, such that AD 1 BC,BE 1 CA,CF 1 AB. Altitudes
AD,BE,CF meet at orthocenter H. Points P and @ lie on segment E'F such that AP | EF
and HQ L EF. Lines DP and QH intersect at point R. Compute HQ/HR.
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3.3 USA TST 2008/7

Problem 3.3 (USA TST 2008/7). Let ABC be a triangle with G as its centroid. Let P be
a variable point on segment BC'. Points () and R lie on sides AC' and AB respectively, such
that PQ || AB and PR || AC. Prove that, as P varies along segment BC, the circumcircle of
triangle AQR passes through a fixed point X such that ZBAG = ZC'AX.
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3.4 USA TSTST 2017/1

Let ABC be a triangle with circumcircle I, circumcenter O, and orthocenter H. Assume that AB # AC and that ZA # 90°. Let M and N be the
midpoints of sides AB and AC, respectively, and let E and F' be the feet of the altitudes from B and C'in AABC respectively. Let P be the intersection of
line M N with the tangent line to I' at A. Let @ be the intersection point, other than A, of I" with the circumcircle of AAEF'. Let R be the intersection of lines
AQand EF. Provethat PR 1 OH.
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3.5 USAJMO 2014/6

Problem 3.5 (USAJMO 2014/6). Let ABC be a triangle with incenter I, incircle 7, and cir-
cumcircle I'. Let M, N, P be the rnidpoint_s of sidi BC, CA, and AB respectively and let E
and F' be the tangency points of v with C'A and AB, respectively. Let U and V be the in-

tersections of lines EF with MN and M P respectively, and let X be the midpoint of the arc
BAC of T.

(a) Prove that I lies on CV

(b) Prove that the line X1 bisects the segment UV
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3.6 ISL 2016 G2

Problem 3.6 (ISL 2016 G2). Let ABC be a triangle with circumcircle I' and incenter /. Let
M be the midpoint of BC. The points D, E, F are selected on sides BC, AC, and AB respec-
tively such that ID 1 BC, IE 1 AI, and IF L AI. Suppose that the circumcircle of AAEF
intersects I' at a points X other than A. Prove that lines XD and AM meet on T
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3.7 Korea 2020/2

Problem 3.7 (Korea 2020/2). H is the orthocenter of an acute triangle ABC, and let M be
the midpoint of BC. Suppose (AH) meets AB and AC' at D, E respectively. AH meets DE
at P, and the line through H perpendicular to AH meets DM at (). Prove that P, (), B are

collinear.
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3.8 USATSTST 2011/4

Problem 3.8 (USA TSTST 2011/4). Acute triangle ABC'is inscribed in circle w. Let H and
O denote its orthocenter and circumcenter, respectively. Let M and N be the midpoints of
sides AB and AC, respectively. Rays M H and N H meet w at P and @, respectively. Lines
MN and PQ meet at R. Prove that OA L RA.
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3.9 USAMO 2008/2

Problem 3.9 (USAMO 2008/2). Let ABC' be an acute, scalene triangle, and let M, N, and
P be the midpoints of BC, CA, and AB, respectively. Let the perpendicular bisectors of AB
and AC intersect ray AM in points D and E respectively, and let lines BD and C'E intersect
in point F, inside of triangle ABC. Prove that points A, N, F, and P all lie on one circle.
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3.10 USA TST 2005/6

Problem 3.10 (USA TST 2005/6). Let ABC be an acute scalene triangle with O as its cir-
cumcenter. Point P lies inside triangle ABC with ZPAB = /PB(C and ZPAC = ZPCB.
Point () lies on line BC with QA = QP. Prove that ZAQP = 2/Z0QB.
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3.11 AOPS Community, NK perp BC and AK symmedian

Problem 3.11 (AoPS Community). Given acute triangle ABC, BELAC,CF1AB at E, F,
resp. M is midpoint of BC, N is intersection of EF and AM. NK 1 BC at K. Prove that
AK is symmedian of triangle ABC.
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3.12 USA TSTST 2015/2

Problem 3.12 (USA TSTST 2015/2). Let ABC be a scalene triangle. Let K,, L, and M,
be the respective intersections with BC of the internal angle bisector, external angle bisector,
and the median from A. The circumcircle of AK,L, intersects AM, a second time at point X,
different from A. Define X, and X, analogously. Prove that the circumcenter of X, X, X, lies

on the Euler line of ABC.

(The Euler line of ABC is the line passing through the circumcenter, centroid, and orthocen-
ter of ABC.)
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3.13 STEMS 2019 CAT B P6

Problem 3.13 (STEMS 2019 CAT B P6). In triangle ABC, with circumcircle I, the incircle
w has center I and touches sides BC,CA, AB at D, E, F respectively. Point Q lies on EF

and point R lies on w such that DQ L EF and D, Q, R are collinear. Ray AR meets w again
at P and " again at S. Ray AQ) meets BC at T'. Let M be the midpoint of BC' and let O be

the circumcenter of triangle M PD. Prove that O, T, I,S are collinear.
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3.14 Vietnam TST 2003/2

Problem 3.14 (Vietnam TST 2003/2). Given a triangle ABC'. Let O be the circumcenter
of this triangle ABC'. Let H, K, L be the feet of the altitudes of triangle ABC from the ver-
tices A, B, C, respectively. Denote by Ag, By, Cy the midpoints of these altitudes AH, BK,
C'L, respectively. The incircle of triangle ABC' has center I and touches the sides BC', C'A,
AB at the points D, E, F, respectively. Prove that the four lines AgD, BoE, CyF and OI are
concurrent. (When the point O concides with I, we consider the line OI as an arbitrary line
passing through O.)
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3.15 Taiwan TST Round 2 2019 Day 1 P2

