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Part l 
1. Numbers proportional to 2, 4, 6 are 2x, 4x, 6x, respectively. 

2x + 4x + 6x = 64; :. x = 5½, 2x = IOJ. 

2. 16 = 8g - 4; :. g = 2½; :. R = (2½) 10 - 4 = 21. 

3. x
1 

- 8: + ~ = 0; :. r1 + r1 = - ~S = 2. 

4. a' - b
2 

_ b(a - b) = a2 
- b

1 + b1 = ~ 
ab a(b - a) ab ab b · 

5. Denote the terms in the geometric progression by 
a1 ""' 8, a, = Sr, · · · , a1 = Sr• = 5832. 

:. r• - 729; :. r = 3 and a, = 8r4 = 648. 

6. Solve the second equation for x, substitute into the first equation and 
simplify: 

x - _y ~ a, 2 ( _y ~ ay + 6 ( _y t 3)+ 5y + 1 = 0 ; 

:. y2 + lOy - 7 ... 0. 

7. Placing 1 as indicated shifts the given digits to the left, so that is 
now the hundreds' digit and u is now the tens' digit. 
:. lOOt + lOu + 1. 

8. Let r be the original radius; then 

2r = new radius, 71'r2 = original area, 4n2 = new area. 

. . 4rr2 
- 71'r' Percent increase m area = ---- • 100 = 300. rr2 

9. Of all triangles inscribahle in a semi-circle, with the diameter as base, 
the one with the greatest area is the one with the largest altitude (the 
radius); that is, the isosceles triangle. Thus the area is ½•2r·r = r2

• 

v'3-V2 v'3+0 1 
10. v'3 . v'3 + 0 = 3 + vf6' 

11. C = ~ = (RI ; . Therefore an increase in n makes the R + nr n + r 
denominator smaller and, consequently, the fraction C larger. 

12. It is a theorem in elementary geometry that the sum of the exterior 
angles of any (convex) polygon is a constant, namely two straight angles. 

13. Set each of the factors equal to zero: 

x = 0, x - 4 = 0, x2 - 3x + 2 = (x - 2) · (x - l) = 0; 

:. X = 0, 4, 2, 1. 
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14. Geometrically, the problem represents a pair of parallel lines, with slope 
equal to l, and hence there is no intersection point. Algebraically, if 

a1x + b1y = C1 and a2x + b2y = Ci, 

then, multiplying the first equation by b2, the second by bi, and sub
tracting, we have 

c, b2 - C2 b, 
:. x = a1 b2 - a2 b, · 

Thus if a 1b2 - a2b1 = 0 and c1 #- 0, c2 #- 0, x is undefined and no 
solution exists. 

15. It is understood that we restrict ourselves to rational coefficients and 
integral powers of x. With this restriction x2 + 4 is not factorable. 

Part 2 

16. The binomial expansion of (x + y)~ has n + 1 terms. Thus 

[(a + 3b)2(a - 3b)2)2 = (a2 - 9b2)4 

has 4 + 1 = 5 terms. 

17. To obtain a formula directly from the table involves work beyond the 
indicated scope. Consequently, the answer must be found by testing the 
choices offered. (A) is immediately eliminated since, for equally spaced 
values of z, the values of y are not equally spaced; :. y cannot be a 
linear function of z. (B) fails beyond the second set of values. (C) 
satisfies the entire table. (D) fails with the first set of values. 

18. Of the four distributive laws given in statements (1), (2), {3) and (5), 
only (1) holds in the real number field. Statement (4) is not to be con
fused with log (z/y) ""' log z - log y. :. (E) is the correct choice. 

19. The job requires md man-days, so that one man can do the job in 
md days. Therefore, (m + r) men can do the job in md/(m + r) 
days; 

or 

z m • md 
a=m+r; .. z=-m+r· 

20. By ordinary division-in this instance a long and tedious operation
the answer (D) is found to be correct. By the Remainder Theorem, we 
have R =- 111 + 1 ... 2. Note: The use of synthetic division shortens 
the work considerably, but synthetic division itself is generally regarded 
as beyond the indicated scope of this examination. The Remainder 
Theorem is likewise beyond the scope of this examination. 
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21. lh - 12, hw -= 8 and lw -= 6. Eliminating A we obtain l = 3w/2. 
Eliminating l, 3w2/2 _, 6. :.w ... 2, l = 3, h = 4, and 

V - lwh = 24; 

or 

V1 ""' (lwh)1 =- lh•hw•lw - 12·8·6 = 41 ·61• :. V = 4·6 • 24. 

22. Let P be the original price. Then a discount of 10 % gives a new price 
P - .1P - .9P. Following this by a discount of 20 %, we have 

.9P - .2(.9P) ,.. .72P. 

Thus the net discount is P - . 72P = .28P or 28 % ; 

or 

. 10 20 2 
net discount,.. di+ ds - d1d1 - - + - - - = 28% 100 100 100 

23. Let R be the yearly rent. Then 
1
~ • 10,000 = R - !:R - 325; 

:. R - $1000 and ~ ,.._, $83.33. 

24. vz - 2 = 4 - x, z - 2 - 16 - 8z + zt, 

0 = zt - 9z + 18 • (x - 6)(z - 3); 

A check is obtained only with z - 3. 

(Si 5') 25. log1 -i,- = log, 5
1 = 5log. 5 - 5. 

:.mn = lOt; 

or 

.'. X ""' 6, % =- 3. 

:.m =- lOt/n; 

:. m - lOt/n. 

27. If a car travels a distance d at rate r1 and returns the same distance 
at rate r, , then 

total distance = 2d 2r1r1 
average speed = total time d/r1 + d/r, = r-1-+-r,; 

2·30·40 240 34 h 
:. z = 10 ... T ,_ mp · 

28. Notice that A and B both travel for the same amount of time. Since 
A travels 48 miles while B travels 72 miles, we have 

48 72 . t = - ,.. -- ; .. r "" 8. 
r r + 4 
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29. Since the first machine addresses 500 envelopes in 8 minutes, it addresses 
500/8 envelopes in 1 minute and 2·500/8 in 2 minutes. If the second 
machine addresses 500 envelopes in x minutes, then it addresses 2 ·500/x 
envelopes in 2 minutes. To determine x so that both machines together 
address 500 envelopes in 2 minutes we use the condition 

2 2 500 500 1 1 1 
- · 500 + - · 500 = 500 or - + - "" 250 or - + - = - . 
8 X 8 X 8X 2 

30. If B is the original number of boys and G the original number of girls, 

then 

B B - 45 1 
G - 15 = 2• G - 15 - 5; :. G - 40. 

31. Let x be the number of pairs of blue socks, and let y be the price of a 
pair of blue socks. Then 2y is the price of a pair of black socks and 

x•2y + 4•y = i(4·2y + x•y). Divide by y and solve for x. 

:.x - 16; :.4:x - 4:16 - 1:4. 

32. Before sliding, the situation is represented by a right triangle with hypo

tenuse 25, and horizontal arm 7, so that the vertical arm is 24. After 
sliding, the situation is represented by a right triangle with hypotenuse 25, 

and vertical arm 20, so that the horizontal arm is 15. 15 - 7 = 8 so 
that (D) is the correct choice. 

33. The cross section of the pipe is rflt. 

:.large pipe/small pipe = 62/12 -36. 

The large pipe has the carrying capacity of 36 small pipes. 

34. Since C = 2,rr, letting r, be the original radius, r1 the final radius, we 

have 25 - 20 = 21rT1 - 2rr, = 2,r(r1 - r,); :. r1 - r, = 5/2,r. 

35. For any right 
triangle we have 
a-r+b-r==c 
where r is the radius 
of the inscribed circle. 
:.2r =a+ b - c 

= 24 + 10 - 26 
= 8; 

:.r - i\ 

b-r 

b 

r 
a 
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Part 3 

36. Let C = merchant's cost, L = list price, M = marked price, 
S =- selling price, and P - profit. Then 

1 3 1 4 
C = L - 4L = 4L, S - M - 5 M = 5M, S = C + P, 

4 3 14 53 5 
5M = 4L + 4 . 5 M, M = 3 . 4L = 4.L. 

37. Reference to the graph of y = log.z, a > 1, or to the equality x = ar, 
shows that (A), (B), (C), and (D) are all correct. 

I 2x 11 38. xx = 2:t·x - l·x = 3; :.x = -1, f. 

39. This sequence is an infinite geometric progression with r = ½ < 1. 
Thus if a is its first term and a its sum, we have 

a 2 
8=--=--=4 

1-r 1-½ · 

Hence (4) and (5) are correct statements. 

40 z2 - I - (x + I )(x - 1) - + 1 f ll ~ 1 . -- -
1 

- z , or a z ~ ; 
X - 1 X -

the limit of x + 1 as x --+ 1 is 2, so that (D) is the correct choice. 
Note: This problem is beyond the scope of the contest. 

41. The graph of the function y ='= ax2 + bx + c, a "4 0, is a parabola 
with its axis of symmetry (the line MV extended) parallel to the y-axis. 

y y 

V 

a 
y:k y: k 

V 

X X 

a>O o<O 

We wish to find the coordinates of V. Let y = k be any line parallel 
to the x-axis which intersects the parabola at two points, say P and 
Q. Then the abscissa (the x-coordinate) of the midpoint of the line seg-
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ment PQ is the abscissa of V. Since P and Q are the intersections of 
the line y = k with the parabola, the abscissas of P and Q must 
satisfy the equation 

ax2 + bx + c = k or ax2 + bx + c - k = 0. 

Its roots are: 

b 1 _ r 
x = -- +-vD 2a 2a 

b 1 _ ;-
and x' = -- - - v D, 2a 2a 

where D = b2 
- 4ac is the discriminant. 

. x + x' b :. the abscissa of V = -
2
- = - 2a, and the 

( 
b )

2 
( b ) b

2 
4ac - b

2 

ordinate of V = a - - + b - - + c = - - + c = --- ; .2a 2a 4a 4a 

if a > 0, the ordinate of V is the minimum value of the function 
ax2 + bx + c and if a < 0, it is the maximum value. 

42. I( xz• = 2, then the exponent, which is again x••· is also 2, and 
we have x2 = 2. Therefore z == v?.. Note: This problem is beyond the 
scope of the contest. 

43. Rearrange the terms: 

1 1 1/7 7 
31 = 7 + 7' + .. · - 1 - (1/72) ""' 48 i 

2 2 w~ 2 
31 = 72 + 7' + .. . = 1 - (1/72) = 48 i 

3 
a = a1 + &z = 

16 . 

44. Looking at y = lo~ or equivalently x = b•, we see that y = 0 for 
z = 1. That is, the graph cuts the z-axis at x - 1. 

45. d == n(n - 3)/2 = 100·97/2 = 4850. 

46. In the new triangle AB -= AC + BC, that is, C lies on the line AB. 
Consequently, the altitude from C is zero. Therefore, the area of the 
triangle is zero. 

47. By similar triangles, (h - x)/h '"" 2x/b. :.x = bh/(2h + b). 
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48. Let P be an arbitrary point in 
the equilateral triangle ABC 
with sides of length s, 
and denote the perpendicular 
segments by p. , P• , p, . 
Then B ;.-:_-:_-:_-:_ ... _ ....... 

5
-:_-:_-:_-:_-_-:..':: C 

Area ABC= Area APB+ Area BPC + Area CPA 

= ½ (sp. + sp, + sp.) = ½s(p. + P• + p,). 

Also, Area ABC = ½s·h, where h is the length of the altitude of ABC. 
Therefore, · h = p. + P• + p. and this sum does not depend on the 
location of P. 

49. Perhaps the easiest approach to this problem is through coordinate geom
etry. 

Let the triangle be A(0, 0), B(2, 0) and C(x, y) . Then A 1 , the 
midpoint of BC, has the coordinates [(x + 2)/2, y/2J. Therefore, 
using the distance formula, we have 

✓ (x ~ 2y + (~)' = ~ or (x; 2y + (~)' = ~ 
or (x+2)1 +y1 =9. 
This equation represents a circle with radius 3 inches and center 4 inches 
from B along BA; 

or 

as extreme values we may have a - b = 2 and a - b = 0, using the 
notation a, b, c with its usual meaning. From the median formula, with 
c = 2 and m. = 3/2, we have 2b2 + 8 = 9 + a2• :.2b2 - a1 = 1. 
Using the given extreme values in succession, we have b = 5 and 
a = 7, and b = l and a ... l. Therefore, the maximum distance 
between the extreme positions of C is 6 inches. These facts, properly 
collated, lead to the same result as that shown above. 

50. After the two-hour chase, at 1 :45 P.M. the distance between the two 
ships is 4 miles. Let t be the number of hours needed for the privateer 
to overtake the merchantman. Let D and D + 4 be the distances 
covered in t hours by the merchantman and the privateer, respectively. 
Then Rate of merchantman •t = D, and Rate of privateer•t = D + 4 
or 

8 ' 17 t = D + 4 and 8t = D,· 
15 ' (

8· 17 ) :. 15 - 8 t = 4. 

:. t = 3¾ hours, so that the ships meet at 5:30. 



SOLUTION KEY

MATHEMATICAL CONTEST

1951

Sponsored by 

 THE MATHEMATICAL ASSOCIATION OF AMERICA

In the original American Mathematics Competitions archives, there ex-
ists an answers page, which is included in this pdf, but there was no 
solutions booklet for this year’s contest.  In  the interest of providing a 
complete reference for those using these contests for practice or learning 
purposes we are providing the set of answers and solutions for this year.  
The solutions were taken from:

Contest Problem Book No 1: Annual High School Math-
ematics Examinations 1950-1960 (New Mathematical 
Library) by Charles T. Salkind (Washington, D.C.: Math-
ematical Association of America, 1975)

Copyright  © 1951, The Mathematical Association of America



Solutions             1951             Mathematical Contest (2nd)
2

Part I 

1. The pedagogic value of this extremely simple problem can be enhanced 
by a discussion of necessary restrictions on the number-nature of 
M and N, the permissibility of negative numbers, and so forth. 

2. Let the dimensions of the field be w and 2w. Then 6w = x, w = x/6, 
and 2w = x/3. :.A = w-2w = x2/18. 

3. A = ½d2 = ½(a + b)2• 

4. S = 1(13·10) + 2(2(13·5) + 2(10·5)) = 590. 

5. S1 = 10,000 + 1000 = 11,000, S2 = 11,000 - 1100 = 9900, 
S1 - S2 = 1100. :. (B) is the correct choice. 

6. If the dimensions are designated by l, w, h, then the bottom, side, and 
front areas are lw, wh, hl. The product of these areas is 

l2w'h1 = (lwh)2 = the square of the volume. 

7. Relative error =- error/measurement. Since .02/10 = .2/100, the 
relative errors are the same. 

8. Let M be the marked price of the article. M - .lM = .9M = new 
price. To restore .9M to M requires the addition of .IM . . lM = i(.9M), 
and i, expressed as a percent, is 11¼%. 

9. Let P,. be the perimeter 
of the kth triangle. 
Then Pt+i - ½P,,. 

S - Pi + Pa + Pa + · · · 

-ac+!·3a+!·~a+· .. 
2 2 2 

= aa(1 +½+¾+ .. -) 

1 
== 30 1 -(1/2) - 6a. 

10. (C) is incorrect since doubling the radius of a given circle quadruples the 
area. 

11. The new series is a2 +a¥+ a2r4 + ... ; :.S = a2/(l - r2) . 

12. In 15 minutes the hour hand moves through an angle of ¼ of 30° = 7½0
• 

Therefore, the angle between the hour hand and the minute hand is 
221°. 
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13. In one day .4. can do 1/9 of the job. Since B is 50 % more efficient than 
A, B can do (3/2)(1/9) = 1/6 of the job in one day. Therefore, B needs 
6 days for the complete job. 

14. (C) is incorrect since some terms (primitives) must necessarily remain 
undefined. 

15. n' - n = (n - l)(n)(n + 1), for integral values of n, represents the 
product of three consecutive integers. Since in a pair of consecutive in
tegers, there is a multiple of two, and in a triplet of consecutive integers, 
there is a multiple of three, then n1 - n is divisible by 6. 

Part 2 

16. The condition c ,.. lr/4a implies equal real roots of f(x) = 0 for real 
coefficients, i.e., the curve touches the x-axis at exactly one point and, 
therefore, the graph is tangent to the x-axis. 

17. (A), (B), (C), and (E) are of the form y = lex or xy = k, but (D) is not. 

18. Let the factors be Ax + B and Cx + D. Then 
(Ax + B)(Cx + D) = ACx1 + (AD + BC)x + BD 

= 2lx1 + ax+ 21. 

:. AC = 21, BD = 21. Since 21 is odd, all its factors are odd. There
fore each of the numbers A and C is odd. The same is true for B and 
D. Since the product of two odd numbers is odd, AD and BC are odd 
numbers; a = AD + BC, the sum of two odd numbers, is even. 

19. Such a number can be written as P·IO' + P = P(lO' + 1) = P(lOOl), 
where P is the block of three digits that repeats. :. (E) is the correct 
choice. 

) -1( -I -1) I (1 1) I X + y 1 -I -I 
20. (x+y X +Y =x+y ·x+y =x+y·xy=xy=X y. 

21. (C) is not always correct since, if z is negative, xz < yz. 