Problem 3.15 (Taiwan TST Round 2 2019 Day 1 P2). Let ABC be a scalene triangle,let I
be its incenter and let ) be its circumcircle. Let M be the midpoint of BC. The incircle w
touches C'A, AB at E, F respectively. Suppose that the line FF' intersects {2 at two points

P, @, and let R be the point on the circumcircle I' of AM PQ such that MR is perpendicular
to PQ. Prove that AR,T",and w intersect at one point.
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3.16 Sun Yat-sen University bi-weekly problem

Problem 3.16 (Sun Yat-sen University bi-weekly problem). Let I be the incenter of AABC.
D, E, F be the symmetric point of I wrt BC,CA, AB respectively. Prove that there exists a
point P such that AP L. DP,BP 1 EP,CP 1 FP.
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3.17 2013 ELMO SL G3

Problem 3.17 (2013 ELMO SL G3). In AABC, a point D lies on line BC. The circumcircle
of ABD meets AC' at F (other than A), and the circumcircle of ADC meets AB at E (other
than A). Prove that as D varies, the circumcircle of AEF always passes through a fixed point
other than A, and that this point lies on the median from A to BC.
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3.18 Korea Winter Program Practice Test 2018/5

Problem 3.18 (Korea Winter Program Practice Test 2018/5). Let AABC be a triangle with
circumcenter O and circumcircle w. Let S be the center of the circle which is tangent with
AB, AC, and w (in the inside), and let the circle meet w at point K. Let the circle with di-
ameter AS meet w at T. If M is the midpoint of BC', show that K, T, M, O are concyclic.
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3.19 2019 ELMO SL G3

Problem 3.19 (2019 ELMO SL G3). Let AABC be an acute triangle with incenter I and
circumcenter O. The incircle touches sides BC,CA, and AB at D, E, and F respectively, and
A’ is the reflection of A over O. The circumcircles of ABC and A’EF meet at G, and the
circumcircles of AMG and A'EF meet at a point H # G, where M is the midpoint of E'F.
Prove that if GH and EF meet at T, then DT | EF.
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3.20 2013 ELMO SL G2

Problem 3.20 (2013 ELMO SL G2). Let ABC be a scalene triangle with circumcircle I', and
let D,E,F be the points where its incircle meets BC', AC', AB respectively. Let the circumcir-
cles of AAEF, ABFD, and ACDE meet I' a second time at X,Y, Z respectively. Prove that
the perpendiculars from A, B,C to AX, BY, C'Z respectively are concurrent.
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3.21 USA TST 2014/1

Let ABC be an acute triangle, and let X be a variable interior point on the minor arc BC of its circumcircle. Let P and @ be the feet of the perpendiculars
from X to lines C' A and C' B, respectively. Let R be the intersection of line PQ and the perpendicular from B to AC. Let £ be the line through P parallel to
X R. Prove that as X varies along minor arc BC, the line £ always passes through a fixed point. (Specifically: prove that there is a point ¥, determined by
triangle ABC, such that no matter where X is on arc BC, line £ passes through F.)
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3.22 ELMO SL 2018/1

Problem 3.22 (ELMO SL 2018/1). Let ABC' be an acute triangle with orthocenter H, and
let P be a point on the nine-point circle of ABC'. Lines BH,C'H meet the opposite sides

AC, AB at E, F, respectively. Suppose that the circumcircles (EH P), (F HP) intersect lines
CH, BH a second time at @), R, respectively. Show that as P varies along the nine-point circle
of ABC, the line QR passes through a fixed point.
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3.23 HSO math_pi_rate

Problem 3.23 (AoPS user math pi rate). Let X4 and Y4 be the A-intouch point and the
foot of the A-internal angle bisector in a AABC. Define Xp, Y and X, Y analogously.
Then prove that the radical center of ©AX,Y4, ©BXpYp, ©CXcYe lies on OI(O is the cir-
cumcenter and [ is the incenter respectively of AABC).
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3.24 ELMO 2020/4

Problem 3.24 (ELMO 2020/4). Let acute scalene triangle ABC' have orthocenter H and

altitude AD with D on side BC. Let M be the midpoint of side BC', and let D’ be the reflec-
tion of D over M. Let P be a point on line D'H such that lines AP and BC' are parallel, and
let the circumcircles of AAHP and ABHC meet again at G # H. Prove that ZM HG = 90°.
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3.25 ELMO 2012/1

Problem 3.25 (ELMO 2012/1). In acute triangle ABC, let D, E, F denote the feet of the
altitudes from A, B, C, respectively, and let w be the circumcircle of AAEF. Let w; and ws
be the circles through D tangent to w at £ and F, respectively. Show that w; and wy meet at
a point P on BC other than D.
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3.26 Japan 2017/3

Problem 3.26 (Japan 2017/3). Let ABC be an acute-angled triangle with the circumcenter
O. Let D, E and F be the feet of the altitudes from A, B and C, respectively, and let M be
the midpoint of BC. AD and E'F meet at X, AO and BC meet at Y, and let Z be the mid-
point of XY. Prove that A, Z, M are collinear.
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3.27 Sharygin 2015 Final Round Grade 10 (penultimate grade) Problem 3

Problem 3.27 (Sharygin 2015 Final Round Grade 10(penultimate grade) Problem 3). Let

Ay, By and C; be the midpoints of sides BC, CA and AB of triangle ABC respectively. Points
B, and C are the midpoints of segments BA; and C'A; respectively. Point Bj is symmetric

to C1 wrt B, and (3 is symmetric to By wrt C. Prove that one of common points of circles
BBy B3 and CC,C5 lies on the circumcircle of triangle ABC'.
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3.28 ELMO 2018/4

Problem 3.28 (ELMO 2018/4). Let ABC' be a scalene triangle with orthocenter H and cir-
cumcenter O. Let P be the midpoint of AH and let T be on line BC' with ZTAO = 90°. Let
X be the foot of the altitude from O onto line PT. Prove that the midpoint of PX lies on the
nine-point circle® of AABC.

*The nine-point circle of AABC' is the unique circle passing through the following nine points:
the midpoint of the sides, the feet of the altitudes, and the midpoints of AH, BH, and C'H.
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3.29 ELMO 2017/2

Problem 3.29 (ELMO 2017/2). Let ABC be a triangle with orthocenter H, and let M be
the midpoint of BC'. Suppose that P and () are distinct points on the circle with diameter
AH, different from A, such that M lies on line PQ. Prove that the orthocenter of AAPQ lies

on the circumcircle of AABC.
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3.30 CJMO 2019/3

Problem 3.30 (CJMO 2019/3). Let I be the incenter of AABC, and M the midpoint of
BC'. Let € be the nine-point circle of ABIC. Suppose that BC' intersects 2 at a point D #
M. If Y is the intersection of BC and the A-intouch chord, and X is the projection of Y onto

AM, prove that X lies on €2, and the intersection of the tangents to 2 at D and X intersect
on the A-intouch chord of AABC.
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3.31 GOTEEM 1

Problem 3.31 (GOTEEM 1). Let ABC' be a scalene triangle. The incircle of AABC'is
tangent to sides BC, CA, AB at D, E, F, respectively. Let G be a point on the incircle of
AABC such that ZAGD = 90°. If lines DG and E'F intersect at P, prove that AP is parallel

t6 BC.
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3.32 GGG1/4

Problem 3.32 (GGG1/4). Let ABC be an acute triangle, let w be its incircle, and let M4
be the midpoint of minor arc BC on the circumcircle of ABC'. Let w touch BC,CA, AB at
points D, E, F, respectively, and let H be the foot of the altitude from A to BC. Denote by
L the intersection of m and fﬁ . Let Ir and Ir denote the E and F-excenters of triangle
ELF, respectively.

Prove that I and I lie on w.
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3.33 USAJMO 2016/1 generalization

Problem 3.33 (USAJMO 2016/1 generalization). The triangle AABC'is inscribed in the
circle w. Let P be a variable point on the arc BC' that does not contain A, and let Iz and I

denote the incenters of triangles AABP and AACP, respectively.

Prove that as P varies, the circumcircle of APIgls passes through a fixed point.
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3.34 ELMO 2010/6

Problem 3.34 (ELMO 2010/6). Let ABC' be a triangle with circumcircle w, incenter I, and
A-excenter I4. Let the incircle and the A-excircle hit BC' at D and E, respectively, and let M
be the midpoint of arc BC' without A. Consider the circle tangent to BC' at D and arc BAC
at T'. If T'I intersects w again at S, prove that SI, and M E meet on w.
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3.35 ELMO 2014/5

Problem 3.35 (ELMO 2014/5). Let ABC be a triangle with circumcenter O and orthocenter
H. Let w, and wy denote the circumcircles of triangles BOC and BHC, respectively. Suppose
the circle with diameter AO intersects w; again at M, and line AM intersects w; again at X.
Similarly, suppose the circle with diameter AH intersects w, again at N, and line AN inter-
sects wo again at Y. Prove that lines M N and XY are parallel.
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3.36 USA TST 2015/1

Problem 3.36 (USA TST 2015/1). Let ABC be a non-isosceles triangle with incenter 1
whose incircle is tangent to BC, CA, AB at D, E, F, respectively. Denote by M the mid-
point of BC. Let @ be a point on the incircle such that ZAQD = 90°. Let P be the point
inside the triangle on line Al for which M D = MP. Prove that either ZPQFE = 90° or
ZPOF = 90°.
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3.37 BMO SL 2018/2

Problem 3.37 (BMOSL 2018/2). Let ABC be a triangle inscribed in circle I" with center
O. Let H be the orthocenter of triangle ABC' and let K be the midpoint of OH. Tangent
of I' at B intersects the perpendicular bisector of AC' at L. Tangent of I" at C' intersects the
perpendicular bisector of AB at M. Prove that AK and LM are perpendicular.
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3.38 Folklore P=0OD cap AM on radical axis of (BOC) and 9 point circle of (ABC)

Problem 3.38 (Folklore I think). Given a triangle ABC with circumcenter O, let M be the
midpoint of BC and D be the foot from A to BC. P =0DNAM. Prove that P=0DNAM

lies on the radical axis of (BOC') and the nine-point circle of (ABC').
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3.39 Vietnam 2019/6

Problem 3.39 (Vietnam 2019/6). Given an acute triangle ABC and (O) be its circumcircle,
and H is its orthocenter. Let M, N, P be midpoints of BC,CA, AB, respectively. D, E. F are
the feet of the altitudes from A, B and C| respectively. Let K symmetry with H through BC'
DFE intersects M P at X, DF intersects M N at Y.

a XY intersects smaller arc BC of (O) at Z. Prove that K, Z, E, F are concyclic.
b KE,KF intersect (O) at S,T (S,T # K), respectively. Prove that BS, CT, XY are

concurrent.
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3.40 AOPS tutubixu9198 (BOC) is tangent to 1/2 homothety of mixtilinear incircle

Problem 3.40 (AoPS user tutubixu9198). Let ABC' be a triangle with circumcenter O and
incenter I. Let (O1) be a circle ex-tangent to (BOC') and tangent to AB, AC' at M, N. Prove
that M N passes through midpoint of Al.
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3. 41 Sharygin Correspondence Round 2020/15

Problem 3.41 (Sharygin Correspondence Round 2020/15). Let H be the orthocenter of a
nonisosceles triangle ABC'. The bisector of angle BHC meets AB and AC' at points P and
respectively. The perpendiculars to AB and AC' from P and () meet at K. Prove that KH

bisects the segment BC.
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3.42 GOTEEM 2