22. Since log10(a2 - 15a) = 2, 'then a2 - 15a = 102 = 100. The solution 
set for this quadratic equation is I 20, -51. 

23. Since V = 1rT2h, we must have 1r(r + x)2h = 1rT
2(h + x). 

:.x = (r2 - 2rh)/h. For r = 8 and h = 3, we have x = 51. 
2"+' - 2(2") 2" · 2' - 2 · 2" 2 · 2"(23 

- 1) 7 
24 · 2(2"H) = 2·2"·21 = 2•2"•21 =s· 
25. Let s1 be the side of the square, a1 its apothem; then a~ = 4a, and 

since 2a1 = s1 , we have 4a! = Sa, or a, = 2. Let s, be the side 
of the equilateral triangle, h its altitude and a2 its apothem; then 
siv'J/4 = 3s2. Since h = 3a2, and s, = 2h/V3 ... 6a2/V3, we 
have (36a;/3)v3/4 = 3•6a,/y3, and a, = 2 = a1. 
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26. Arter simplification, we have x2 - x - m(m + 1) = 0. For equal 
roots the discriminant D = 1 + 4m(m + 1) = 0 = (2m + 1)1

• 

:.m = -½. 
27. We may eliminate (A) and (D) by proving that corresponding angles are 

not equal. If (A) is false, (B) is certainly false. We may eliminate (C) 
by placing the point very close to one side of the triangle. Thus none of 
the four statements is true. 

28. P = kAV', 1 = k·l · l62; 
36/9 = {l/162)·{1)·{V2

); 

: . k = 1/162; 
:. V = 32 (mph). 

29. Let the ratio of altitude to 
base be r. The triangles in 
the figure satisfy condition (D) 
but have different shapes. 
Hence (D) does not deter
mine the shape of a triangle. 

1 1 1 
30. - - -+-· :e 20 80' 

:. z • 16 (inches); 

or 

20 :t 
100 ... y' 

80 :t and -• .,..,,...,,.--
100 100 - 11 

- :t • 
100 - 5:e' 

z • 16 (inches). 

31. Let n be the number of people present. Single out a particular individual 
P. P shakes hands with (n - 1) persons, and this is true for each of 
the n persons. Since each handshake is between two persons, the total 
number of handshakes is n(n - 1)/2 = 28. :.n - 8; 

or 

C(n, 2) - n(n - 1)/2 - 28. 
32. The inscribed triangle with maximum perimeter is the isosceles right 

triangle; in this C88e AC+ BC ""' AB,v2. Therefore, in general, 
AC + BC S Ilv'2. · 
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33. (zl - 2x = 0) +-+ (zl - 2x) +-+ (.z' - 2x + 1 = 1) 

+-+ (.z' - 1 = 2x - 1). 

:. (C) is the correct choice. 

34. In general, a10
s.N = N, with suitable restrictions on a and N; 

or 

let 1010
•

117 
... N. Taking logarithms of both sides of the equation to 

the base 10, we have log,o7•logio10..., log1oN. :.N - 7. 

35. Since c' = a', c - a'''II. :.x = zq/y; 

:.xy = qz. 

Part 3 

36. To prove that a geometric figure is a locus it is essential to (1) include all 
proper points, and (2) exclude all improper points. By this criterion, (B) 
is insufficient to guarantee condition (l); i.e., (B) does not say that 
every point satisfying the conditions lies on the locus. 

37. Let N denote the number to be found; then we may write the given in
formation as 

N = lOat + 9 = 9a, + 8 ... • • • =- 2a, + 1. 

Hence 

N + 1 -= l0(a. + 1) = 9{a, + 1) - · · · = 2(a1 + 1), 

i.e., N + I has factors 2, 3, 4, • • • , 10 whose least common multiple 
i~ 2'·3'·5•7 - 2520. :.N = 2519. 

38 .. 03 = 600/xi and .02 ... 600/x1 ; 
:.x, - Xi .. 10,000 (feet). 

:.x, = 20,000 and x1 :z 30,000; 

39. Since the distance d traveled by the stone and the sound is the same, 
d = r1 t1 = r,t, . :. The times of travel are inversely proportional to the 
rates of fall: r,/r, = t,/t1. 

16t /t 7.7 - t 2 2 :. 
1120 

= -t-; :. t = 7(seconds); :. 16t = 16·7 = 784(feet). 

40. Since :,;' + 1 = (x + l)(z1 - z + I) and 

:,;' - 1 = (x - l)(zl + x + I), 

the given expression, when simplified, is 1 (with suitable restrictions on 
the value of x). 
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41. Since the y-differences are 2, 4, 6, 8, a quadratic function is suggested, 
thus eliminating (C). A quick check of the other choices shows that (B) 
is correct; 

or 

Make the check with each of the choices given. 

42. x = Vl + x, x2 = 1 + x, x2 - x - 1 = 0, and x ,.._, 1.62. 

;, } < X < 2. 

43. (E) is incorrect because, when the product of two positive quantities 
is given, their sum is least when they are equal. To prove this, let one of 
the numbers be z; then the other number can be written z + h (h 
may be negative). Then if x(x + h) .,. p, 

x - (-h + 'V'h' + 4p)/2. :.x + x + h - Vh' + 4p, 
which haa its least value when h - 0. 

44. Inverting each of the expressions, we have the set of equations: 

1 1 1 -+-=-11 x a' 
1 1 1 -+-=-, x b' 

1 1 1 -+---· % , b I 

2abc 

1 1 1 -+- = -. 
1/ Z C 

. 2 1 1 1 .. -=-+---. x a b c 

. ·=----.. .., ac+bc-ab' 

45. Log 8 =- log 21 = 3 log 2; log 9 = log 32 = 2 log 3; 
and log 5 = log (10/2) - log 10 - log 2 = 1 - log 2. 
and from the information supplied in the problem, 

log 10 = l 
From these 

log2-= ilog8, log 3 • ½ log 9, and log 5 = 1 - log 2 

can be found; consequently, so can the logarithm of any number repre
sentable as a product of powers of 2, 3 and 5. Since 17 is the only 
number in the list not representable in this way, (A) is the correct choice. 
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46. Extend CO so that it meets 
the circle at E. Since CE 
is a diameter, CD l. DE. 
The bisector of angle OCD 
bisects the subtended arc DE, 
that is, arc DP= arc PE. 
Regardless of the position of C, 
the corresponding chord DB 
is always parallel to AB, 
and hence P always bisects 
the arc AB. 

47 S. 1 + 1 l + a' (r + •>• - 2" d s1·nce 
. mce ri ii = rltP = (ra)• ' an 

r+a=-! and ra=~, wehave !..+!..=b•-2ac 
a a ,,.IP c' • 

48. The area of the large square is 2a1, where a is the radius of the circle. 
The area of the small squar.e is 4a1/5. The ratio is 2:5. 

49. From the given information it follows that for the right triangle ABC, 

(a/2)1 + bl = 25 and a1 + (b/2)1 = 40. :. a• = 36 and bl = 16. 

:.cl ... a1 + bl = 52; :.c = 2V13. 

50. Let ti, ti, ta be the number of hours, respectively, that the car travels 
forward, back to pick up Dick, then forward to the destination. Then we 
may write 

25·ti - 25·t1 + 25·ta = 100 

5·ti + 5·t1 + 25·ta -= 100 

25·ti + 5 · t1 + 5·ta = 100 

for car 

for Dick 

for Harry. 

This system of simultaneous equations is equivalent to the system 

ti - t, + ta = 4 

ti + ti + 5ta = 20 

5h + ti + ta == 20 

whose solution is t1 = 3, lt = 2, ta = 3. 
Hence t1 + ti+ ta = 8 = total number of hours. 
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Part 1 

1. Since A = 11r and ff is irrational and r is rational, A is irrational. 
(The product of a rational number and an irrational number is irrational.) 

2 A 20 ·80 + 30 ·70 74 
. verage = 20 + 30 = . 

3. a1 
- a-• = a1 

- !. = (a - !)(a' + 1 + !.) . a• a a' 

4. For P - I pounds the charge is 3 cents per pound. For the first pound 
the charge is 10 cents. :.C = 10 + 3(P - I); 

or 

The charge for each pound is 3 cents with an additional charge of 7 cents 
for the first pound. :.C - 3P + 7 - 3P - 3 + IO - 10 + 3(P - I). 

b 111 - Y1 12 + 6 
5. 11 • nu + , m - -- =- -- - 3; 

Xt - X1 6 -0 
:. 11 - 3x + b. Subeti-

tuting, -6 == 3·0 + b; :.b - -6; :.y ,_ 3x - 6. This equation 
is satisfied by (~. 3). 

6. The roots are (7 :i: v'49 + 36)/2 and their difference is 

1+vss_1-vss_vss or 1-vss_1+vss=-vss 
2 2 2 2 . 

Of the given choices, (E) is correct. 

7 ( -1 + -1 )-1 l xy 
• X II = (1/x) + (I/r) - X + y. 

8. Two equal circles in a plane cannot have only one common tangeni 
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9. ma - mb = cab, ma = b(m + ca); :.b = ma/(m + ca). 

d d (1 1) 10. t1 = lO, t, = 20 , t1 + t, = d 10 + 20 ; 

2d 40 
:. A ... d[(l/10) + (1/20)) = 3 = 131 (mph); 

or 

40 
:. A .. 3. 

11. The value x -= 1 makes the denominator zero. Since division by zero ia 
not permitted, /(1) is undefined, so that (C) is the correct choice. 

12. Let the first t-wo terms be a and ar where -1 < r < 1. 

:.a(l + r) - 4½. 

Since • - a/(1 - r) =- 6, a =- 6(1 - r). 

:.6(1 - r)(l + r) '"' 4½; :.r • :cl; :.a= 3 or 9. 

13. The minimum value of the function is at the turning point of the graph 
where x = -p/2. (See 1950, Problem 41.) 

14. 12,000 = H - iH; :.H = 15,000, 12,000 = S + iS; 

:. S = 10,000, H + S = 25,000. 

Therefore, the sale resulted in a loss of $1000. 

15. Since 62 + 82 = 100 > 92, the triangle is acute, so that (C) is a correct 
choice. A check of (D) by the Law of Sines or the Law of Cosines shows 
that it is incorrect. (B) is obviously incorrect by the Law of Sines. 
Note: The elimination of (B) and (D) involves trigonometry, and so, 
in part, this problem is beyond the indicated scope. 

Part 2 

16. bh = G~ b)(xh) 
10 1 

:. x = IT and h is reduced by IT or 9h% ; 

or 

bh= b+-b h- -h =bh+-bh--bh--bh. ( 
1 )( r ) 1 , r 
10 100 10 100 1000 

1 r r :. - - -- - -- = 0 and r = 9h (per cent). 
10 100 1000 
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1 i. Let C be the cost, L the list price, S the selling price and M the 
. 4 1 4 

marked price. C = 5 L, S = C + 5s, S = 5 M . 

5 :.M= 4 L; :. (C) is the correct choice. 

18. log p + log q = log (pq). Thus we must have pq = p + q. 

:.p = q/(q - 1). 

19. Since BD bisects angle ABE, 

AD AB 
we have= ==i 

DE BE 

since BE bisects angle DBC, 

DE BD 
we have EC= BC. 

Hence 

AD DE(AB/BE) _ (AB)(BD) 
EC = DE(BC/BD) - (BE)(BC). 

A 

3 20. z"" -y 
4 

• z - 11 l 
.. -y- = -4 :. (E) is incorrect . 

21. Each such angle is the vertex angle of an isosceles triangle whose base 
angles are each, in degrees, 180 - (n - 2)180/n =- 360/n. 

:. angle - 180 - (720/n) = (180n - 720)/n = 180(n - 4)/n. 

22. zl + 4 = bl+ l; 

• •• % ... ~-
A 

0 

b 

B C 

23. The equation is equivalent to zl - ( b + :: .; 1
1a) z + c: ~ ! = 0. 

Since the coefficient of z is equal to the sum of the roots, it must be zero. 
m-1 

We have b + m + 1 a = 0. :.bm + b + ma - a = O; 

a-b 
:.m =a+ b. 
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24. Since AB = 20 and AC = 12, BC = 16. Since ABDE ,.._, 6.BCA, 
Area ABDE 101 

AreaABCA = Hr . But Area ABCA = ½ • 12 · 16 = 96. 

:. Area ABDE = 37½, 

and the required area is 96 - 37½ = 58½. 
Note: the method here shown is based on subtracting the area of ABDE 
from that of ABCA. It is a worthwhile exercise to find the area of the 
quadrilateral by decomposing it into two right triangles. 

25. Since the times are inversely proportional to the rates 
(see 1951, Problem 39), 

t 1080/3 45 -- = -- = 45. :. t = 30· - and 
30-t 8 46 

45 
d = 8t = 8·30· 

46 
,.._, 245. 

26. ,•+~ = (r +} )(,' - 1 + ~)- But 

t 1 
:. r + ii - l; :. r1 

- 1 + ~ = O; 

27. Let P1 and P, be the 
perimeters of the smaller 
and larger triangles 
respectively. We have 

T = sv3/2 and 3 = 2r /-\/3. 
:. P 1 = 2ry3 and P2 = 3r-y3; 

:. P1:P2 = 2:3. 

( 1)' 1 r + r -= r
1 + 2 + ,i == 3. 

... ,• + ~ = o. 

28. (C) is shown to be the correct choice by direct check. 
Note: The fact that the y-differences are 4, 6, 8, and 10 can be used tc 
eliminate (A) and (B) immediately. 

29. Let KB = x and CK = y. Then y(S - y) = x(IO - x) and 
y' = (5 - x)2 + 51• :. By - y1 = 50 - y2 ; :. y = 25/4. 
. _ 10 - (15/2) _ ~ d 10 _ _ 35 .. x-

2 
-

4 
an x-

4
, 

so that (A) is the correct choice. 

30. Using S = ~
2 

[2a + (n - l)d), we have 
10

(2a + 9d) = 4-~(2a + 4d) 2 2 
:. d = 2a; :. a:d = 1:2. 
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31. Single out any one point A. Joined to the remaining 11 points, A yield, 
11 lines. Since a line is determined by two points, we have for the 1~ 
points, ½ • 12 · 11 = 66 (lines); 

or 

32. Time = distance/rate; 

C (12, 2) = ½·12·11 = 66. 

:. t = 30/x. 

33. For a given perimeter the circle has the largest area; 

or 

let P be the common perimeter, A1 and A2 the areas of the circle and 
the square, respectively. Then 

p = 211'1', 
p p' 

r = 2r' Ai=-· 
4r' 

P == 4a, 
p p2 

3 = 4' A,= 16; 

Since 4r < 16, A1 > As. 

34. Let the original price be P. Then P1 "" (1 + 1~) P. 

P, - (1 - L) P1 - (1 - L)(1 + L)p .. 1 · 100 100 100 ' 

. p 1 
• • ... 1 - (r/1()()1} • 

10,000 
10,000 - 'P". 

35 v2 . ( v2 + v'3) + V5 - 2 + V6 + V10 . 
. ( v2 + v'a) - VS ( v'2 + '\l'3) + VS 2¥6 ' 

2 + V6 + V10 V6 2v'6 + 6 + 2-v'is 3 + V6 + vis 
2y6 . y'6 ... 2·6 • 6 

Part 3 

36_ x' + 1 = (x + 1 )(x
1 

- x + 1) • x' - x + 1 for x ,.i -1. 
x1 - 1 (x + l)(x - 1) x - 1 

a 1 t r x+ r x-x+l 3 3 
~1 z1 - 1 = ~l % - 1 - -2 '"'"' - 2 • 

For continuity at x .. -1, we must define x• + 1 - - ~ . 
x1 - 1 2 

Note: This problem is beyond the indicated scope. 



Solutions             1952             Mathematical Contest (3rd)
7

37. By symmetry, the required 
area is 4(T + S). 

T = ½4•4v3 = Sy'a, 

S .. (30/360) · r81 .. 5ir; 

:. A = 32ya + 2lir, 

4 T '!.,_., 
...-{o- s 

--- 0 -----

38. 1400 - ½·50(84 + Sb). :. a+ b = 1. This indeterminate equation 
is satisfied by the following pairs of integral values: 1, 6; 2, 5; 3, 4. 
:. (D) is the correct choice. 

39. ZS + wt - cl'-, l + w - p/2, (l + w)1 
- ZS + 2lw + wt - -pt/4, 

2lw - pl/4 - cl'-, (l - 111)1 - ZS - 2lw + wt - 2cl'- - pl/4, and 
l - w - v'Scl'- - pt/2. 

40. We are told that the values of J(x) listed correspond to 

f(x), f(x + h), f(x + 2h), · · · , f(x + 7h). 

Observe that the difference between successive values is given by 

f(x + h) - f(x) = a(x + h)2 + b(x + h) + c - (ax2 + bx + c) 

= 2ahx + ah2 + bh. 

Since this difference is a linear function of x, it must change by the 
same amount whenever x is increased by h. But the successive differ
ences of the listed values 

3844 3969 4096 4227 4356 4489 4624 4','61 
are 125 127 131 129 133 135 137 
so that, if only one value is incorrect, 4227 is that value. 

41. v + y = 7(r + 6)2h = rr(h + 6); 
:.3r2 - 12r - 36 = 0; 

:. (r + 6)2 ·2 = r2·8 
:. T = 6. 

42. D = .PQQQ · · · = .a1 · · · a,b1 · · · b.b1 · · · b. · · · . So (A), (B), (C) and 
(E) are all correct choices. To check that (D) is incorrect, we have 

10•+•D - I0'D = PQ - P. :. 10'(10' - l)D = P(Q - l}. 

43. For each semi-circle the diameter is 2r/n, and the length of its arc is 
1rT/n. The sum of n such arcs is n•1rT/n = 7rT = semi-circumference. 

44. Given lOu + t = k(u + t). Let lOt + u = m(u + t). 
:. ll(t + u) = (k + m)(u + t); :. k + m = 11; :. m = 11 - k. 
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45. The Arithmetic Mean is (a + b)/2, the Geometric Mean is yab, and 
the Harmonic Mean is 2ab/(a + b). The proper order for decreasing 
magnitude is (E); 

or 

Since (a - b)Z > 0, we have a2 + b2 > 2ab; :. a2 + 2ab + b2 > 4ab, 
a + b > 2yob, and (a + b)/2 > yob. 
Since a2 + 2ab + b2 > 4ab, we have 
1 > 4ab/(a + b)2; :. ab > 4a2b2/(a + b)2

, and yob > 2ab/(a + b). 

46. Area (new) = (d + l)(d - l) = d2 - l2 = w2; 
choice. 

4 7. From equation (1) z = y2• 

From equation (2) 2' = 2i.+1, z = 2x + 1; 

:. (C) is the correct 

z-1 y2 -l 
;, X = -2- = -2-. 

From equation (3) yt ; 
1 + y + y2 = 16. This equation has one 

integral root y = 3. :. x = 4, y = 3, z = 9 

48. I.et / and , denote the speeds of the faster and slower cyclists, respec
tively. The distances (measured from the starting point of the faster 
cyclist) at which they meet are 

(1) J·r - k + a·r when they travel in the same direction, and 
(2) J·t - k - a·t when the slower one comes to meet the other. 

From (2), f + , - k/t ; from (1), / - a - k/r . 

:. 21 • ~ + ~ = k(r + t) 2, .. ~ _ ~ -= k(r - t) 
r t rt ' t r rt ' 

and J r + t ;=,_,. 

49. By subtracting from L:::.ABC the sum of L:::.CBF, 6BAE, and 
L:::.ACD and restoring L:::.CDN1 + L:::.BFN, + 6AEN,, we have 
L:::.N,N,N,. 

L:::.CBF = L:::.BAE = L:::.ACD = iAABC. 

From the assertion made in the statement of the problem, it follows that 
L:::.CDN, = L:::.BFN, = L:::.AEN1 = t·il:::.ABC = ,hL:::.ABC. 

:. L:::.N,N,N, = L:::.ABC - 3·i6ABC + 3·,hl:::.ABC = tAABC. 

50. Rearrange the terms: 

81 e 1 + ! + ..!_ + .. · = ! and 8, = V2 + V2 + V2 + .. · = V2 
4 16 a 4 16 64 3-

:. S =- s, + s, .,.. i(4 + v'2). 
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Part I 

1. The profit on each orange sold is 4 - 3½ = J cent. :. Jn = 100, n = 150. 

2. D = D, + D1 - D1D1 I D = 20 + 15 - 3 = 32. 

:. S ... 250 - (.32)(250) = (.68)(250), 

that is, 68 % of 250. (See 1950, Problem 22.) 

3. x1 + y2 has no linear factors in the real field. :c2 + y2 = (:c + iy)(x - iy) 
in the complex field. ' 
Note: This problem is probably beyond the indicated scope. 

4. Set each factor equal to zero, and solve the three resulting equations. 
The roots are 0, -4, -4, and 4. (The factor :c2 + 8x + 16 = (x + 4)2 

has the double root -4.) 

5. X = 62
'
1 = 62 •6112 = 36V5. 

5 5 6. 2 [ { 5q + l ) - ( q + 5) J = 2 ( 4q - 4) = 10( q - 1). 

7. Multiply numerator and denominator by va2 + :,;2 and simplify. 
(D) is the correct choice. 

8. For intersection 8/(x2 + 4) = 2 - x. 
:. x3 - 2x2 + 4x = x(x2 - 2.r + 4) = 0; :. X = 0. 

4½ + X 7 9· 9 + X = 10; :. X = 6. 

10. The circumference of the wheel is 6,.-. :. N = 5280/6r = 880/r. 

11. C, = 2irr, C2 = 2,.-(r + 10); :. C2 - C1 = 20,.- ,..., 60 (feet). 

12. A 1/A 2 = ,.-42/,.-62 = 4/9. 

13. A = ½bh = ½h(b1 + b,); 
:. m = ½(b1 + b2) = 9. 

:. b1 + b2 = b = 18. 
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14. Each assertion is realized in the accompanying figure. Hence, none 
of these statements is false. ( 8 ) 

15. Designate a side of the original square by s. Then the radius r of the 
inscribed circle is a/2. A side of the second square (inscribed in the 
circle) is r'\1'2 = s/'\1'2. Therefore, the area of the second square is 
s2/2, while that of the original square is &2. :. (B) is the correct 
choice. 

Part2 

16. S =- Selling price = cost + profit + expense =- C + .10S + .15S; 
:. S • 4/3C; :. (D) is the correct choice . 

.". X = 4.8; 

or 

Let y be the amount invested at 4 %. Then .04y = .06(4500 - y) 
and y = 2700. Therefore the total interest is 

.04(2700) + .06(1800) = 216, and (216/4500) · 100 = 4.8%. 

18. x• + 4 = (i + 4x' + 4) - 4z1 

= (z1 + 2)
1 

- (2z)1 = (zl + 2.x + 2)(z1 - 2x + 2). 

19 3 (3 )' 27 2 d h . I 27 2 37 2 . 4x · 4.Y = 
64 

xy , an t e decrease 1s xy -
64 

xy = 
64 

xy • 

20. x• + .z' - 4x
2 + X + 1 = X1 

[ (x
1 + 1 )+ ( X + n- 4] = 0. 

Since x' + 1 = (x + ~y - 2, we have 

x
1
(y

2 
- 2 + y - 4) = x'(y1 + y - 6) = 0. 

21. x2 
- 3x + 6 = 101 = 10 or x1 - 3x - 4 = 0; :. x = 4 or -1 
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22. 27·v'9·~9 = i•3111 ·3211 = 32618, log3 321
" = 4¼. 

23. Multiply both sides of the equation by v x + 10. 
x + 10 - 6,. 5yx + 10, xi - 17x - 234 = 0, x = 26 or -9. 
-9 fails to check, i.e., it is an extraneous root. 

24. 100a2 + l0a(b + c) + be = 100a2 + 100a + be. For equality we must 
have b + c = 10. 

25. ar" = ar11+1 + ar11+1; :. r2 + r = l; :. r = ( y'5 - 1)/2. 

26. Let x be the required length. Then x1/151 = 2/3. 
:. z1 = 150; :. X = 5y'6. 

27 S=r+!+..!.+· · · . 4 16 ' S,. r/[1 -(1/4)] = 4r/3. 

28. The bisector of an angle of the triangle divides the opposite sides into 
segments proportional to the other two sides, i.e., y/c = x/b. It follows 
that x/b "" (x + y)/(b + c) "" a/(b + c). 

29. (D) is the correct choice. Consult sections on approximate numbers for 
the explanation. 
Note: For a full understanding of the topic, a knowledge of calculus is 
needed. 

30. B pays A 9000 - n·OOOO = $8100. 
A pays B 8100 + 1"f ·8100 = $8910. 
Thus A has lost 8910 - 8100 = $810. 

31. 30 ft. per second corresponds to 1 click per second. In miles per hour, 
30·60l/5280 = 225/11 mph corresponds to 1 click per second. 1 mph 
corresponds to 11/225 clicks per second, which is a.pproximately 1 click 
in 20 seconds. So x miles per hour corresponds approxima.tely to x 
clicks in 20 seconds. 

32. The diagonals of the quadrilateral formed lie along the two perpendicular 
lines joining the midpoints of the opposite sides of the rectangle. These 
diagonals are of different lengths, and they a.re perpendicular bisectors of 
each other. Therefore, the figure is a rhombus; 

or 

the sides of the quadrilateral can be proved equal by congruent tria.ngles. 
Also it can be proved tha.t no interior angle is a right angle. 

33. Let x be one of the equal sides of the triangle. 2p = 2x + xy2; 

. ~ - 2p A = ! ~' = ! . 4p• . 6 - 4y2 = '(3 - 2- rn2) . 
. . .., - 2 + y2' 2.., 2 6 + 4y2 6 - 4y2 p V ~ 



Solutions              1953              4th Annual Mathematical Contest
5

34. Let the 12-inch side be AC. 

35. 

Since 2$,.B = 30°, AC = 60°. 
:. AC= r; 
:. 2r = d = 24 (inches). 

f(x + 2) = (x + 2)(x + 2 - 1)/2 and 

f(x + 1) = (x + l)(x + 1 - 1)/2. 

So (x + 1)/2 = f(x + 1)/x; :. f(x + 2) = (x + 2)/(x + 1)/z. 
Note: The symbolism here is beyond the indicated scope. 

Part3 

36. By actual division, the remainder is found to be 18 + m. Since x - 3 
is a factor, 18 + m - 0, and, therefore, m ... -18. :. (C) is the cor
rect choice; 

or 

by the Factor Theorem Converse, 36 - 18 + m = 0. :. m - -18· 

37. Let z be the distance from the center 
of the circle to the base and let 
Then 

h = r + x be the altitude of D.ABC. 
h,2 + 9 = 144. :. h = Vl35. 

rl = 31 + z2 
.. 31 + (h - r)1 

= 31 + h' - 2hr + rl. 
:. r = (9 + h1)/2h 

= (9 + 135)/2yl35 
= 144yl35/270 '"" 8V15/5. 

C 

38. F[3,/(4)) means the value of bl+ a when a= 3 and b = 2, namely, 7. 
Note: This problem is beyond the indicated scope. 

39. For permissible values of a and b, log., b • log. a B 1; 

Let x = log. b and y = log. a. 
:. a"11 = b11 - a; :. xy = l; 

or 

:. a• = b and b11 = a. 
:. log. b•log& a = l. 
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40. To contradict the given statement, preface it with "It is not true 
that • • • " . Therefore, the negation is (C); 

or 

in symbols, given Y.[x t MI xis honest]. 
:. _, V. = H.[x t MI xis dishonest]. 

41. OB = 400 rods. 
r = 3()()1 + (400 - x)1, 

800.x = 250,000. 
:. :z; = 312½ (rods); 
:. (E) is the correct choice. 

42. ti = 412 - 92 = 402. 
G 

43. Let s be the price of the article, n the number of sales. Then 

((1 + p)8)[(1 - d)n) = sn, p - d - pd = 0, d = p/(1 + p). 

44. Let the true equation be x2 + bx + c = 0, the equation obtained by 
the first student be x1 + bx + c' = 0, and the equation obtained by the 
second student be x1 + b'x + c = 0. 

:z:2 + bx + c' = x1 - lOx + 16 = 0 and 
x1 + b'x + c = x2 + l0x + 9 = 0. 

:. x1 + bx + c = x1 - lOx + 9 = 0. 

45. For a ;,£ b, Arithmetic Mean > Geometric Mean. For a = b, Arith
metic Mean = Geometric Mean. (See 1952, Problem 45.) 
:. (a+ b)/2 ~ Vab. 

_ 1-- l l 
46. v 82 + 12 = s + l - 2 = 8 + 2, 3 2 

- l = 8l · 
4 ' 

• 8 3 
·· 1 = 4· 

47. For all x > 0, 1 + x < ioz. : . log (1 + x) < x. 
Note: This problem may be beyond the indicated scope. 

48. t
2 = s' + (t ; 8

)', 
s 

5s2 + 2ts - 3t2 = 0 = ( 58 - 3t )( s + t) ; 
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49. The smallest possible value of AC + BC is obtained when C is the 
intersection of the y-axis, with the line that leads from A to the mirror 
image (the mirror being the y-axis) B':(-2, 1) of B. This is true be
cause CB' = CB and a straight line is the shortest path between two 
points. The line through A and B' is given by 

5 - 1 4 
y = 5 + 2 X + k = 1 X + k. 

To find k, we use the fact that the line goes through A : 

5 = ! ·5 + k, k = 5 -
20 = 15 

= 2½: 
7 7 7 

:. C has coordinates (0, 2+). 

50. Denoting the sides of the triangle by 
a, b, c we observe that a - 8 + 6 = 14, 
b ... 8 + z, c = x + 6. 
:. 2a = a + b + c • 2x + 28, a -= x + 14. 
On the one hand, the area of the 
triangle is hall the product of the 

B 

perimeter and the radius of the 
inscribed circle; on the other hand, C'---e-..:::....i....::::;_x_~ A 
it is given in terms of a so that 

Area - r-a = 4(z + 14) =- v'a(a - a)(B - b)(B - c) = v'48x(x + 14) 

or (x + 14)' = 3z(z + 14), x + 14 = 3x. •·. x = 7, and the shortest 
side is c = 6 + 7 = 13; 

or 

. B 4 2 B 3 
sm - ,.. ---=== - --

2 v'4' + 61 v'Ia' 
cos- ... --

2 v'Ia' 
. B 2 . B B 12 . ·1 l . C 4 sin ""' sm 2 cos 2 = 

13
, s1m1 ar y sm = 5. 

Using the Law of Sines, 

sin B sin C 
-b- =·-c-, 

Thus x = 7. 

12/13 4/5 
s+z = 6+x· 
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Part l 

}. (5 - y'yZ - 25)2 = 25 - 10y'y2 - 25 + y2 - 25 = y2 - 10-y'yt - 25, 

2. Since x = 1 is not a solution of the original equation, the solution set 
of the first equation is the number 4 only; 

or 

2x' 2x + 7 4. - 6x 
the graph of y '"" x _ 

1 
- -

3
- + x _ 

1 
+ 1 is the straight line 

y ... ; • x' ~ ~ t 4 = ; (x - 4) with the point (1, -4) deleted. Since 

the graph crosses the x-axis at ( 4, 0), its only root is 4. 

3. x = k,y', y = kaz11
'; 

choice. 

4. 132,.. 22 ·3·11 and 6432 = 2'·3•67. Their H.C.D. = 22·3'"" 12 and 
12 - 8 = 4. 

5. A = lap= ½·5v'3·60 = 150v'3 (square inches). 

6. x0 = 1 for any number z (z # 0) and -32 = -21 • 

. 1 1 1 1 1 1 7 
.. 16 + 1 - v'M - ( - 21) 411 - 16 + 1 - 8 - 16 - 8. 

7. Let C be the original price of the dress. Then 25 =- C - 2.50 or 
C = 21.50. 250/2750 = 1/11 ,_, 9%. 

8. Let a be the side of the square and h the altitude of the triangle. Then 
½h·2s = &2. :. h = a or h/a - 1. 

9. (13 + r)(l3 - r) - 16·9 :. rt = 25, r = 5. 

10. Let a = b = 1. Then (1 + 1)1 = 21 = 64; 

or 

1 + 6 + 15 + 20 + 15 + 6 + 1 = 64. 

I 1. Let S be the selling price, M the marked price and C the cost. Then 

1 2 3 3 2 1 
S=M--M=-M C=-S=-•-M=-M 

3 3' 4 43 2 

and 
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12. The system is inconsistent (see 1950, Problem 14); hence, no solution; 

or 

graphically, we have two parallel lines; 

or 

I! =! I = O; hence no solution. 

13. 4z ... ½(a + b + c). Thus the sum of the four angles 
S-½~+b+c+b+c+d+c+d+a+d+a+~ 

- f(a + b + c + d) - f ·360° - 540° • 

. / (z' - 1)' = . / 4%
4 + z8 

- 2x
4 + 1 = . /(x' + 1)' 14. 'V 1 + 2x' ,Y 4%4 ,Y 2xt 

z' + 1 :i 1 
=~-2+2x2 • 

15. log 125 = log (1000/8) = log 1000 - log 8 = 3 - log 21 = 3 - 3 log 2. 

Part 2 

16. f(z + h) - f(x) = 5(x + h)1 - 2(x + h) - 1 - (5x' - 2x - 1) 
- l0xh + 5h1 - 2h = h(l0z + 5h - 2). 

Note: The symbolism in this problem may be beyond the indicated 
scope, but the problem itself is quite simple. 

17. There are a number of ways of determining that (A) is the correct answer. 
One (obvious) way is to plot a sufficient number of points. 
Note: Graphs of cubics, generally, are beyond the indicated scope. 

18. 2x - 3 > 7 - x. Adding x + 3 to both sides of the inequality, we 
10 have 3x > 10 or x > 3 . 
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19 "A' ... ~ 
• "T 2' 4A = 180° - a; 

:. a = 180° - 4A. 

"A' = ~ = 900 - 4A . 
"T 2 2 ' 

C 

:. 4A' < 900, 

Similarly, 4B' < 90°, 4C' < 90°. 

20. By Descartes' Rule of Signs (B) is shown to be correct; 

or 

solve to find the roots -1, -2, -3; 

or 

graph y = r + 6x2 + l lx + 6. 