Problem 3.42 (GOTEEM 2). Let ABC' be an acute triangle with AB # AC, and let D, E, F
be the feet of the altitudes from A, B, C, respectively. Let P be a point on DFE such that

AP 1 AB and let @@ be a point on DF such that AQ) 1L AC. Lines P() and BC intersect

at T. If M is the midpoint of BC, prove that ZMAT = 90°.
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3.43 2012 ELMO SL G3

Problem 3.43 (2012 ELMO SL G3). ABC'is a triangle with incenter /. The foot of the per-
pendicular from [ to BC'is D, and the foot of the perpendicular from I to AD is P. Prove
that LZBPD = ZDPC.
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3.44 2017 ISL G4

Problem 3.44 (2017 ISL G4). In triangle ABC, let w be the excircle opposite to A. Let
D, E and F be the points where w is tangent to BC,CA, and AB, respectively. The circle
AFEF intersects line BC at P and (). Let M be the midpoint of AD. Prove that the circle

M PQ) is tangent to w.
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3.45 GGG3 6

Problem 3.45 (GGG3 6). Let ABC' be a scalene triangle with incenter I and circumcircle €;

L is the midpoint of arc BAC and A’ is diametrically opposite A on . D is the foot of the

perpendicular from I to BC. meets and ) at X and Y, respectively, and ﬁ meets (2

again at Z. meets AT at T. meets the circle with diameter Al again at P. Show that
the second intersection between }D_YL and the circle with diameter AT lies on AY .

w OD'/\?‘% owes, awd e {q\h)w{V\ﬂ
A0 (ATY, awd W Wit

PPl LTa we e

‘{h, WAL e g VIR WS w0
¢

: v €= AT
(NN ol oAl fom Cond 9 w

o)
CSPE = <SATA *< SUTA 0 0 € Al \Wwe s -~
SIS dusned, S0 pPE Ay GAATEE

—

ow M ST



3.46 Iran TST 2012 Day 1 P2

Problem 3.46 (Iran TST 2012 Day 1 P2). Consider w, the circumcircle of a triangle ABC.
D is the midpoint of arc BAC' and [ is the incenter of AABC. Let DI intersect BC' at E
and w for the second time at F. Let P be a point on line AF such that PF is parallel to Al.
Prove that PE is the angle bisector of angle BPC.
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3.47 Centroamerican Olympiad 2016/6

Problem 3.47 (Centroamerican Olympiad 2016/6). Let AABC be triangle with incenter I
and circumcircle I'. Let M = BINT and N = CI NT, the line parallel to M N through I cuts
AB, AC in P and Q. Prove that the circumradius of ®(BNP) and ®(CM Q) are equal.
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3.48 2019 ELMO SL G1

Problem 3.48 (2019 ELMO SL G1). Let ABC be an acute triangle with orthocenter H and
circumcircle I'. Let BH intersect AC' at E, and let CH intersect AB at F. Let AH intersect
I' again at P # A. Let PFE intersect I" again at () # P. Prove that BQ bisects segment E'F.
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3.49 Wolfram Alpha Euler lines of AEF, BDF, CDE are concurrent

Problem 3.49 (Our one true god Wolfram Alpha). Let AABC have orthic triangle DEF.
Prove that the Euler lines of AAEF, ABDF, ACDE are all concurrent.
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3.50 Romania JBMO TST 2019/1.3

Problem 3.50 (Romania JBMO TST 2019/1.3). Let ABC' a triangle, I the incenter, D the
contact point of the incircle with the side BC' and E the foot of the bisector of the angle A. If
M is the midpoint of the arc BC' which contains the point A of the circumcircle of the trian-
gle ABC and {F} = DI N AM, prove that MI passes through the midpoint of [EF].
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3. 51 MMOSL G3

Problem 3.51 (MMOSL G3). Let D, E, and F be the respective feet of the A, B, and C
altitudes in AABC, and let M and N be the respecive midpoints of AC' and AB. Lines DF
and DFE intersect the line through A parallel to BC' at X and Y, respectively. Lines M X and
Y N intersect at Z. Prove that the circumcircles of AEFZ and AXY Z are tangent.
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3.52 AoPS MP8148 mixtilinear homothety sends Q to the midpoint of IQ

Problem 3.52 (AoPS user MP8148). In triangle ABC let the incenter be I. Suppose that
the A-mixtilinear incircle w touches (ABC) at T', and = ITNBC. Show that the homothety
sending w to (ABC) sends @ to the midpoint of /Q.
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3.53 AoPS i3435 AY bisects AM

Problem 3.53 (Myself (i3435)). Let ABC be a triangle with orthocenter H. Let BH N AC =
E,and CH N AB = F. Let N be the midpoint of EF and let X be the point besides N on
EF such that HN = HX. Let AX intersect (ABC) at Y. Let A’ be the point on (ABC)
such that AA’||BC and let M be the midpoint of BC. Prove that A’Y bisects AM.
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3.54 | on (AH) iff midpoint of H on incircle

Problem 3.54 (Error: Not Found). Let ABC' be an acute scalene triangle with orthocenter
H. Prove that the midpoint of AH lies on the incircle of ABC' if and only if the incenter of
ABC lies on the circle with diameter AH.
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3.55 IGO Advanced 2020/2

Problem 3.55 (IGO Advanced 2020/2). Let AABC' be an acute-angled triangle with its
incenter I. Suppose that N is the midpoint of the arc BAC of the circumcircle of triangle
AABC, and P is a point such that ABPC'is a parallelogram.Let () be the reflection of A
over N and R the projection of A on QI. Show that the line A7 is tangent to the circumcircle

of triangle APQR.
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3.56 AOPS user jayme HeHf perp DX