21. 2yx + -~ = 5. Squaring, we obtain 4x + 8 + ! = 25. Multiply 
yX X 

both sides of the equation by x and obtain 4x2 - l 7x + 4 = 0. 

22. Adding, we have 

2x2 
- x - 4 - x = 2(x - 2)(x + 1) = 2 

(t + l)(x - 2) (x + l)(x - 2) 

for values of x ·other than 2 or -1. 

23. s = c+ !c; 
n 

n 
:. C = n+ 1 S; 

1 1 n S 
:.M=-C=-·-S=-

n n n+l n+l 

24. 2x2 - x(k - 1) + 8 = 0. For real, equal roots, the discriminant 
(k - 1)2 - 64 = 0 and k - 1 = ±8. :. k = 9 or -7. 

25. The product of the roots is c(a - b)/a(b - c). Since one root is 1, the 
other is the fraction shown. 

26. Let x = BD and let r be the radius of the small circle. Draw the line 
from the center of each of the circles to the point of contact of the tangent 
and the circle. By similar triangles, 

x+r x+5r 
-r-=~ .'. X = r. 
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I 2 I 4 I 
27 - 1rr h = - · - 1n" . 3 2 3 ' 

h 2 
.-. ,: = 1· 

mr 4 9 6 
28· nt = 3 . 14 = 7; :. mr = 6k and nt = 7k. 

. 3mr - nt 18k - 7k Ilk 11 
.. 4nt - 7mr = 28k - 42k = -14k = - 14 · 

29. In any right triangle (see 

accompanying figure), we have 

x·c = a2 and (c - z)c = b'. 

Since i = ½ , it follows that 

x z·c a' I 
c - x = (c - z)·c .. bi ... 4· 

30. Denote by a, b, c the respective number of days it would take A, B, C 
to complete the job if he were working alone; then 1/a, 1/b, 1/c denote 
the fractions of the job done by each in one day. Since it takes A and 
B together two days to do the whole job, they do half the job in one 
day, i.e., 

1 + 1 1 d . .1 l 1 + 1 1 a ;;=2• an s1m1ary,;; c=4' 
1 1 I 2 2 :. a - ;; = 6' a= 3' a = 3• 

31. 4BOC = 180 - ½(4B + 4C). But 
:. 4-BOC = 110 (degrees). 

32. z4 + 64 = (z4 + 16x2 + 64) - 16x1 

1 I 5 -+- =-a C 12' 

½(4B + 4C) = ½·140 = 70. 

= (x2 + 8)2 - (4x)2 = (z2 + 4x + 8)(x2 - 4x + 8). 
(See also 1953, Problem 18.) 

33. The exact interest formula is complex. Approximately, he has the use 
of $59 for 1 year. 6· 100/59 = 10+. :. (D) is the correct choice. 
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34. 1/3 is the infinite repeating decimal 0.333 • • • . Thus 1/3 is greater than 
0.33333333 by the amount 0.00000000333 • • • = 1/3 -108

; 

or 

0.33333333 = 3-10-1 + 3.10-2 + ... + 3.10-8 = 3-10-
1
(1 - 10-

5
) 

1 - 10-1 

3( 1 - 10-8
) 1 10-• 1 1 

= 9 = 3 - 3 = 3 - 3 · 108 

35. :t + V d2 + (h + x)' = h + d, y d2 + (h + x)' = h + d - x 
d2 + h' + 2h:t + x' = h2 + d2 + x' + 2hd - 2h:t - 2d:t, 2h:t + d:t = hd; 
:. x = hd/(2h + d). 

Part 3 

2 1 1 40 z 40/3 8 
36. x = 

20 
+ 

10
, z = 3 , 

15 
= """i5 = 9. (See also 1951, Problem 39.) 

37. 4m. = 4P + 4d, 4d = 4q - 4m. (there are two vertical angles each 
4m). :. 4m • 4P + 4q - 4m; :. 4m = ½(4P + 4q). 

38. 3•·31 = 135; :. 3• - 5; 
:. x log 3 = log 5 - log (10/2) ... log 10 - log 2. 
:. X = (1 - 0.3010)/0.4771 ,..., 1.47. 

39. Let PA be any line segment through P such that A lies on the given 
circle with center O and radius r. Let A' be the midpoint of PA and 
let 0' be the midpoint of PO. To see that the required locus is a circle 
with center O' and radius ½r, consider the similar triangles POA 
and PO'A'. For any point A on the given circle, O'A' = ½OA = ½r. 
:. (E) is the correct choice. 

40. a1 + 1 =(a+ 1)' - 3(a + n = 3v'3 - 3v'3 = 0. 
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41. S = - ( -8/4) = 2; 

or 

find one root, - 3, by trial. The reduced equation is 4x2 - 20x - 3 = 0, 
where the sum of the roots is 5. : . S = 5 - 3 = 2. 

42. From the graphs, or from a consideration of the positions of the lowest 
points, it is found that (D) is the correct answer. (See 1950, Problem 41.) 

43. c ... a - r + b - r (see 1950, Problem 35). 
:. P • a + b + c • 10 + 2 + 10 - 22. 

:. 10 -= a + b - 2; 

44. We seek an integer whose square is between 1800 and 1850. There is one, 
and only one, such integer, namely 1849 - 431• :. 1849 - 43 ,.,. 1806, 
the year of birth; 

or 

let y be an integer between O and 50. :. 1800 + y + x =- x2• For 
z to be integral, the discriminant 1 + 7200 + 4y must be an odd square. 
The value y = 6 makes the discriminant 7225 = 852. The year of 
birth is, therefore, 1800 + 6 - 1806. 

45. Let d denote the distance from A measured along AC and let l(d) 
denote the length of the segment parallel to BD and d units from A. 
Then by similar triangles, we have: 

AC 
Ford~ 2 , 

(1/2)l (1/2) 1il> 
-d- = (I/2)AC ' 

or l = 2kd where k = BD = constant. 
AC 

AC 
Ford~ 2 , 

(l/2)l = (l/2) ED, or l ,.,. 2k(AC - d) = -2kd + 2kAC. 
AC - d (1/2) AC 

The graph of l as a function of d evidently is linear in d. Its slope 
2k is positive for d < AC/2; its slope -2k is negative for d > AC/2. 
Hence (D) is the correct choice. 

46. The distance from the center of the circle to the intersection point of 
the tangents is 3/8. 

- 3 3 9 1 
:. CD = - + - = - = X + - . 

8 16 16 2' 
:. x = 

1
~ (inch) . 
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47. Since MT= VP' 2- 4f, AT= AM+ MT= p + vr -4<1 and 

TB = AB - AT -= P - VP' - 4<!. The required equation is, 
2 

therefore, x1 - px + <f = 0. 

48. Let x be the distance from the point of the accident to the end of the 
trip and R the former rate of the train. Then the normal time for the 
trip, in hours, is 

~+l=x+R 
R R . 

Considering the time for each trip, we have 

l x x+R l 
l + 2 + (3/4)R = -R- + 3 2 

and 

90 1 x - 90 x + R 1 + R + 2 + (3/4)R = -R- + 3 . 

:. x = 540 and R = 60; :. the trip is 540 + 60 = 600 (miles). 

49. (2a + 1 )2 - (2b + 1 )2 = 4a2 + 4a + 1 - 4b2 - 4b - 1 
= 4[a(a + I) - b(b + I)]. 

Since the product of two consecutive integers is divisible by 2, the last 
expression is divisible by 8. 

50. 210 + x - 12x = 84; :. llx = 126; 
:. x = 126/11, 126·60/11 ·30 ,._, 23 and 210 + x + 84 = 12x; 
:. llx = 294; :. X = 294/11, 294 ·60/11·30,..,53. 
:. the times are 7:23 and 7:53. 
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Part l 

I. ~ = .375; :. ;. 10-6 = 0.000000375. (D) is the correct choice. 

2. 150° - !~ ·30° = 137½0 = 137° 30'. 

3. Let A be the arithmetic mean of the original numbers. Then their sum 
is lOA and A(new) = (I0A + 200)/10 = A + 20. :. (B) is the 
correct choice. 

4. Multiplying both sides of the equation by (x - l)(x - 2), we have 
2x - 2 = X - 2. .". X = 0. 

5. y = k/x2, 16 = k/1, k = 16; :. y = 16/x2, y = 16/8·8 = 1/4; 
or 

:. Y2 = 1/4. 

6. Let n be the number bought at each price, and z be the selling price 
of each. 2nz ... (lOn/3) + 4n; :. z - 11/3, that is, 3 for 11 cents. 

7. W1 = W, - W,/5 ""'4WJ5. 
is Wi/4 or 25% of Wa. 

:. W, = 5Wi/4. The increase needed 

8. x• - 4y1 = (x + 2y)(z - 2y) = 0; :. x + 2y = 0 and z - 2y = O. 
Each of these equations represents a straight line. 

9. This is a right triangle. For any right triangle it can be shown (see 1950, 
Problem 35) that 

a - r + b - r = c. 

and r = 3. 

:. 2r = a + b - c - 8 + 15 - 17 = 6 

10. The train is moving for :o hours and is at rest for nm minutes or 

n· m h . ~ + nm = 3a + 2mn 
60 ours. · • 40 60 120 

11. The negation is: It is false that no slow learners attend this school. There
fore, some slow learners attend this school. 

12. y5z - 1 = 2 - vz - 1, and 5z - 1 = 4 - 4vx=-T + x - l. 
:. 4x - 4 ""' -4~, x - I = ·-~- Squaring again, we 
get 

z1 - 2z + 1 = z - 1, z2 - 3z + 2 = 0, z = 1 or 2. 

Since 2 does not satisfy the original equation, we have one root, x = l. 
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( - 2 + b-2) ( --2 b-2) 
13 a a - _ -1 + b-t 

. a-2 - b-t a . 

14. The dimensions of R are 1.18 and 0.9s; its area is 0.99s2• 

:. R/S = .99s2/s2 = 99/100. 

15. Let z be the radius of the larger circle. Then rr2/,rx2 = 1/3, x = r-0, 
ry3 - r = r(y3 - 1) "'0.73r. 

Part 2 

16. When a = 4 and b = -4, a + b = 0. Therefore, the expression 
becomes meaningless for these values. 

17. log z - 5 log 3 = log (z/3'); :. 10-t = z/35; :. :e = 2.43. 

18. For real coefficients a zero discriminant implies that the roots are real 
and equal. 

19. The numbers are 7 and -1; the required equation is, therefore, 

z1 - 6:e + 7 = 0. 

20. The expression y'25 - t1 + 5 can never equal zero, since it is the sum 
of 5 and a non-negative number. (By ~t1 we mean the positive 
square root.) :. (A) is the correct choice. 

21. Since ½he - A, J,, = 2A/c. 

22. Since a single discount D, equal to three successive discounts D1, D1, 
and Da , is D = D1 + Di + Da - D1Di - DtDa - DtD1 + D1D2Da 
(see also 1950, Problem 22), then the choices are:· 

.20 + .20 + .10 - .04 - .02 - .02 + .004 = .424 and 

.40 + .05 + .05 - .02 - .02 - .0025 + .001 ... .4585. 

The saving is .0345· 10,000 = 345 (dollars). 

23. The counted amount in cents is 25q + 10d + 5n + c. The correct 
amount is 25(q - :e) + lO(d + z) + 5(n + z) + (c - z). The dif
ference is -25z + lOz + 5z - z = -llz. : . . llx cents should be 
subtracted. 

24. The graph of y = 4zt - 12z - 1 is a vertical parabola opening upward 
with the turning point (a minimum) at (3/2, -10). (See 1950, Problem 
41.); 
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or 

algebraically, the turning point occurs at 

x - -b/2a = -(-12/8) = 3/2. 

For this value of x, y = 4x2 - 12x - 1 = -10. 

25. :&' + 2z2 + 9 = (x' + 6x2 + 9) - (4.7:2) 

:a (x1 + 3)1 - (2x)2 = (x' - 2z + 3)(x2 + 2x + 3). 
:. (E) is the correct choice. 

26. See 1951, Problem 5. 

27. r' + s2 = (r + 8)2 - 2rs = r - 2q. 

28. For x r4 0, azt +bx+ c r4 azt - bx+ c; 
for x • 0, ax' + bx + c = ax' - bx + c. 
:. There is one intersection point (0, c); :. (E) is the correct choice. 

29. First, draw the line connecting P and R and denote its other inter
sections with the circles by M and N; see accompanyin~ figure. The 
area MR and NR contain the same number of degrees; so we may 
denote each arc by x. To verify this, note that we have two isosceles 
triangles with a base angle of one equal to a base angle of the other. 
:. 4,NOR • 4MO'R. 

d 

4APR = ½ ((c +a+ c - x) - a} = ½ (2c - xi 

4BPR = ! (b + d + d - (b - x)} = ! (2d + xi 2 2 

and the sum of angles APR and BPR is 

4BPA.., c +d. 
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The desired angle is 

360° - 4BPA = 360° - (c + d) 
= (180° - c) + (180° - d) 
= a+ b. 

30. The real roots are, respectively: :t:3; 0 and 2/3; and 3. 
the correct choice. 

:. (B) is 

31. Let A1 and A2 denote the areas of the small and the original triangle, 
respectively. The median m of the trapezoid is the arithmetic mean of 
the parallel sides, that is, m - ½(b + 2), where b denott-s the shorter 
parallel side of the trapezoid. To find b, observe that 

A1 b1 1 1 
- "" - = - ; :. b = '\12 and m = - ( y2 + 2) A1 21 2 2 . 

32. D - 4bl - 4ac = 0; :. bl - ac = 0; :. b2 =- ®; a/b ""' b/c. 

33. Let x be the number or degrees the hour hand moves in the time in
terval between 8 a.m. and the 'beginning of the trip, and let y be the 
number of degrees it moves between 2 p.m. and the end of the trip. The 
number of degrees traversed by the minute hand during these intervals 
is 240 + x and 60 + y + 180, respectively. Since the minute hand 
traverses 12 times as many degrees as the hour hand in any given interval, 
we have 

240 240 
12x = 240 + x, :~ x = 1f and 12y = 60 + y + 180, :. y = 1f ; 
that is, the hour hand is just as many degrees past the 8 at the beginning 
as it is past the 2 at the end of the trip. Since the 8 and the 2 are 180° 
apart, the initial and final positions of the hour hand differ also by 180°, 
so that (A) is the correct choice. 

34. The shortest length consists of the two external tangents t and the two 
circular arcs l1 and lt . 

120 240 t = 6y3, 2t = 12y3, l1 = 
360 

·2r·3 = 2r, l1 = 
360 

·2r·9 = 12r. 

:. length = 12y3 + 14r 

35. The first boy takes i + 1 marbles, leaving i - 1 marbles. The second 

boy takes ~ (; - 1). The third hoy, with twice as many, must necessarily 

have ~ (i - l ), so that n is indeterminate; i.e. n may be any even 

integer of the form 2 + 6a, with a = 0, 1, 2, · · · . 
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36. The area of the 
rectangular surface 
is 10 ·2.t = 40. 
: . x = 2 and y "" 0; 
:. the depth is 3 - 0, 
or 3 + 0. 

Part 3 

37. The original number is 100h + l0t + u. The number with digits re
versed is lOOu + l0t + h. 
(Since h > u, to subtract we must add 10 to u, etc.) 
:. lOO{h - 1) + lO{t + 9) + u + 10 

lOOu + lOt + h 
IOO{h - 1 - u) + 90 + 10 + u - h. 

Since 10 + u - h -= 4, h - 1 - u -= 5 and therefore, the digits from 
right to left are 9 and 5. 

38. Solving the system: 
i(a + b + c) + d - 29 
¼(b + c + d) + a "" 23 
i(c + d + a) + b = 21 
i(d + a + b) + c = 17, 

we obtain a - 12, b :a 9, c ""' 3, d = 21. Thus (B) is the correct 
choice. 

39. The least value occurs when x = -p/2. For x =- -p/2, 
y = (-p!/4) + q = 0; :. q = p!/4 (See 1950, Problem 41.) 

40. A non-unit fraction b/d is changed in value by the addition of the same 
non-zero quantity z to the numerator and denominator. :. (A) is the 
correct choice. 

1 d-R 80 1 d-R-80 41. l + 2 + (4/S)R = l + l + R+ 2 + (4/S)R ; :. R = 20. 

(See also 1954, Problem 48.) 

M 111 b ,b 42. If = a - then a + - = a - . 
C C C 

:. ac = b(a2 - l); :. c = p(a2 - 1)/a. 

43. y = (x + 1)2 and y(x + 1) = l; :. (x + 1)2 = 1/(x + l); and 
:. (x + 1)1 = 1. This last equation has one real and two imaginary 
roots. :. (E) is the correct choice. 

44. 4 OBA = 2y; :. 4 OAB = 2y; and :. x = 4 OAB + y = 3y. 
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45. Let the two series be a, ar, ar2, • • • and 0, d, 2d, · · · . a + 0 = 1; 
:. a = 1 and r + d = 1, r1 + 2d = 2. :. r = 2, d = -1. 

S1 = a(r" - 1) = 1(210 - 1) = 1023, 
r-1 2-1 

n 10 j S1 ... 2 [0 + (n - l)d) = 2 [0 + 9(-1) = -45. 

:. S • 1023 - 45 - 978. 

46. We are required to solve the system of equations: 

2x + 3y = 6 
4x - 3y = 6 

X = 2 
y - f. 