Problem 3.56 (AoPS user jayme). Let ABC be an acute triangle with orthocenter H, DEF
as the orthic triangle, and X as the foot from A to EF. He and H f are the orthocenters of
AHFD, AHED respectively. Prove that HeH f 1 DX.
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3.57 Japan 2019/4

Problem 3.57 (Japan 2019/4). Let ABC' be a triangle with its inceter I, incircle w, and let
M be a midpoint of the side BC'. A line through the point A perpendicular to the line BC

and a line through the point M perpendicular to the line Al meet at K. Show that a circle
with line segment AK as the diameter touches w.
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3.58 Brazil 2013/6

Problem 3.58 (Brazil 2013/6). The incircle of triangle ABC' touches sides BC,C'A and AB
at points D, E and F, respectively. Let P be the intersection of lines AD and BE. The re-
flections of P with respect to EF, FD and DFE are X,Y and Z, respectively. Prove that lines
AX, BY and CZ are concurrent at a point on line /0O, where I and O are the incenter and
circumcenter of triangle ABC'.
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3.59 ISL 2002 G7

Problem 3.59 (ISL 2002 G7). The incircle 2 of the acute-angled triangle ABC' is tangent to
its side BC' at a point K. Let AD be an altitude of triangle ABC, and let M be the midpoint
of the segment AD. If N is the common point of the circle Q2 and the line KM (distinct from
K), then prove that the incircle © and the circumcircle of triangle BC'N are tangent to each
other at the point N.
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3.60 USA TSTST 2016/2

Problem 3.60 (USA TSTST 2016/2). Let ABC be a scalene triangle with orthocenter H
and circumcenter O. Denote by M, N the midpoints of AH, BC. Suppose the circle 7 with
diameter AH meets the circumcircle of ABC at G # A, and meets line AN at a point @) #

A. The tangent to v at G meets line OM at P. Show that the circumcircles of AGNQ and
AMBC intersect at a point T on PN.
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3.61 CAMO 2020/3

Problem 3.61 (CAMO 2020/3). Let ABC be a triangle with incircle w, and let w touch
BC,CA,AB at D, FE, F respectively. Point M is the midpoint of EF, and T is the point on
w such that DT is a diameter of w. Line MT meets the line through A parallel to BC at P
and w again at Q. Lines DF and DE intersect line AP at X and Y respectively. Prove that
the circumcircles of AAPQ and ADXY are tangent.
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3.62 AQGO 2020/6

Problem 3.62 (AQGO 2020/6). |Let AABC be a triangle with orthocenter H and BH meet
AC at E and CH meet AB at F. Let EF intersect the line through A parallel to BC at X
and the tangent to (ABC) at A intersect BC at Y. Let XY intersect AB at P and let XY
meet AC at Q. Let O be the circumcenter of AAPQ and AO meet BC at T. Let V be the
projection of H on AT and M be the midpoint of BC. Then prove that (BHC) and (TV M)

are tangent to each other.
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3.63 3435 X, D, L, K cyclic

Problem 3.63 (Myself (i3435)). Let ABC be a triangle such that the foot of the altitude
from A to BC' is D, the foot of the altitude form B to AC is E, and the foot of the altitude
from C to AB is F. Let X = EF N BC. Let tll) circle with diameter AD hit DE at E', DF

at F', and (DEF) at the non-D point L. Let 'I ,g\ EF = K. Then prove that X, D, L, K are
concyeclic. (e'¢

=DF. We have
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3.64 Romania TST 2009 Day 3 P3

Problem 3.64 (Romania TST 2009 Day 3 P3). Let ABC be a non-isosceles triangle, in
which X, Y, and Z are the tangency points of the incircle of center I with sides BC, C'A and
AB respectively. Denoting by O the circumcircle of AABC, line OI meets BC' at a point D.

The perpendicular dropped from X to Y Z intersects AD at E. Prove that Y Z is the perpen-
dicular bisector of [EX].
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3.65 2017 USAMO P3 MAN and KID

Problem 3.65 (2017 USAMO P3). Let ABC' be a scalene triangle with circumcircle 2 and
incenter I. Ray AI meets BC at D and meets ) again at M; the circle with diameter DM
cuts ) again at K. Lines MK and BC meet at S, and N is the midpoint of 7S. The circum-
circles of AKID and AMAN intersect at points L, and Ly. Prove that {2 passes through L,
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3.66 Taiwan TST 2015 Round 3 Quiz 3 P2

Problem 3.66 (Taiwan TST 2015 Round 3 Quiz 3 P2). In a scalene triangle ABC' with in-

center I, the incircle is tangent to sides CA and AB at points £ and F'. The tangents to the
circumcircle of triangle AFF at E and F meet at S. Lines EF and BC intersect at T'. Prove
that the circle with diameter ST is orthogonal to the nine-point circle of triangle BIC.
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3.67 Modified Iran TST 2009/9

Problem 3.67 (Modified Iran TST 2009/9). Let AABC have incenter I and contact triangle
DEF. Let H be the orthocenter of ABIC, and let P be the foot from D to EF. If the mid-
point of EF' is N, the midpoint of DP is N*, and Ge is the gergonne point of AABC', then

prove that N* — Ge — N — H.
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3.68 POGCHAMP 6

Problem 3.68 (POGCHAMP 6). Triangle ABC' has incenter I, A-excenter I4, and let D be

the foot of I onto BC. M is the midpoint of arc BAC in ®(ABC), M A intersects BC at E,
and line I4 D intersects ®(AID) again at F' # D. Let O be the circumcenter of AAMF and

suppose the line through E perpendicular to OI meets M1, at G. Find, with proof, the value
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3.69 proglote T (homothetic center) collinear with G and Ge

Problem 3.69 (AoPS user proglote). Let 7" be the homothetic center of the intouch and ex-
central triangle of a triangle ABC'. Prove that T is collinear with the centroid of AABC, G
and the Gergonne Point of AABC, Ge.
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3.70 2012 ELMO SL G7

Problem 3.70 (2012 ELMO SL G7). Let AABC be an acute triangle with circumcenter O
such that AB < AC, let () be the intersection of the external bisector of ZA with BC, and
let P be a point in the interior of AABC such that ABPA is similar to AAPC. Show that
LQPA+ Z0QB = 90°.
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3.71 Fake USAMO 2020/3

Problem 3.71 (Fake USAMO 2020/3). Let AABC be a scalene triangle with circumcenter
O, incenter I, and incircle w. Let w touch the sides BC, C'A, and AB at points D, E, and F
respectively. Let T be the projection of D to EF. The line AT intersects the circumcircle of
AABC again at point X # A. The circumcircles of AAEX and AAFX intersect w again at
points P # E and @) # F respectively. Prove that the lines EQ, F P, and OI are concurrent.
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3.72 13435 AZ bisects MT

Problem 3.72 (Myself (i3435)). Let ABC be a triangle. Let E, F' be the feet of the altitudes
of AABC from B, C respectively. Let M be the midpoint of BC' and let N be the midpoint
of FF. Let X be the point such that AXMN is similar and similarly oriented to AX FE.
Let Y be the point such that AY M N is similar and similarly oriented to AYEF. Let Z =
FX N EY and let T be the intersection of the tangents to (ABC) at B and C. Prove AZ

bisects MT'.
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3.73i3435 P on 9 point of DEF

Problem 3.73 (Myself(i3435)). In triangle ABC, let I be the incenter, and let the incircle
hit the sides BC, AC, and AB at D, E, F' respectively. Let S be the non-A intersection of
(AEF) and (ABC), let J = AI N BC, and let N be the midpoint of EF'. Let SJ and DN

intersect at P. Prove P is on the 9-point circle of DEF.
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3.74 2015 Taiwan TST Round3 Quiz 1 P2 X, M, A’ are collinear

Problem 3.74 (2015 Taiwan TST Round 3 Quiz 1 P2). Let O be the circumcircle of the tri-
angle ABC. Two circles Oy, Oy are tangent to each of the circle O and the rays 1@ fﬁ with
O, interior to O, Oy exterior to O. The common tangent of O, O; and the common tangent
of O, O, intersect at the point X. Let M be the midpoint of the arc BC' (not containing the
point A) on the circle O, and the segment AA’ be the diameter of O. Prove that X, M, and
A" are collinear.
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3.75i3435 concur on Ol

Problem 3.75 (Myself(i3435)). Let ABC' be a triangle with circumcenter O, incenter I,

and intouch triangle DEF'. Let L be the midpoint of arc @ and let @torsect (ABC)
again at X. Let (EFX) meet (ABC) again at Y. Then let AX = {4 and LY = m,. Define
(g, lc, mp, mc similarly. Prove that (4, 0p,lc, ma, mp, mc, and OI all concur at one point.
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3.76 MP8148 polar or H WRT BIC

Problem 3.76 (AoPS user MP8148). Let ABC be a triangle with incenter I, orthocenter H,
and circumcenter . Show that the line parallel through O parallel to BC' and the polar of H

with respect to (BIC) meet on Al

Dhgc.
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3.77 SORY P6

Problem 3.77 (SORY P6). Let AABC be a triangle with incenter I. Let the incircle be tan-
gent to the sides BC,CA, AB at D, E, F respectively. Let P be the foot of the perpendicular
from D onto EF. Assume that BP,CP intersect the sides AC, AB at Y, Z respectively. Fi-
nally let the rays I P, Y Z meet the circumcircle of AABC in R, X respectively.

Prove that the tangent from X to the incircle and RD intersect on the circumcircle of AABC.
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3.78 Beigiang

Problem 3.78 (AoPS user beigiang). Let acute triangle ABC' be inscribed in a circle w,
and suppose the incircle of ABC touches side BC' at N. Let w’ be a circle tangent to BC' at
N, and tangent to w at T such that w’ is on the same side of BC as A. Let O be the center
of W' and I, be the A-excenter. Let the midpoint of smaller arc BC' be L, and A’ be the A-
antipode. Let T'N and AO intersect at P.

Show that:
1. Tison NL and T A,

2. {AO,N1,},{BC, PIl,},{ON, A'P} are parallel,
3. LI,PA" and ATI,P are cyclic, and
4. AT, A'L and I,P are concurrent.
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3.79 2017 ELMO SL G4

Problem 3.79 (2017 ELMO SL G4). Let ABC be an acute triangle with incenter I and cir-
cumcircle w. Suppose a circle wp is tangent to BA, BC, and internally tangent to w at By,
while a circle we is tangent to C'A, C'B, and internally tangent to w at C. If By, Cy are the
points opposite to B, C' on w, respectively, and X denotes the intersection of B,Cy, BoC',

prove that XA = X1T.
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3.80 MP8148 Ol cap MD, ND

Problem 3.80 (AoPS User MP8148). Let ABC' be a triangle with incenter I, circumcenter
O, and circumcircle I'. Let M be the midpoint of the arc BC not containing A. Suppose the

incircle is tangent to BC' at D, and N is the midpoint of TM. Denote € to be the circumcir-
cle of AAON. Show that

a Lines OI and M D meet on the radical axis of I and (2.

b Lines O and ND meet on I'.
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3.81 2014 ELMO SL G8

Problem 3.81 (2014 ELMO SL G8). In triangle ABC with incenter I and circumcenter O,
let A’, B’,C" be the points of tangency of its circumcircle with its A, B, C-mixtilinear circles,
respectively. Let w4 be the circle through A’ that is tangent to Al at I, and define wg, we

similarly. Prove that w4, wp,we have a common point X other than 7, and that ZAXO =
ZOXA.
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3.82 USA TST 2016/2