Solve the first two simultaneously, obtaining x =- 2, y -= 2/3. Since 
these results are consistent with the last two equations, the solution is 
(2, 2/3) and (B) is the correct choice. 

47. For the equality a+ be = a1 + ab+ ac + be to hold, we must have 
a = a2 + ab + ac or 1 = a + b + c. 

48. (A} is true because FH is parallel and equal to AE. (C) is true be
cause when HE, which is parallel to CA, is extended, it meets AB 
in D; DC and BH are corresponding sides of congruent triangles 
ACD and HDB. (D) is true because 

FG = FE+ EG = AD + ½DB = !AB. 

(E) is true because G is the midpoint of HB. (FE is parallel to AB 
and E is the midpoint of CB.) (B) cannot be proved from the given 
information. Challenge: What additional information is needed to prove 
(B}? 

49. Since y = (x2 - 4)/(x - 2) = (x - 2)(x + 2)/(x - 2) - x + 2 (for 
x '# 2, i.e. y '# 4), then y ... (x2 - 4)/(x - 2) is a straight line with 
the point (2, 4) deleted. The straight line y .,. 2x crosses the first line 
in the deleted point. :. (C) is the correct choice. 

50. Let r be the increase in the rate of A and d be the distance (in miles) 
A travels to pass B safely. The times traveled by A, B and C are 
equal: 

d d - (30/5280) 
50 + r - 40 ' 

Solve the second equation for d. 
Solve the first equation for r. 

d - (30/5280) (210/5280) - d 
40 = --~50~--

:. d = 110/5280 miles. 
:. r .. 5 mph. 
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Part I 

1. 2 + 2(22} = 2 + 8 = 10. 

2. S1 = C, + lC1 and S2 = C2 - lC2. :. C1 = i-S1 = 1.00 and 
C2 = ¾S2 = 1.50. :. S1 + S2 = 2.40 and C1 + C2 = 2.50; :. (D) 
is the correct choice. 

3. 5,870,000,000,000 = 587. 1010, (587 · 1010)100 = 587 · 1012
• 

1 1 X 
4. 

20 
. 4000 + 

25 
· 3500 + lOO · 2500 = 500, 25X = 160, X = 6.4. 

5. Around a given circle can be placed exactly six circles each equal to the 
given circle, tangent to it, and tangent to two others. The arc between 
two successive points of contact of the given circle and the outside circles 
is one-sixth of the circumference. 

6. Let a be the number of cows and b the number of chickens. Then 
4a + 2b is the total number of legs and 

4a + 2b = 14 + 2(a + b), 2a = 14, a -= 1 (cows). 

Note: The number of chickens is indeterminate. 

7. For reciprocal roots, the product of the roots c/a = 1. .'. C - a. 

8. 8·2" = 5°; :. 2H" = 5° = 1; :. 3 + z • 0 and z = -3. 
Note: 2° = 5°, but, otherwise, 2• ,/4 5•. 

10. 4 ADB = 14 ACB = 30°. 

ll. l•(l + y'a)(l - y'a) - l•(l - y'a) + l·(l + y3) = l _ y'3 
(l + y'a)(l - y'a) . 

-1 l 1 - X 
12. :r - l = - - 1 = --

x X ' 

13. y - x is the excess of y over x. The basis of comparison is the ratio 
of the excess to y, namely, (y - x)/y. Therefore, the per cent required 
is lOO(y - x)/y. 

14. PB·PC = PA'. PB(PB + 20) = 300; :. PB= 10. 

15. Multiply both sides of the equation by x2 - 4 = (z + 2)(z - 2). 

15 - 2(x + 2) = z2 - 4; :. x2 + 2x - 15 = 0; 

and :. x = -5 or x - 3. Each of these roots satisfies the original 
equation. 
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16. Let 10m, 15m, 24m be the three numbers. Then 
10m + 15m + 24m = 98, :.m = 2 and 15m = 30. 

17_ A(2x - 3) + B(x + 2) = 5x - 11 . 
(x + 2) (2x - 3) 2x2 + x - 6 ' 

A(2x - 3) + B(x + 2) • 5x - 11. 

Equating the coefficients of like powers of x, we obtain 2A + B = 5, 

-3A + 2B = -11; :. A = 3, B = -1. 

18. 10211 = 52, 1011 = 5, 10-11 = 1/1011 = 1/5. 

19. Let the height in each case be 1. J - ¼t = 2(1 - lt); :. t = 2J. 

20. (i~)" = 2; :. log ( 1~)" = x log 
1
~ = x(log 2 - log 10) = log 2. 

0.3010 
:. X = 0.3010 - 1 ~ -0·4• 

21. Each line has 1 or 2 intersection points. Therefore, for both lines, there 
may be 2, 3, or 4 intersection points. 

22. t1 = 50/r, ti = 300/3r = 100/r = 2t1 ; :. (B) is the correct choice. 

23. Each of the roots is ..,/2/a. 
correct choice. 

Since a is real, (C) is necessarily the 

24. Let 1+,DAE = a. Then 1+,BCA = ½(180 - 30 - a) = 75 ~ (a/2) 
and 1+,DEA = ½(180 - a) = 90 - (a/2) = 1+,ADE. 

a + 1+,ADE + x + 1+,BCA = 180; :. x = 15 (degrees). 

n 
25. s = 3 + 5 + 7 + · · · + (2n + 1) = 2 (3 + 2n + 1) = n(n + 2). 

26. Combination (A) determines the shape of the triangle, but not its size. 
All the other combinations determine both the size and the shape of the 
triangle. 

27. The two triangles are similar and hence A(new)/A(old) = (2s)2/s2 ""' 4. 
:. (C) is the correct choice. 

28. Let 4x be the daughter's share, 3x the son's share. Then 
4x + 3x = ½ estate and 6x + 500 = ½ estate. :. 7z - 6z + 500; 
:. x = 500; and :. 13:c + 500 = 7000 (dollars). 
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29. :z:2 + y2 = 25 is a circle with center at the origin. xy ... 12 is a hyperbola, 
symmetric with respect to the line z = y. :. points of intersection 
are symmetric with respect to x = y. There are either no intersections, 
two intersections (if the hyperbola is tangent to the circle) or four inter
sections. Simultaneous solution of the equations reveals that there are 
four points of intersection, and that they determine a rectangle. 

30. h =; v3; 2h A_ a
1
y3 _ 4h

1
• v'3 _ 6y3 = 2- fli3 

:. a = y3' 4 3 4 3 V "• 

31. 20 = l ·42 + l ·41 + 0-4°; :. the required number is 110,; 

or 

20 + 4 yields 5 and remainder 0; 

5 + 4 yields 1 and remainder 1 ; 

:. 2010 becomes 110,. 

32. After 1 ½ minutes each was in the center of the pool. After 3 minutes they 
were at opposite enda of the pool. . After 41 minutes each was again in 
the center of the pool. 

33. It can be shownt that 0 is not a rational number. It can also be 
shownt that repeating non-terminating decimals represent rational num
bers, and terminating decimals clearly represent rational numbers with a 
power of 10 in the denominator. Hence a non-terminating, non-repeating 
decimal is the only possibility for representing y2. 

34. By considering the special case n • 2 we immediately rule out choices 
(B), (Cj, (D), and (E). We now show that (A) holds. 

n1(n1 - 1) - n{ (n - l)n(n + 1)} = nk, 

where k is a product of three consecutive integers, hence always divisible 
by 3. If n is even, k is divisible also by 2 (since n is a factor of k), 
hence by 6, and nk by 12; if n is odd, k is divisible also by 4 (since 
the even numbers n - 1 and n + 1 are factors of k), hence by 12. 

as. A = 16-s va = 128 va. 
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36. S -= K(K + 1)/2 - N2. The possible values for N 1 are 
11, 21, 31, • • • , 99'. For K to be integral, the discriminant 1 + SNt 
of the equation Kt + K - 2Nt as O must be a perfect square. This 
fact reduces the possible values for Nt to }t, 6t, and 35t, Hence the 
values of K are 1, 8, and 49. 
Note: There are ways of shortening the number of trials for N2 still 
further, but these involve a knowledge of number-theoretic theorems. 
The shortest way to do this problem is by testing the choices given. 

37. The diagonal divides the rhombus into two equilateral triangles. 

A (rhombus) "" 2 ·at · f = 2 · (3/l~'v3. Since the map scale is 400 

miles to 1½ inches, 1 inch represents f ·400 miles and 1 square inch 
represents (j •400)t square miles. The area of the estate is thus 
2,3tv3 soot . 

161 _4 · 31 = 1250 y3 (square n11les). 

t See, e.g., Ivan Niven, Number,: Rational and Irrational, all!O in thia series. 

a' b' 38. The segments of the hypotenuse are - and - (see 1954, Problem 29). 
C C 

U . . .1 • 1 :e l>'/c :e at/c 
smg SIMI ar tnang es, ci = T, ;; = a . 

• 1 a' bt a'b' 
•• :e =-·-=--; 

C C a1 + lJI 
and 

1 1 1 :. - = -+- . :e' at l,I 

39. b1 = c' - a1 ,. c' - (c - 1)1 = 2c - 1 = c + c - 1 = c + a; 

or 

l,I = c' - at = (a + 1)1 - a1 = 2a + 1 = a + 1 + a = c + a; 

or 

b' = c' - a1 
- (c + a)(c - a) ~ c + a since c - a = 1. 

40. 2S = gt' + 2Vot; 

2S 
:. t = V +Vo; 

Vt = gt1 + Vot; :. 2S - Vt = Vot; and 

or 

g = V - Vo S = ! V - Vo. t1 + Vot = t (! V +!Vo) 
t' 2 t 2 2. 

2S 
:. t = V +Vo. 
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40. 2S = gt1 + 2Vot; 

2S 

Vt = gt1 + Vot; :. 2S - Vt = Vot; and 

:. t = V +Vo; 

or 

g = V - Vo S = ! V - Vo. ts+ Vot = t (! V +!Vo). 
t ' 2 t 2 2 

2S 
:. t = V +Vo. 

41. Since y = 2x, 3y2+ y + 4 = 12z2 + 2x + 4. 
:. 12z1 + 2z + 4 = 12z1 + 4z + 4; :. 2x = 4x; :. X = 0. 

42. yz + 4 = v1z="3 - 1; :. x + 4 = z - 3 - 2yz - 3 + 1; 
:. 3 = - v'z"=3. This is impossible since the left side is positive while 
the right side is negative. 

43. Let the largest side be c. Then a + b + c ~ 12. But c < a + b. 
:. 2c < 12 or c < 6. Now try integral combinations such that the 
triangle is scalene. Since c is the largest side, it cannot be less than 4. 
:. there are 3 combinations: 

C = 5 
a=4 
b = 3 

C = 5 
a=4 
b = 2 

C = 4 
a= 3 
b = 2 

44. Since x < a and a < 0, z1 > az and az > a1. :. z2 > ax > a2• 

1 mile 1 mile 1 mile 1 /2 
45. Ni= ---:;j)• Na= r[D _ (l/2)l 'N1 - Ni = -,..- · D[D _ (1/2)} · 

. Na - N, 1/2 1/2 1 
.. N, = D - 1/2 = 24½ = 49; 

:. the percent increase is 100 · 
4
~ ~ 2%. 

46. Solving for z we have x = 1/(2N + 1). Since N is positive, 
1/(2N + 1) is positive and less than 1. :. (A) is the correct choice. 

47. In 1 day, x machines can do i of the job and x + 3 machines ½ of 
the job. :. 3 machines can do ½ - i = l of the job in 1 day, and 
1 machine can do tr of the job in 1 day. Hence, 18 days are needed for 
1 machine to complete the job; 

(x + 3)/z = 3/2; 
job in 1 day, etc. 

or 

:. x = 6, that is, 6 machines can do 1/3 of the 
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48. Let {3p + 25)/{2p - 5) - n, a positive integer. Then, 3p + 25 = kn, 
2p - 5 =- k; :. k(2n - 3) = 65 = 1·65 = 5 · 13. 
:. k = 1, 65, 5, or 13 and 2n - 3 = 65, 1, 13, or 5 correspondingly. 
:. 2p = 5 + 1, 5 + 65, 5 + 5, or 5 + 13; :. p = 3, 35, 5, or 9. 
:. choice (B) is correct. 

49. 4P = 40°; :. 4PAB + 4PBA = 180° - 40° = 140°. 
4TAS = 180° - 4PAB; 
4RBS = 180° - 4PBA; 
4TAS + 4RBS = 360° - 140° 

= 2200. 

Since OA and OB bisect 
angles TAS and RBS, respectively, 
40AS + 40BS = ½(220°) = 110°. 

:. 4AOB = 180° - 110° = 70°. P A T 
The number of degrees in 4AOB is independent of the position of 
tangent ASB. 

50. 4ACB = 180° - 2A . Since CA = CD, 
4CAD = ½{180° - (4ACB + 90°)) 

= ½[180° - (180° - 2A + 90°)) 
= A - 45° t80"-2A 

= A -X. 
:.X = 45° 

E 
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Part l 

I. The altitudes, the medians, and the angle-bisectors are distinct for the 
legs but coincident for the base. Hence, 7 lines. 

2. h/2 = 4, h = 8, 2k/2 = -3, k = -3. 

3. l - (I - a)/(1 - a + a) = 1 - 1 + a = a, provided a ~ 1. 

4. In this case a = 3x + 2, b = x, c = -5. 
:. ab + ac = (3x + 2)x + (3x + 2)( -5). 

5. log a - log b + log b - log c + log c - log d 
- log a - logy + log d + log x = log (x/y). 

6. The dimensions are x, 10 - 2x, 14 - 2x. :. V = 140x - 48x2 + 4.r. 

7. For the inscribed circle 
r = h/3 = sy3/6. p = 3s = 6y3r = (6y3)(4y3) = 72. 
(A = 1rr2, r = V48 = 4y3.) 

8. The numbers are easily found to be 20, 30 and 50. 
:. a= 2. 

9.2-(-2)4 =2-16= -14. 

:. 30 = 20a - 10; 

10. For a low or high point x = -4/4 = -1 (see 1950, Problem 41). When 
x = - l, y = l . The point ( -1, I) is a low point since the coefficient 
of x2 is positive. 

11. 90 - (60° + ¼·30)0 = 22½0
; 

:. (E) is correct. (See also 1951, Problem 12.) 

12. 10-u = 10· 10-50 ; :. 10-4
' - 2 · 10-50 = 10-50(10 - 2) = 8 · 10-18• 

13. (A) and (B) are irrational. Of the remaining choices only (C) is between 
y2 and y3. 

14. Since yx2 - 2x + I = Ix - 11 and yx2 + 2x + 1 = Ix+ I I, 
(D) is correct. 

15. The formula satisfying the table is .s = 10t2• When t = 2.5, 8 - 62.5. 

Part 2 

16. Since the number of goldfish n is a positive integer from 1 to 12, the 
graph is a finite set of distinct points. 

17. The longest path covers 8 edges, and 8·3 = 24 (inches). 
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18. ABM is a right triangle. By similar triangles, AP/AB = AO/AM. 
:. AP-AM= :W-A1t 

19. 10011- = l ·2' + 0·21 + 0-21 + l ·21 + 1-2° = 16 + 2 + 1 = 19. 
(See also 1956, Problem 31.) 

1 1(1 1) 20· A = 2 50 + 45 ; :. A = 47 {
9

. (See 1950, Problem 27.) 

21. (1) is the inverse, (2) is the converse, (3) is the contrapositive, and (4) 
is an alternative way of stating the theorem. :. the combination 
(3), (4) is correct. 

22. VX - 1 + 1 = v'z+l; ;. X - 1 + 2v'z=l + 1 ""' X + 1. 
:. 2yx - 1 = 1; :. 4x - 4 = l; and :. 4x - 5. (This value 
of x satisfies the original equation.) 

23. The intersection points are (0, 10) and (1, 9). d = v(-1)1 + P = y2 
24. (l0t + u)1 - {lOu + t)1 = 99(t1 - u1). This is divisible by 9, 11, 

t + u, t - u. :. (B) is the correct choice. 

25. From R :(c, d), draw line segment RA perpendicular to the x-axis. 
Let O denote the origin (0, 0). 

y 

P: (o,o) 

a 

0 

Ifc > b, 

Q:lb,o) A 

y 

X 

area APQR = area trapezoid OPRA - area AQAR - area AOPQ 
- ½c(a + d) - ½d(c - b) - ½ab = Hae + bd - ab). 

If C < b, 
area APQR = area trapezoid OPRA + area t:.QAR - area AOPQ 

= ½c(a + d) + ½d(b ·- c) - ½ab = Hae + 'bd - ab). 
26. Let d · be the distance from the point P to any side, say c, of the 

triangle. Then we want Area 6APB = ! Area 6ABC, or if h is the 
altitude to the side c, ½de = ½·½ch. :. d = ½h. For this to hold 
for each side of the triangle, the required point must be the intersection 
of the medians. 

27. ! + ! = r + 8 = -p. 
r a ra q 
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28. Let x :s b10
• .. ; :. log. x = log. a· log. b = log. a; :. x = a; and 

:. (B) is correct. 

29. First note that the equality x2(x2 - 1) = 0 is satisfied by 0, 0, + 1, -1. 
Since x2 is non-negative, then x2(x2 - 1) > 0 implies x2 - 1 > 0. 
:. x2 > 1; :. I x I > 1, that is, x > 1 orx < -1. Combining these, 
we have x = 0, x ~ -1, x ~ 1. 

30. The formula is S = n(n + 1)(2n + 1)/6; 

or 

first let S = l2 and then let S • P + 22. 

and 

1, = 1(1 + c)(2 + k) 
6 

1, + 2, = 2(2 + c)(4 + k). 
6 

Solving for c and k, we have c = k = 1. 

31. Let x be the length of one of the legs of the isosceles triangle. Then a 
side of the square is given by 1 - 2x and this side must equal the hy
potenuse of the triangle (to form a regular octagon). 
:. xv'2 = 1 - 2x :. x = (2 - y'2)/2. 

32. Since n• - n = (n - l)n(n + l)(n2 + 1) = k(n2 + 1), where k is 
a product of 3 consecutive integers, k is always divisible by 6 at least 
(see 1951, Problem 15). We show next that in addition, n 6 - n is always 
divisible by 5. If we divide n by 5, we get a remainder whose value is 
either 0, 1, 2, 3, or 4; i.e., 

n = 5q + r, 
By the binomial theorem, 

n• - n = (5q + r)• - (5q + r) 

r = 0, l, 2, 3 or 4. 

= (5q) 6 + 5(5q)'r + 10(5q)'r2 + 10(5q)'r' + 5(5q)r4 + r• 
- 5q - r. 

= 5N + r• - r, where N is an integer. 

If r .., 0, n• - n • 5N is divisible by 5. 
If r - 1, n• - n = 5N is divisible by 5. 
If r = 2, n• - n • 5N + 30 -= 5(N + 6) is divisible by 5. 
If r = 3, n• - n = 5N + 240 ... 5(N + 48) is divisible by 5. 
If r = 4, n• - n - 5N + 1020 ,.. 5(N + 204) is divisible by 5. 
Thus, for all integers n, n• - n is divisible by 5 and by 6 hence by 30; 
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or 

n• - n - n(n• - 1) is divisible by 5 since n,,_1 • 1 (mod p) where 
p is a prime. :. n• - n is divisible by 30. 

33. 9rit - 9" - 240; 
and :. x = ½, 

:. 9"(81 - 1) - 240; :. 32s - 3; :. 2x = l; 

34. x2 + y2 < 25 is the set of points interior to the circle x2 + y2 = 25. 
Let the straight line x + y = 1 intersect the circle in A and B. Then 
all the points of the straight line segment AB, except A and B, are 
also interior to the circle. :. (C) is correct. 

35. All the triangles so formed with A as one vertex are similar. Let h1 
be the side parallel to BC at a distance (k/8)·ACfrom A, k = 1, 2, • • •, 7. 

ht 10 10k 
(k/S)·AC - AC; :. hi ... 8' 

S ,_ h1 + hi + .. · + h1 - (10/8) ( 1 + 2 + · .. + 7) == 35. 

Part3 

36. If x + y = 1, then P = xy = x(l - x) = -x' + x. The largest value 
of P occurs when x .., 1/2 (see 1950, Problem 41). 
:. P (maximum) = 1/4. 

37. By similar triangles MN/x = 5/12, or MN = 5x/l2. Also, 
NP =- MC = 12 - x. :. y = 12 - x + 5x/12 = (144 - 7x)/12. 

38. lOt + u - (lOu + t) = 9(t - u). Since both t and u lie between 0 
and 9, t - u cannot exceed 9. :. 9(t - u) cannot exceed 81. The 
possible cubes are, therefore, 1, 8, 27, and 64, of which only 27 is divisible 
by 9. :. 9(t - u) '"" 27; .'. t = u + 3 so that the possibilities 
for N = lOt + u are 96, 85, 74, 63, 52, 41, 30, seven in all. 

39. Let t be the time each man walked. Then the distance the second man 

walked is given by S =- 2 + 2½ + • .. + (2 + t ~ 1
) = 7t t t2. 

n+r . :. -
4- + 4t = 72; :. t =- 9; and :. each man walks 36 miles, 

80 that they meet midway between M and N. 

40. When the vertex is on the x-axis, y - 0 and the roots of 
- x2 + bx - 8 = 0 are equal since this parabola touches the z-axi 
at only one point. :. b2 - 32 = 0 and b = ., ± 02. 
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41. There is no solution when a( -a) - (a - l)(a + 1) = 0, that is, whe1 
a - ±v2/2 (see 1950, Problem 14); 

or 

solve for x, obtaining x ... (2a - 1)/(2a1 - 1), which is undefined whe1 
2a1 - 1 = 0, that is, when a = ± y2/2. 

42. For integral values of n, i" equals either i, -1, -i or + 1. Whe1 
i" = i, then i-• = 1/i = -i/1. :. S can be 0, -2, or +2. 

43. On the line x = 4 the integral ordinates are 0, 1, 2, • • • , 16; on th 
line x = 3 they are 0, 1, 2, · · · , 9; on x = 2 they are 0, 1, • • • , 4 
on x = 1 they are 0, I ; and on x ... 0 the integral ordinate is 0. 
:. The number of lattice points is 17 + 10 + 5 + 2 + 1 = 35. 

44. 4BAD ""' 4CAB - 4CAD = 4CAB - 4CDA 
- 4CAB - (4BAD + 4B). 

:. 24BAD = 4CAB - 4B = 30°; :. 4BAD = 15°. 

45. Solving for x, we have :,: ... 71/(y - 1), y >'4- 1. Solving for y, w, 

have y = (x ± y:i:1 - 4:i:)/2. :. x(x - 4) ~ 0, so that :,: ~ , 
or x ~ 0 and (A) is the answer. Note that choice (B) was quickly elimi 
nated. The values x = 4, y = 2 rule out choices (D) t1nd (C). Th 
values z = 5, y = (5 ± y5)/2 rule out (E). 

46. The center of the circle 
is the point of intersection 
of the perpendicular 
bisectors of the given 
chords. Draw the radius 
to the endpoint of 
one of the chords and 
use Pythagoras' Theorem. 

:. r1 = 42 + (1/2)2 = 65/4, 

r = y65/2, 
d = y65. 

~--~ 

47. XY is the perpendicular bisector of AB. :. MB = MA. 4BM, 
is inscribed in a semi-circle and thus is a right angle. 

:. 4ABM = 45°; :. AD -= 90°; and :. AD - ry2. 
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48. Consider first the special case where M coincides with C. Then 
AM ... Xe and BM + MC = BM ... BC= AC. 
:.AM = BM+ MC. 

To prove this in general, layoff MN (on MA) equal to MC. Since 
4CM A ... 60°, AMCN is equilateral. We can show that 
AACN ::'. AMCB because AC ::s CB, CN = CM, and 
4ACN = 4AC.M - 60° - 4MCB. :. BM = AN and 
AM = AN + MN .., BM + MC. 

49. Let z and y be the two upper segments of the non-parallel sides. 
Then 3 + y + z =- 9 + 6 - y + 4 - z. :. z + y - 8. Since 
z:y = 4:6 = 2:3, 2y/3 + y = 8. y = 24/5, and 
y:(6 - y) = 24/5:6/5 = 24:6 = 4:1. 

50. A'ABB' is a trapezoid. Its median 00' is perpendicular to AB. 

00' =!(AA'+ BB') =!(AG+ BG) =!AB. 2 2 2 

:. O' is a fixed distance from O on the perpendicular to AB, and therefore 
the point O' is stationary. 
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-l l 
1. 12-s(-1)-11 = s-1 = 5 

2 ~ = !. ~ =2.I.... 
· xy z' y-x 

~+ I x- l 4.--- - = 
x + l _ l 
x- l 

X + 1 + (X - 1) = X 
x+l-(X-1) 

s <2 + .r212, .n-Al + .n -2+ 2+ n. - =-.! 2 
' (2 + l( -12" - 2) - - 2 • 

8 !(~ + x-a) = !(2x) = 1 
"2 X X 2 X 

7. y " mx+ b is satlsried by (-1, 1) and (3, 9) 

1=-m+b 
9 = 3m + b 

m = 2 
b = 3 

wheo y = 0, x = -% 

8. f;i "'ir, Irrational 

y = 2x + 3 

h • 3/¼ • ~ , lrratiooal 
vlO 

~ • ~16 x 10-1 • 2 • 10 -:"4 fio='I, Irrational 

R • J,.09)-1 • -1 • j, rational 

9, r-+ b1 ,. a2 - 2ax + x2 

a2-b2 
x•~ 

JO, X" 
-k:1:~ 

2 

For x to be real, k1 - 4k2 · l!:: O, ao impossibility 

11. Replace rr;=x '"' x./5-x by 

5 - x = x2(5 - x) 

The so:utlon set for this equation Is {5, 1, - 1} but 
the solution set for the original equation Is {5, l} . 

or 

./S""=i•x~ 

If 5 - x # 0, divide by ~ and obtain x • 1 
If :\ • .< • o, then x • 5 

12. log P = log s - n log ( I + k) 

n • log s - log P ,. log s/P 
log (1 + k) log (1 + k) 

.!+.!=~ .. -1! • .! 3• X y '/CY 20 2 

14. Set up the following table, a one-to-one c.;.-respond
ence between the elements of the boy set and the girl 
set: 
Boy number 
Glrls danced with 
:. g = b + 4 ; b • g - 4 

l 
5 

or 

5, 6, 7, ... , g 
I• a+ (n- l)d 

6 

g • 5 + (b - 1)(1) ; b • g - 4 

3 
7 

b 
b + 4 

15. Take a special case, the square, where all the in
scribed angles are equal; and each Inscribed angle 

l 
X = 2(270°); 4X = 540° 

or 

Let the angle.a be a, b, c, d, and the corresponding 
arcs A, B, C, D. Then a ,. 1/2 (B + C + D), etc, Then 
a + b + c + d • %(A + B + C + D) = 1/i • 360 • 540° 

16. ,r r 1 • 100,r ; r = 10 10 
A • 1/1 ap • 3as; a = r • 10; s • 2 • ./S 

20 
:. A • 3 • 10 • ~ .. 200 ./S 

17. If: log xi!: log 2 
log xi!: log 4 

X l!:: 4 

18. A• .-r1 
2A • 'll'(r+ n)1 

2irr1 • ir(r1+ 2rn+ n1, 

or log xi!: log 2./x 
Xi!: 2/i 

rx l!:: 2 
Xi!:4 

r • n( 1 + -12"); the value 1 - /'2 Is not used 

19. a2 • er b2 • cs 

20. 4X _.,c: • 4-I • 24 

1/, • 4x • 24 

4x = 32 

(22)X • 2' 

X '/2 2x" 5; X = ¾; (2X) = 5 = 25 {S" 

21. Consider the special case wtth A on C. The answer Is 
obvious 

or 

A (ACED) • r2 ; A(MOB) • iJa r2 i rauo 2:1 

22. Wben y • 6 x '"' 4 or -3 
y .. -6 x a O or I 

Because of symmetry the particle may roll from 
(4, 6) to (1, -6) or from (-3, 6) to (0, -6). In either 
caee the horizontal distance ts 3. 



2s. y1 = x1 -3 
Yz = (z ± a)Z - 3 
Yz-Yt "±2ax+ 81 

24, Let a = rate north ,. 30 mpb 
b = rate south " 120 mpb 

average rate for rO\lnd trip la 2ab 
a+b 

~ = 2 • 30 • 120 
a+ b 30 + 120 • 48 mpb 

(l°'ic. X)(log5 k) • AB • 3 

x • (SB)A = 51 • 125 

28, 1 1 • a1 + a1 + ... + 8n 

Bz • 681 + 80 + 5az + 80 + ... + San + 80 

• 6 (a1 + st + ... + 9n) + 80n 

" 6a + 80n 

or 
• I: a;, .. "' 

i)s<a;, + 20) - 201 • 

• &ta, +tso- 6s + son 

27. Ay - 3+ 3 k/2-3 
m•Ax=t-2"6=-i'" k,. 12 

wbere Ay = Yz -y1 , etc. 

Antl-
28. Water Water freeze Antifreeze 

Removals drawn left drawn left 

First 4 12 0 4 
second 3 9 1 3+4•7 
Third 2¼ 6'/4 1¾ 51/,+4•9¼ 
Fourth 1111. 51/11 211. 6 1'1. + 4 .. 10111. 

s1fi, = ...fil.... 1011/11 .. 175 
16 256 16 256 

29. From triangle AEC x+n+y+w = 180° 
From triangle BED m+a+w+b• 180° 
:.x+y+n=a+b+m 

30. ~•;i "'yz;y2x1 .. a 

r+yz 
• a "' or x1 + y2 = ab1 .. bz 

{X + y)Z = x1 + 2xy + y2 
= ab1 + 2b "' h(!l!l + 2) 

St. Let base be 2b 2a + 2b = 32; a+ b • 16 
a1 - b1 = (a - b)(a + b) = 64 
a-b = 4 
a+ b = 16 

b = 6 

32. 25s + 26c = 1000 
a • 40 - 11/2,c 

areaz8•6=48 

Tbe only solution In positive Integers la C ,. 25, 
8 • 14 

33, roots p, q where p ., 2q 
-b bl 

P • q .. 3q .. a; sqz - ;t 

pq•2q1=;; 2q1=; 

9 b 1 
- • - or 2bz = 9ac 
2 ac 

U. 6x + 1 >7-4x 
X > 3/1 

:. 'I,< x :S 2 

36, There la no lose of generality by placing one vertex 
at the origin, 0. Let the other two vertices be A(a, c) 
and B(b,d). Let O and C be the projections of A and 
B, respectively, on the x-a.x.la. 
area OBA • area OCBA - area OCB 

• area ODA + area DCBA - area OCB 
• ½ ac + ½ (b - a)(c + d) - ½bd 
•½(be -ad) 

Thie may be Integral or fractional 

36. Leth be the altitude and x, the smaller segment 
301 -x2 • 701 -(80-x)1: x • 15; 80-x = 66 

37. 

38. 

39. 

s • ¥12a + (n - l)d] a • k2 + 1, n ;. 2k + 1, d • 1 

a • (2k + 1)(k2 + k + 1) .: 2k1 + 3k1 + 3k + 1 
• k1 + 3k2 + 3k + 1 + k1 • (k + 1)1 + k1 

92 -cl • yZ;/ 

max. val. • 5- (when x •0) • ½ • 1 

-x1 -1 
min, val, = 7 (when y • 0) • 1 = -1 

Sln6 • s 
Cos 6= c 

or 
Let s1 -c1 ,. lal 
Since s1 + c1 ,. I 

2s1 - 1 + I a I ; la I = 2sz - 1 
Since max. value of s Is 1, max la l = l 

If X > 0 x1 +x-6=0 
x+ 3 #0 

(X - 2)(X + 3) = 0 

If X < 0 x2 -x-6=0 
x-3 ~o 

(x - 3)(x + 2) = 0 

or 

11xl+31llxl-21=0 lxl+3,'o 
:. lxl • 2, i.e., x = 2 or -2 

X., 2 

X = -2 



40. When n • 1 a.2-a.a1 = (-1) 1 ; a1"' 10 

Whenn• 2 aal-a1aa• (-1)1; a, • 33 

B1 -2AC 
:. ~ + s1 = A1 

C 
rs• A 

2C 
2rs = A 

2AC-B1 
.".p - -(r1+ 81) E Ai 

42. AAEB ~ AABD 

AD 12 ---12 8 

<I.!! . b1 
16 = a1 +4 

a1 
49 • - + b1 

4 

AD= 18 

65 • 1/,(a1 + b1) 

a1 + l>z • c1 • 52 ; c., 2/n 

Let p be lhe proposition •a ls greater than l>" 
q • • • •c Is greater than d" 
r • • • •e ls greater than C-

From the given p -q and ....q-r 
From the Rule of the-,Contraposltlve ....q--p and 
~r-q. 
Therefore, (A), (B), (C), (DJ are not valid conclusions 

411. Let x = lOa + b dollars 
y • 10c + d cents 

face value ot check IOOOa + 100b + 10c + d cents 
cashed value of check 1000c + IOOd + IOa + b cents 
difference 990c + 99d - (990a + 99b) • 1786 

(10c + d) - (IOa + b) = 18 
y-x "'18 

Therefore, y can equal 2x 

46. y " l xi - 2x + 2 
2 x-1 

=1rx-1+-·] 
2 ~ x-1 

The sum of a number and Its reciprocal is numeri
cally least when the number ls * 1. 
for x - l = l, x • 2 which IS excluded 
.' . X - 1 • -1 and y: -1 
All other values of x in the Interval given yield 
valuea of y less than -1. 

or 

~ (2x - 2}(2x - 2) - (x1 - 2x + 2)(21 
dx = (2x-2)1 - 0 

x = 0, x = 2 (excluded) 

At x ., 1/1 ~ Is 11egatlve 

At x = - 1/2 ~ is positive 

Therefore y ls a maximum when x = 0 

4'1. 

48. 