Problem 3.82 (USA TST 2016/2). Let ABC be a scalene triangle with circumcircle 2, and
suppose the incircle of ABC touches BC' at D. The angle bisector of ZA meets BC' and 2 at
FE and F. The circumcircle of ADFEF intersects the A-excircle at Sy, S, and Q at T # F.
Prove that line AT passes through either S; or Ss.
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3.83 EMMO Juniors 2016/5

Problem 3.83 (EMMO Juniors 2016/5). Let AABC be a triangle with circumcenter O and
circumcircle I'. The point X lies on I' such that AX is the A- symmedian of triangle AABC.
The line through X perpendicular to AX intersects AB, AC' in F, E, respectively. Denote by
~ the nine-point circle of triangle AAEF, and let I and v intersect again in P # X. Further,
let the tangent to I" at A meet the line BC in Y, and let Z be the antipode of A with respect
to circle I'. Prove that the points Y, P, Z are collinear.
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3.84 All Russian 2013 Grade 11 P8

Problem 3.84 (All Russian 2013 Grade 11 (12 in American System) P8 (why am I putting
Russia problems in an American Geo handout?)). Let w be the incircle of AABC and with
center I. Let I' be the circumcircle of the triangle BIC. Circles w and IT" intersect at the points
X and Y. Let Z be the intersection of the common tangents of the circles w and I'. Show

that the circumcircle of the triangle XY Z is tangent to the circumcircle of AABC.
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3.85 MP8148 QD’=Ql

Problem 3.85 (AoPS user MP8148). In scalene triangle ABC with AB # AC, I is the in-
center, and O is the circumcenter. Let L be the midpoint of arc BAC, P be the point on BC
such that PI L OI, and () be the point on AL such that QP L LI.

If the incircle is tangent to BC' at D and D' is the reflection of D over I, show that QD" =
QI. |
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3.86 Mathematical Reflections 0451

Problem 3.86 (Mathematical Reflections O451). Let ABC' be a triangle, I be its circumcir-
cle, w its incircle, and I the incenter. Let M be the midpoint of BC. The incircle w is tangent
to AB and AC at F and FE respectively. Suppose EF meets I' at distinct points P and Q.
Let J denote the point on EFF' such that M.J is perpendicular on E'F. Show that I.J and the
radical axis of (M PQ) and (AJI) intersect on I'.
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3.87 AoPS Problem Making Contest 2016/7

Problem 3.87 (AoPS Problem Making Contest 2016/7). Let AABC be given, it’'s A—mixtilinear
incircle, w, and it’s excenter I4. Let H be the foot of altitude from A to BC, F midpoint

of arc BAC' and denote by M and N, midpoints of BC' and AH, respectively. Suposse that

MN N AE = {P} and that line I, P meet w at S and T in this order: Iy — T — S — P.

Prove that circumcircle of ABSC and w are tangent to each other.
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3.88 tutubixu

Problem 3.88 (AoPS user tutubixu9198). Let ABC be a triangle with circumcircle (O). The
tangents to (O) at the vertices B and C' meet at a point S. Let d be the internal bisector of
the angle BAC'. Let the perpendicular bisector of AB, AC' intersect d at M, N respectively
and P = BM NCN. Prove that A, I, S are collinear where I is the incenter of triangle PM N.
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3.89 Supercali
Problem 3.89 (AoPS User Supercali). In AABC, let F, be the Feuerbach point, let I be the

incentre, let H be orthocentre of ABIC and let A’ be reflection of A in F,. Then, prove that
AH, IA" and BC are concurrent.
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3.90 Iran TST Third Round 2020 Geometry P4

Problem 3.90 (Iran TST Third Round 2020 Geometry P4). Triangle ABC'is given. Let O
be it’s circumcenter. Let I be the center of it’s incircle.The external angle bisector of A meet

BC at D. And I, is the A-excenter . The point K is chosen on the line Al such that AK =
2AI and A is closer to K than I. If the segment DF is the diameter of the circumcircle of

triangle DK 4, then prove OF = 301.
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3.91 ELMO 2016/6

Problem 3.91 (ELMO 2016/6). Elmo is now learning olympiad geometry. In triangle ABC
with AB # AC, let its incircle be tangent to sides BC', CA, and AB at D, E, and F, respec-
tively. The internal angle bisector of ZBAC intersects lines DE and DF at X and Y, respec-
tively. Let S and T be distinct points on side BC' such that ZXSY = ZXTY = 90°. Finally,
let v be the circumcircle of AAST.

a Help Elmo show that v is tangent to the circumcircle of AABC.

b Help Elmo show that v is tangent to the incircle of AABC.

s
pC ave g0 gwnal Wiynga el NviR Pt

b i z _“l(z- > ﬁ‘g- X AS T
\m WAL .g%, %’ (.\\L h-(?— 0 l ‘ y"’mm,iv Lh\'T') at A N ﬁs G
- {1 ATNOBVE T den ST IO D () (g0 fve) are 4:%\’)
BS(\ \P\VEK,\ = / Wik SW\) va) M m) uve mggmli o A4 e Y’. N
WCI U\h&ﬂ W X ) L\gu) (-?’)_ iﬁl \,_ Vi Lt k-3, 8
oWy k), pus beo (33 3 S (an (8- ) )
- S . )
WR V\(M* a'X- LV‘LV’ . a—bj_ﬂ-t)_af__ka ?_VL(—'—-S\W(A’-;) )= Y"(_\"‘;: )- vﬁ}
o (Y Bﬁr\’ > 4 watar e (X1)

20 & g} L (= ST TN 2L
o> VBL > V- at we S S 18 e Ty D

_Q\p(— mw mA;,__i‘T,
' ined

aNr U ‘
aosin end (AsT) wwean o BC) s



3.92 AoPS Community <HPI bisected by PD

Problem 3.92 (AoPS Community). In a triangle ABC, let ADEF be the intouch triangle.
Let P be the foot from D to EF, and let I and H be the incenter and orthocenter respec-
tively of AABC. Prove that ZHPI is bisected by PD.
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3.98 2020 Taiwan TST Round 2 Mock IMO Day 6