PR PT 
APl'R - AATQ; AQ • AT 

PT: AT (f_PAT • LPBS ,. LAPT) 
PR = AQ; PS = QF 
PR+ PS• AQ+QF = AF 

LSBP .. LTPA = LTAP 
A, Q, R, P are concycllc 
arc PR • arc AQ 

PR= AQ 
PS = QF; PR + RS = AF 

Let P' be the Intersection of AB and a perpendicular 
from P to AB and let P'B • x. Then (PP') 1 = 
= x(lO-x) 

CP • /~x-(l_O ___ x_)_+_(_6 ___ x_)1 DP= /x(lO-x) +(4-x)1 

CP +DP• -136 -2x + {16 + Zi 

Thie sum le greatest when ~ • ./I6+2i; 
that le wben x • 5. Hence (E) 

or 

An ellipse tbrou.gh A and B with C and D as foci le 
the locus of points such that CP' + P'D • 10 where 
P' ls on the el llpse 
(A) Is untrue since CP + PD >CP' + P'D • 10 
(B) When P Is at B, CP+ PD• 10 
(C) When P Is not at B or A, CP+ PD> 10 
(D) When PD l_ AB, CP + PD > 10 
(E) ls correct 

<1.9. (a + b) 10 bas 11 terms 
(a+ d) 10 bas 11 terms, 10 containing d If d = b + c 
There are 2 terms each containing d 1 

There are 3 terms each containing d: etc. 
There are 1°/2(2 + 11) = 65 terms with d 
:. total number of terms Is 65 + l "' 66 

~ " 1 • OP ,. x • a D'P' = Y P'B' '" 4 
y • D'B'. + B'P' ~ l + BP' = 1 + 4PB 

PB• 4-x = 4-a 
y = 1+4(4-a) .. 17-4a 
x+y = 17-3a 

or 

m • ~ = 1 - 5 = -• since x .o.x 4-3 y 
3 4 

5 l 

y•-4x+b 5,.-12+h b"'l7 
y = -u+ 17 When x = a x+ y = 17 - 3a 
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l. S (old) • 6xZ S (11eWJ • 6(1.Sxf = 13 .soxl 

lncrea.ee • 7 .sxZ • i (6xZ) 

lncreue (%) ,. 125 

I. Let Jt be the diatance from P to AB. By ellDllar 
trt.ang1ee 

l (1-X)1 I 2 -./! 2 = ---ir :. 1 - Jt • ~ ~ :. x • - 2- (oegative 

aq. root re Jected) 

S. There are a variety of flguree eattafyb,g the given 
conditlo11a, and not falllog wlthl.D the claa•lflcatlona 
(A), (B), (C), (DJ, For e:uinple, the "kita". 

1 l l f . x+ 3x+ 6xa'f8. 9x • 4&8. 3x=l7½ 

5. (256)" 11 (256)'. • (256)"15 " (2561 ¼ :. 4 

8. The convene t.: JI a quadrilateral le a rectangle, 
then It la a 11q11are. 

The lnve ne ill: If a quadrilateral I.I not a equare, 
then It le not a rectangle. 

Both e tatementa a re ta!Jte . 

or 

Uae Venn diagrams to picture the aeta mentioned. 

'f. a1 + (a+ d)1 • (a+ 2d)1 · a .. 3d · ! • ! . . .. d l 

8. xZ-6x + 13 • {x-3)1 + -t. The amalleat val11e for tb1Jt 
expreHlon, f, I.I obtained when x • 3 . 

or 

Graph )' • ,cZ - 6x + 3 . The tunw,g point, who.e ordi
nate I.I 4, la a minimum point. 

1 l 1 8. n • 2n + 4n + 5n ♦ 'f. D • 140 

10. Let the altitude from B to AC he h . Then the altitude 
from D to AE ill ½/!, Let AE • x. Then 

l 1 1 
2 · 3hx • 2h(3.6) :. " • 10.8 

" 1 11. Let loWJ .0825 • x :. 2 • .0625 a z' :. :it • -4 

1i. Let a • the conatant 

~ • 50 + • . • • 25 :. r • _35 
50 + a 100 + a .. 

sum of numhen 
13. Arllh. mean • number of numben 

.". $ • 50 X 38 " 1900 ;. X • l900 ~:S - 55 = 37 .5 

H. Addition, aubtnctlon, and wultlpllcatlon with even 
tntege n al way■ yield even integer-a. 
Note: Thai. a good opportunity 10 imdencore uper
atlnnal reetrlct:lona lmpoeed ti,' the available domain. 

15. ~ = 2atl :. a1 + t,1 = 2ab :. (a - b)1 = o :. a = b 
Since the right triangle la I ,osceles, one of the acute 
anglea I.I 45•. 

18. (x -2)(x -:..ll 
(x-3)(x-2) 

(x-3l(x-4) " 1 
(x-4)(x - l) 

17. b 
y=a+i 

:. b • 5 and a z 6 

18. (!..=..!. _ (r+ I) -(a+ IJ) lOO • lOO(r - e) 
a a + I a(a + 1) 

19. 
Welgbte u.eed 

No. of we ighlnglt 
possible 

1. Singly 3 
2. two at a lime (same pan) 3 
3. three at a lime (aame pan) 1 
4 • two at a ti me (dlfi. pane) 3 
5. three at a lime (dllf . pane) _2 

Total 13 
or 

1111 • I -31 + 1·3 + l = 131,, 110 that the number of 
welghlnp equals the aum of the welgbta, vmen the 
weights are related lo thl• manner. 

20. ~ K(4l 10•141 
X•zt 10•H1 :. K• 4 -

10·141 • 16 

:. " • -¾r- • 160 

ll, R " ! altitude • ! · ! · l!-13 • .JL ~ 3 3 2 3 3./3 :. A• 27 

22. The median of a trapezoid goea through the 
mldpotnta ofihe diagonal,. Let Jt be tl-.i 
leogtb of the lhorter baee. 

Jt X 
; . leogtb ol median " 2 + 3 + 2 

l X ll .". 2 (X + 9'/) • 2 + 3 + z .". X • 91 

IS, log11 (a1 - Sa) • 2 : . 102 • a1 - 15a 

:. • • 20 or a• -15 

24. m• 

21, 

100 +" 2m m1 

~ • 100 :. "= 100 - 2m 

Let AB be a atralgbt line segment with Its midpoint 
at 3, and Its rlgbt end at B. Each of the two Intervals 
from A to 3 and from 3 to BI.I tes■ than 4 . Hence B 
la to the left of 7 and A II to Iha right of - 1 . 

l3-xl<4 

:.3 - x< 4 

-4<3-x 

or 

:. - x < l 

:. - 7 < -x 

: . -1 < Jt < 7 

.". X > -1 

:. "< 'f 



ze' r + ,cl = 2 :. x = l .'. OF " q. 
Bui AO a ~ • OF • g_ 

AE 3 .. EG 3 

:. EG • 3: :. alUtude COF • 3";' 

. A~!.~. 3~ =! 
.. i 2 2 

or 

,cl+ 'K' ~ 2 :. X = l 

. . .J . 1 ♦ ! 
.. 1 4 :. y = -I! 

27• Sum of roota la ! • -I 
I 

C 

A B 

fig. 1 

:. BC • .J'S etc:. 

28. The btaector of an angl<l of • triangle divide• the op
poalte aides !Dto acgmenta proportional to tbe other 
two aides 
_AM , !! aDd CL ,. !! 
"' MB a LBc 

Sincell,!! . !!, k•ll 
a c a a 

29. l ( 20 1S+3x-)1 

X •z X • 50 

30, Let x • B'a Ume ID aecond8. Letting l represent the 

1 l 
length of the track, we bave 40(15) + ;;<1~) • I 

.". X • 24 

31. Let 28 be the aide of the smaller square. 

32. 

Tben ~ - ~ :. r • ffi 
• 2a r+a 

Let S be tbe aide cl the larger aquare 

S = r,/'}. • 10 : . A • JOO 

The point A, the point ol tangency, and the center of 
the circle, determine a right trl&ngle wttb one aide!, 
another elde r, and the hypotenuee x + r, wbere x la 
the aborte11t distance !rom A to the circle. 

(i'"r + ,.Z "' (X ♦ r)I 

33. l 1 1 I 1 
3' 4 ( 16' 12' O with d • -12 

:. the terma "I( tne H.P. are 3, 4 'I, 12 only :. s, = 25 

34. .; - 3x + I = o :. n & l &Del. r + a = 3 
:. (r ♦ 8)1 = ,.Z + 2ra + r • 9 :. ,-1 + a2 = 7 

35. (X-tn)2 - (x-n)1 • (m-n)I m > 0 n < O 
Since (m - n)1 > O (it- mJ2 > (x-n)1 

: . Ix-ml> (x - n) 

x-m>x-n 
not uaable 

or 

2x < m • a 

x < m;n 

Solving for x we have x(-m + n) • -mn + n1 x•n 

38. Let the triangle be ABC, with AB • 80, BC • a, 

37. 

CA • b ., 90 - a, @ • 60°. Let CD be tbe altitude to 
AB. Let x = BO 
:. co - ~x a • 2J: b•90-2K 
:. 3'K' ♦ (80 - ll)f • (90 -2x)1 

17 
:. " . 2 :. a• 17 b • 73 

(1 -¼) ~1 -¾) (1 -¾) ... (1 -!) 

H. 4x + ./fi • 1 :. 4x - l • -./fi 

16,cl - lOx • l • 0 :. X • ¼ 
l 

x • 2 does not aat11fy the original equation. 

or 

:. 4yl + ./'}. y - 1 • 0 

--+/1 I l 
- 8 - , x • y2 • 8, 2 Reject 

39 , x+i'-+..!+ .•• +..! 

x(l-..!) x"-x 
S1 • l - X • ~ 

a + 2a + 3a • ••• • 9a 

II Si • 2ca • 9a) • 45a 

40. Let G be a pol.nl on EC so that FE • EO . Conr,ect D 
wtlh G. 11>en FOOS la a parallelogram. 
:. DO • S AF • 10 AB• IS 

n. 

x" 16, 0 



42, Repre11eat. a, b, c lD terms of their prlme factors. 
Then D 1B the product of all the common prime rac
tore, each factor taken a.a often a.a It appears the 
least number of times In a or b or c. M 1B the 
product of all the DOn-ooni'"mon prime-factors, each 
factor taken a.a often a.a It appeare the greatest num
ber of time• lD a or b or c. 

Therefore, MD may be lea• than abc, bl.It It CJlllD(lt 

exceed abc. 
ObvloU8ly, MD equals abc when there are no com

mo11 factors. 

2R 40 
43. Let h be the altitude to aide 39, Then 25 • b 

But! h , 39 • Area • "•(• -a)(a - 6)(8 -c) 
2 

:. h • : 9 .,i 52 , 13 · 12 · 27 • 24 :. 2R • 1: 5 

..,. • Let the roots be l + m and 1 + 11 With ~ and !!. both 
poattlve. :. 1 ,. m + 1 + 11 • -b and (1 +m)(l +11) • c 

45. 

,e. 

.,. 

:. ■ • b + c + 1 • mn > 0. 

IOlc b 
Slnoe lo'9_ b,. -1--, we have, wtth baae x, 

Ole a 

~ ~ ~ = 2 
log 3 log x log2x 

logy • 2log3 • log9 _._ y. 9 

rainy morulnp 11011-raln;y moroinp 

rall\Y a b 
afternoons 

D<>n-rall\Y 
C e 

afternoon■ 

d•a+b+c+e a+b+c•'l a•O 
c+e•5 b+e • 6 :. e • 2 :. d • 9 

I ® ·1 

48, For h = 3 we can have tx2, lx1 + l, lx1 -1, 2x1, 3x0 

41, Combine the terms In tbreea, as folloWII, 

50. 

! 

or 
Since there la abeohlle convergence, the terms may 
be re-arrai:iged to yield the three aerie& 

S1 ,._1_ 8 
1-! - 7 

8 

1 -z s,--- -
1-! 

8 

. S • ~ • . 7 

Thill problem may be Interpreted as a miniature 
Unite geometry of 4 lluea and 6 pol.rite, ao th.at each 
plllr of lines ba8 only 1 point In common, &11d each 
plllr of polnta bu only l ltue I.II common. 

P1 

~ P P P1 
I I 

Fic,3 

or 

'" C(4,2) • 2121 • 6, dlapla.yed aa followa 

:=ommttteea 

!:. !! £ Q 
Membera a b d f 

C e a e 
b d f C 
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l. Substituting 2 for x, we have 21 + h • 2 + IQ = O 
:. h = -9 

2. For the six strokes there are fi,·c equal intervals so 
that the time interval between successive strokes is 
one second . For twelve strokes, then , eleven sec
onds arc required. 

3 . 41R, of SI0,000 is $4,000 
36% of SI0,000 is $3,600; ~ of ($10,000 - $3,600) is 
$256. 
$3,600 + $256 = $3,856 : . Difference is 4000 - 3856 = 144 

or 
Two successive discounts of 36% an<l 4% a re equivalent 
to one discount of 38.56% (.36 + .04 -(.36)(.04) = .3856) 

4 , The triangle Is equiangular with side 4. 

A = s2 / :>, • 4!,IJ: = 4,r:f 
4 4 

5. Substitute y2 r 9 into x1 + yl • 9 to obtain,?- + 9 • 9, 
so that x = 0. Therefore, the common solutions, and, 
hence, the lnte rseclion p0ints a re (0, 3) and (0, -3) 

or 
,I + y2 = ·9 represe nts a ci relc with radius 3 and een• 
t.crcd at the origin. ).t , 9 represents the pair of 
lines y =•3 and y • -3, tangent to the circle at (0,3) 
and (0, -3) 

6. Since 100 - ,d, d • lOO". Let! be the side of the • 
inscribed square. 

d 100 50,[2 
s • ~ • ~,12' =-~-

Area II ,R1 ~ 
7·Are:i 1 • -;? • r = 4 

:. Area II - 4 Arca I = 4 . 4 = 16 

8. Let N = 2 .52525 . .. I OON = 252.52525... Subtract-
ing the first equality from the second, we obtain 

99N • 250 :. N = 29
5
9° , Since this fraction is already 

in lowest terms, we have 250 + 99 = 349 

a2 + b2 - c1 • 2ab (a+ b) 2 - c2 (a + lH c)(a + b - c) 
9 · a1 + ct - b2 + 2ac = (a• c) 2 - b2 - (a + c + b)(a + c - b) 

= a • b - e with (a + c) 2 I b2 
a+c-b 

10. To negate the given statement we say: It ls false 
that all men are good drivers, that is, at least one 
man is a bad driver. 

ll . :he P':._odu~t of ~h~ roots, here, is equal to 21<1 - I, 
. , 21<' I - 7, k - 4. 
Discriminant • (-3k)1 - 4. I , (21<1- 1) = k1 + 4 = 8; 
the roots are irrational. 

12. The locus Is a circle, centered at the given p0int, 
having a radius equal to that of the given circles. 

13. The given lines intersect in the three p0inls A(O, 2), 

B(½, -2) and C (-1, -2). These three p0i nts are 

the vertices of a triangle with AC = AB, each of 

4 8 
length 3 lio, and BC • 3, so that (Bl is the correct 

choice. 

14. 3x - 5 + a 

b I 3 

6-a 
bx + I, 3x - bx = 6 - a, x = H If 

15. 
~ p 

Since the triangles arc simllar, we have a P 

= .!! • ~ always, so that (D) is the correct choice . 

16. 69 • 2 ·51 + 3 , 5 + 4 · I = 234~ (thnt is, 234 in the 
base 5 system). The correct choice is, therefore, 
(C) . 

17, We have N = 8 · 101 - x-½ with N = 800; lo find x 

~ } l l. 
:. 800 = 8· 101 , x- 7 , 1 = 101 • l<- , x2 = 106, ,z = 102, 
x = 10• 

18 . 3 ,,. • 81 = 3< .". X + )' • 4 

I 

s1•-• . 3 =sir :. x - y = ¼ 
The co rrect choice is (E) 

:.x • 2+t,y • 2-\ 

19. For (A) we have n + n + I + n + 2 = 3n + 3 = 46, 
an impassibility for integral !!· 

For (B) we have 2n + 2n•2 + 2n+4 = 6n + 6 = 46, 
an impossibility for integral n. 

For (C) we liave n + n+ I+ n+2 + n+3 = 4n .• 6 =-46, 
solvable for integral !!• 

For (D) we have 2n + 2n +2 + 2n +4 + 2n +6 
= 8n + 12 • 46, 
an impossibility for integral !!

For (E) we have 2n+I + 2n+3 +2n+S + 2n+7 
= 8n + 16 = 46, 
an lmp0ssibility for integral !!· 

( .,,_2 2 )' l I [ 20, 2 - ;; = (2x)' (x3 - 4)' • (2x)' (><11 + B(xJ)f(-4) 

8-7 u 2 8 · 7·6 :I.I ] 
+ 'tz<") (-4) + 1-2-?" J (-~)3 + . • . 

The required term is 1 
1 , · 8 · 7 · 6 (x3) 1(-4)1; the 

2 .,. 1·2•3 

required coefficient is -14 

or 



the required coefficient is -14. 

21. Lets be a s ide of square I; S, a side of square II. 
Arc; I = s2, Arca II = s2 . Si,-;-c c s2 - zs' S = s,lz 

d a+b 
But s -72 = ,Fi 

:. Perimeter of !I = 4S = 4(a •·b) 

22. (x+m)2 - (x+n) 2 ~ (m -n)2 

Fac tor the left s ide of the equation as the difference 
of two squares. 
(x + m - x - n)(x + m +· x + n) = (m - n) 2 

(m - n)(2x + m + n) = (m - n)' 
Since m In 2x + m -+ n = m - n) x -= -n. so that 
(A) Is the correct cholc<c. 