Problem 3.93 (2020 Taiwan TST Round 2 Mock IMO Day 6). Let I,0,w, € be the incenter,
circumcenter, the incircle, and the circumcircle, respectively, of a scalene triangle ABC'. The
incircle w is tangent to side BC' at point D. Let S be the point on the circumcircle €2 such
that AS,OI, BC are concurrent. Let H be the orthocenter of triangle BIC. Point T lies on ()
such that ZATI is a right angle. Prove that the points D, T, H, S are concyclic.
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3.94 buratinogigle ASDT rhombus

Problem 3.94 (Posted by AoPS user buratinogigle). Let ABC be a triangle inscribed in cir-
cle (O). Tangent at A meets BC' at X. Median AM meets (O) again at P. @ lies on ray M P
such that PQ) = 2PM. Choose the points R on line OX and D on segment BC' such that
RD = RA = RQ. Let S, T be on perpendicular bisector of AD such that BS 1 BA and

CT L CA. Prove that ASDT is a thombus.
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3.95 Encyclopedia of Triangle Centers Be (bevan point)

Problem 3.95 (Encyclopedia of Triangle Centers). In AABC, let Be be the Bevan Point, or
the reflection of the incenter over the circumcenter. If Be’ is the antipode of Be on (BC Be),

then prove that ABe’ goes through the homothety center between the intouch and excentral
triangle.
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3.96 13435

Problem 3.96 (Myself (i3435)). Let ABC' be a triangle with circumcenter O and let the A-
symmedian intersect BC' at D. Let P be the foot from B to AO and let Q be the foot from
C to AO. Let A, be the intersection of DP and AC and let A, be the intersection of DQ and
AB. Define By, B,, Cy, Cy similarly. Prove that A;, Ay, By, By, Cy, Cs are all concyclic.

Let A’ be the reflection of A over the perpendicular bisector of BC' let G be the centroid of
ANABC, and let D; be the foot from A to BC. Then A’ — G — D;.

Isogonally conjugate this line. A’ goes to X, the point at infinity of the A-antiparallels of
ANABC, G goes to K, the symmedian point_of AABC, and AD; is isogonal to AO, so the
conic through A, B,C, K, X is tangent to AO.

Pascal’s on AAK X BC gives that A, is the intersection of the A-antiparallel of AABC through
K and AC. We now finish by Second Lemoine Circle.

However, using a bunch of projections, there is another method, which the hints hopefully led
you towards.

Let Aj be the intersection of the A-antiparallel through K and AC. ‘We want to show that
D — P — Aj. Let K’ be the intersection of KA; and BC, let K4 = AK N (ABC), and let Y,
be the A-Why Point. We first try to show that K’ — Y, — K4

Let T be the intersection of the A-tangent to (ABC) and BC. Then let N be the midpoint of
AT and let A* be the antipode of A on (ABC). (A, A*;Ya,YaPxar) — 1= (A, T; N, Pxar) L.
(A, A*; NYAN(ABC),YsPxarN (ABQ)), so NY}, is tangent to (ABC') at Y. Thus projecting
—1 = (Y4, A*; A, K,) through Y, to AT gives that K,Y, trisects AT.

Let 7" = TKANK'K 4. Then by homothety it suffices to show that K’ trisects KT". (K,T'; K', Px)
= (K,K4; D, A). Let Ko = CKN(ABC) and let M be the midpoint of BC. Then (K, K; D, A)
KB

o |

KB
(K¢, Ka;B,A) = %_A% = Aﬁz%r = 2 as desired.

KaA  AC

Now onto the main problem. Let O' = AO N BC and let Qy = KA0' N (ABC). Then
—1=(A,K4;B,C) < (A*,Q,; B,C) 2 (T,YaQ, N BC;B,C) so Yo — D — Q. (A, P; KK N
40,0') "ET (T,B;K',0') = (Ka, B;Ya, Q) 2 (A,C;Q0,Ya) = (D,C50,K') =
(C,D;K',0") 4 (A, AiDNAO; K"K N AO, Q') as desired.



3.97 India TST SH, MQ, PL concurrent
Problem 3.97 (India TST??7). Let ABC be a triangle with circumcircle I' and altitudes
AD,BE,CF meeting at H. Let w be the circumcircle of ADEF. Point S # A lieson I
such that DS = DA. Line AD meets EF at @, and meets w at L # D. Point M is cho-
sen such that DM is a diameter of w. Point P lies on EF with DP 1 EF. Prove that lines
SH,MQ@, PL are concurrent.
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3.98 USAMO 2016/3

Problem 3.98 (USAMO 2016/3). Let AABC' be an acute triangle, and let Ip, I, and O de-
note its B-excenter, C-excenter, and circumcenter, respectively. Points F and Y are selected
on AC such that ZABY = ZCBY and BE 1 AC. Similarly, points F and Z are selected on
AB such that ZACZ = /ZBCZ and CF 1 AB.

Lines 7 Bl—f‘ and j(vg meet at P. Prove that PO and Y Z are perpendicular.
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USA TSTST 2016/6
Problem 3.99 (USA TSTST 2016/6). Let ABC be a triangle with incenter /, and whose in-
circle is tangent to BC', CA, AB at D, E, F, respectively. Let K be the foot of the altitude
from D to EF. Suppose that the circumcircle of AAIB meets the incircle at two distinct
points C and Cs, while the circumcircle of AAIC meets the incircle at two distinct points
B, and B,. Prove that the radical axis of the circumcircles of ABB, B, and ACC,C, passes
through the midpoint M of DK.
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