23 . V = ~R'H. •(R + x)'H = • R'(H + x) 
R2H + 2RxH + x2H = R1H + R2x 
21>.xh + x2H - Rix r.l _ ZHH 
srncc x I- o 2RH +xii= R2 • x • - -H -

For R = ~. H = ~ x = 1 · so that ,q is the cor -

rect choice . 

24. log 2,216 = x, (2.s)' = 2 I 6, 2' · x' • 2' · 33 

An obvious solution to this equa tion ls x • 3. so 
thot (A) Is the correct choice. 

25. m = 2 r + I whc re r • 0, , I, ± 2, ... 
n = 2s + I where s = 0, +· J. ½ 2, 

m' - n2 = 4r' + 4r + I - 1s2 - 4s - I 
= 4(r- s)(r + s + I), a number ce rt.a inly 

divisible by 4. 
Jf r and s are both even or both odd. r- s is divis
ible by 2. 
lf r and s are one even and one odd, thcr, r + s - l 
is divisibl e by 2 . 
Thus m1 - n1 is divisibl e by 4 - 2 = B 

26. The numerical value of I 5 - x[ must be l css than 6 
for the inequa lity to hold. Therefore, x must be 
greater than -1. aoo less than 11. 

or 

15 ; ' I < 2. -2 < 5 ; X < 2, -6 < 5 - X < 6 

- 6 < 5 - X 

X < 11 
a nd 5-x < 6 

x > -1 :. - I < x < II 

27. Since each interior angle is 7} times its associated 
exterior angle, S = 7½ (sum of the exterior angles) 

15 
= 2 . 360 = 2700 

Since S - (n - 2) 180. (n - 2) 180 = 2700, n = l7 
A 17-sidcd polygon that is equiangular may or may 
not be equilateral, and, hence, regular. 

28 A formal solution or x - - 7 - 3 7 · . x- 3 = -~ yields a 

repeated value of 3 for x. But x = 3 makes the ex-

. 7 
pre ss1on ; ~ meaningless. The correct chojce is, 

therefore , (B). 

29. 5a + b > 51 
3a -b =21 

. . Ba > 72, a > 9, 3a :> 27 

Since b = 3a - 21, b > 6 

30, The locus of points equidistant £ram the coordinate 
a.,es is the pair of \i11c s y = ., and y = -x. 

Solve simultaneously 3x + 5y - I~ and y = x to 

obtain x = y • ¥ . The JX>!nt ( 1:, lf) in quadrant I. 

the re!"ore 1 satisfies the rcqulred condition. 
Solve simultaneously 3x + 5y = 15 and y = -x 

. 15 15 . ( 15 15) to obtain x = - 2 , y = 2 . The pmnl - 2 . 2 

in quadra11t ll . therefore. satisfies the required 
condition . 

There a rc no other solutions to these pai rs of 
equatlon.s , and, the r ef ore, no othc r points salis[yi ng 
the required condition. 

31 . Le t the other facto r be ,<-+a., + b. Then 
(.,2 +2x+5)(x2+ ax +b) " x' + x3(2 +a)+ x2(5 +b+2a) 

+ x(5a + 2b) + 5b " x' + px2 + q 
Ma tch the coefficients of like powers of x 

For x3 we have 2 + a = 0 :. a : -2 
x 5a+2b•O :.b=5 
x1 5 + b + 2a = p :. p • 6 
x' 5b = q :. q • 25 

or 
Let y = x2 so that x4 + px2 + q - y2 + py + q . Ld 

the roots of y2 + py + q = 0 be r 1 and s1. Since 
y = x2 the roots of x' + px1 + q = 0 must be ± r, ± s. 
Now ,!- + 2x + 5 is a factor of x• + px1 + q; conse 
quently, one pair of roots, say r and s. must satis• 
fy the equation x2 + 2x + 5 - 0. It follo~s that -r 
and -s must satisfy the equation x2 - 2x + 5 - 0. 
Therefore, the other fac tor must be x2 - 2x + 5. 

(x2 + 2x + 5)(x2 - 2x + 5)" x' + 6x2 + 25 ~ x' + px2 +q 

p = 6, q = 25 
or 

xZ 2x + (p-1) 

x2 +2x + s Ix' + p,!- + q 
x' + 2x' + sxl 

- 2x3 + (p-5)x2 
- 2x3 - 4 x2 - 10x 

(p- 1) ,<- + !Ox+ q 
(p-1) x2 +2(p-1) x + 5(p - l) 

(12 - 2p) X + (q - 5p + 5) 

since the remainder must be zero (why?) 12 -2p = 0, 
p = 6 and q - 5p + 5 = 0, q = 25. 



AD 
Since AB 

But AE =AD+ 2r ,. Af> + AB :. AB2 = AD(AD• AB) 
= Ai°>1 +AD· AB 
: . Afi = ,\Bl - AD · AB • AB{Al3 -AD) 
Since AP = AD, AP2 = AB(AB -AP) = AB · PB 

When _11_ is prime each member or the sequence is 
divisible by _11_. When !! is composite each member 
or the sequence is di,•isib\o by all Ute- prime num
bers thnt dil'ide !!· 

It rollows that each member or the sequence is 
composite, so that ( A) is the con cc '. choice. 

0mph the position or each swimmer with respect to 
time I this groph ends with t 3(minutcs)I 

time 
0 30 60 90 120 150 180 (seconds) 

Al the end of 3 minutl'S they an· back 10 their 
original positions, so thot In 12 minutes this cycle 
ls repeated four times. Since there arc five mel'l
lngs in this cycle, the tot.11 number of meetings is 
4 >< 5 = 20. 

The problem may be viewed as one in periodic 
phenomena; the period for the fostf'r swimmer ls 60 
seconds, •µhiJc the period for the slower swimmer is 
90 seco,.ds (the period ls the time-interval neces
sary for i:·.~ ~wimmcr to return to his st3rtlng 
point). The common period is 180 scc-,,vfa or 3 
minutes. 

T =~. mn = t1 . Since m + n = 10, ~ ~ m(IO-m) 

: . t = ~m(I0-m) 
Since m, 10 - m, and t are integers, we have 

t = 3 when m = I and t = 4 when m = 2. The re
maining integral values or m, namely m = 3, 4, 6, 7, 
yield non-integr:tl values or I. The value m = 5 can
not be used, since m and n are unequal. 

n 2n 
St = 212:i + (n - J)d]. S2 = 212a + (2n - l)dJ. 

3n 
S3 = 2 12a + (3n - l)dl 

n 
R = 53 - Si, - s 1 = z \6a + 9nd - 3d - 4a - 4nd + 2d-2a 

- nd +d] = 2n'd, so that (B) is the correct choice. 

37. Designate the base of the rectonglc by 'i.· Then, be -

h - x h b 
cause or similar triangles, - Y- " b , y = h (h - x) 

.- - Arca = xy • ~~(h-x} 

38. b + 60 : a + 13 :. b _ a = 0 _ e + l3 _ C 
:1+60 = c+C 

b+c 
13 = .;, we have b + c - 2n, a = - 2-

Since 

39. a: b = 3 ~ b. n2 + 2nb < ,,1 = nb, a2 + nb + b2 = 0 

-b t ,~ 
a = 2 

-b • ib/3 
2 

Ir !! is ,·cal, ,! is not rel!. tr !! is not real, 
a may be real or not real. 

40. Since CD trisects right angle C, LBCD • 30° :ind 
LDCA = 60° and LCDE • 30° , so that 6DEC is a 
30°-60°-90° triangle . Let EC , x 
: . DE = .<J:i and DC = 2.x 

B 

4 - X 4 12 24 
xl3 - 3' ·• = 3 + 4 ✓:i • 2" = 3 + 4J3 

32 ✓:i" - 24 = - ---
13 

or 

Arca of 6BCD = ½ • 3 • 2x · sin 30° = ~ 

I 
..\rea of 6ACD = 2 · 4 · 2.< · sin 60° = 2✓3x 

,·\rca of 6BCD + Arca or ..;..\CD = Arna of 6ACB 

3 12 16 ✓:i - 12 
,'. 2 .< + 2 3 X : 6, X = 3 + 4/j • 13 

2x = 
3213 - 24 

13 
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Note: The letter lollowlne the problem llllmber refer1 to the correct choice of the fhe llllted In the examination, 

I. (Cl (- ,hJ·"P = (-125)'fl = ((-125)1'>)' = (-5)' " 25 

2. (E) D (yards) z R (Jard• per minute) x T (minutes) 

1 a 
D = 3 . 6 . 3 • IOa 

r r 
80 

S. ( E) Let m • be the -&lope of tbe line 2y + a + S • 0, 
and m., the alope of tbe line 3y + aa + 2 ~ O 
For perpendlcula.rlty m1m, • -1 

;, (-½)(-j) •-1 :.a• ➔ 
4. (B) 11 I ■ not cloNd under addition alnce, for ea

ample, I + 4 • 5 and 5, not being a perfect 
aqua.re of an lntegu, la not a member of 11. 
Similarly for division and positive Integral 
root Hlractlon, 11 la closed under mulllpllca
Uon becauee, If m1 and n1 are element• of 11, 

m• • n• = (mn)' le a member of u (11 contain■ 
the aq11area of all positive 1nteger1 a.nd mn I ■ 
an Integer. 

5. (C) Consider lM binomial expan■lon, (a + 1)' 
" a• + 4a1 + 6a' + 4a + I. Let " - I • a. Tbeo 
S • (a - I + 1)" • )(<. 

e. (E) log 8 + log "t -• log 8 + (log l - log 8) 
• log 8 + (-log 8) • -1 

7. (A) Since (r +a)• • r• + 8r'a + 15r'r + , •• , "have, 

• ,fi 
letting r = Tx a.nd ■ • -.,- In the third term, 

1s(fx)' (- JJ)' • ~ 
or 

Use the formula for the general term of 
(r + a)•, 11 positive Integer: (k + 1) th term 

• n(n - I) ... (n - k + l) (r)• ., (a)• 
I• 2 •· · k 

6 • 5 (a)'(: ./i.\' 15 For k = 2 we have ...-:1! 7i. - a'} " x 
8. (B) Since B + C, = 90" a.nd A + C, • 90", B + C, 

• A + C, :. C, - C, • B - A 

9. (C) r • (2a)'" = ((2a)')" " (4a')': also r • a• • x• 
• (ax)• :. (ax)• • (ola')' : . ax • 4a' :. x • 4a 

10. (D) lit'= !:it>'+ fil:', Im= 8, I».: • ½DA = t · 8/3" 
• 313" : . BE'= 38 + 27 :. Bt • m 

11. (C) p (perimeter of triangle APR) = AP + PQ + RQ 
+ RA, and PQ • PB and RQ = RC 
:. p = AP + PB + RC + RA = AB + AC = 20 + 20 
= 40. 

12. (A) I = ar• ·', r = ri + -f'i. :. the 4th term la 

-l'i.(~ ='iii " I 
or 

Since -f'i., t1, n can be written as 2'~ z'/o, 2'/o, 
the fourth term le 2• = I. 

U. (£) ./F'+""tT = JtlW'+1T • ,/ii -lt'"TI = It 1-1[+11 

H. (£) Let the dlagonale be d and 2d. Then fd • 2d = K 

or d 1 " IC. Since -' ., d' + (1)' = K + f • 54K, 

• • tlSK". 

U. (B) Since " mea worlwlg ~ hours produce " arti• 
clea, one man, wor1<1nr x' boura, produce■ one 

arttcll. 'Therefore, one man producea ¼, 
part ol one article I.II one hour. 
Let II be the number of article ■ produced by y 
men "0rltlng y houri a day for each ol y day a. 

1 y' 
Thea n = y • y • y •ii • ii 

or 

T • ~H where T II the Ume required for 1 

article, A, the number of artlclea, M, I.he num
ber ol men, D, the number of d.aya, H, the num-

ber of hours per day. T _ __ x_ =-\ 
X • X • X X 

:. A'•TM'D'H' •t,•y•y •y •{i 
16, (E) Let d be the amount taken lrom the baae b, Tben 

f(b - d)(h + m) = t • tbh 

SolYing !or d, we obta.10 d E ~~hm.:a!'? 

17. (D) We are given that 1000 m.u. - 340 m.11, 
• 440 m.u. (base r) 
:. I • r' + 0 • r' + 0 • r + 0 - (3r• ♦ 4r + 0) 
• 4r" + v + 0 :. r• - 7r-' - 8r " 0 
:. r' - 7r - 8 = 0 :. r • 8 

or 

440 
More ■Imply, we have + 340 • Since 4 + 4 

1000 

terminates In O 111 the system being 111ed, the 
system ha• modulu• 8, that la, r " 8, 

18. (A) Let P be tbe original population. Then, 
alter I year the_popu..Lallon la l.25P 
alter 2 years the population le (l.25)(1.25)P 
after 3 yeara the population Is (l.25)(1.25)(.75)P 
after 4 yeara the populallon ts 

(l.25)(1,25)(.75)(.15)P = fliP 

The net percent change ls fli-P - p x 100 
p 

= O.SSP - p x 100 = - 12 p . 

1t. (B) Writing 21011 x as log x•, .,. obtain the abscissae 
of the Intersection points by solving: the equation 
x' = 2x. Since the pon!ble values of x are re
lltrlcted to positive numbers, there I& but one 
root, namely 2. Hence, the graphs intersect only 
In (2, log 4). 



20, {A) The eet ol polJll.a aatlsfylDg the 1Dequallt1"8 
y > 2x and y > ol - x Is the batched area 
abown. 

11, (D) Area (AMNE) = t Area (A MAE) 
• t • t Area (4 CAE) " t · t · t Area (A ABC) 
:.k=-n-

ll. (C) SiDce 3'<' - 9r + a - 12 ,. dln■lbte by " - 3, 
3 • 3' - 9 • 3• + k • 3 - 12 • 0 :. k • ol 
Dlnde 3"' - b• + U - 12 by x - 3 and obtain 
3r +4. 

or 

3r - 9x' + lex - 12 ■ (x - 3)(Ax' + Bl: + C) 
= Ar + (B - M)x' + (C - 3B),r: - 3C 
;, A • 3, C • ol and B - 3A = -9 :. B • 0, 
The other factor la, therelore, 3x' + -l, 

'3. (B) SiDce P divide■ AB La the ratio 2: 3, AP: AB 

• 2·5andAQ·AB•3•'f. AQ-AP,, .!. 
' ' • '" AB 35" 

SIDce PQ • AQ - AP • 2, AB ~ 70. 

U. (A) Let the prices, arranged ID order from left to 
rlgbt, be P, P + 2, P + -l, •••, P + 58, P + 60, 
The price of the middle boot ls P + 30. Then 
either P + 30 + P + 32 • P + 60 or 
P + 30 + P + 23 • P + 60. Tblll first equation 
yield■ a negat1H ulue for P, u lmpoulblllty, 
The aecood equauon lead.8 to P • 2, 110 that (A) 
Is the correct choice. 

25. (A) Represent the magnitude of angle B by m. 

26. (C) 

17, (D) 

Then, In order, we obtain angle QP B = m, 
angle AQP • 2m, angle QAP = 2m, angle 
QPA • 180 - 4m, angle APC • Sm, angle 
ACP = 3m, and angle PAC = 180 - 6m. 
Since angle BAC • angle BCA, 180 - Sm + 2m 
• 3m .-. m '"25♦ 

200 • _,, (a + a + 49d) and 
2700 = -f ((a + r.<ld) + (a + 99d)) 
Solve the&e equation■ elmultlUleoualy to obtain 
a= -20.s. 

The smallest value for " Is 60°. .-. a • 120• 
u k = 2 and a • 180° u k = 3. Since eacll 
&:41le of a {convex) polygon mullt be lesa than 
180°, the second possibility la ruled out, It 
follows that there ta only oae perm!salble 
value for k, and, hence, only oae for the pair 
(x, k), namely (60° , 2). 

28. (D) Tblll final digit& (or (2137)• are respecUvefy 
t If n = O, 7 If n • 1, 9 If n • 2, and 3 If n • 3. 
For larger values of n these digits repeat In 
cycles of four. :. (2137)"' = (2137)<· 1• .. 1 

: (213"r),_ • (2137)'. Tbe fiD&l dlgtt of (2137•)•• 
la 1 and the fiDal dlgll of (2137)1 le 7. Tbe 
product yte Ide a !IDal digit of I • 7 = 7. 

29. (BJ We ban, r + s = -!! aod rs = .£_ The equation a a 

wit.II roote ar + b and u + b Le 
(I< - (ar + b))(1< - (u + b)) • 0 
:. x' - (a(r + a) + 21))11 + a"ra + ab(r + a) + b" ~ 0 

;, "JI.' - (a (- ~) + 2b) X + a•(i) + ab (- u + b" : 0 

:.x"-bx+ac=O 

30, {D) Let log1 12 = I< :. &• ~ 12 .'. X log,o 5 = .log 10 12 

• X = ~ = 2log142 + •lcg,03 = 2a + b 
.. log,. 5 1<111",o 10 - lc,g,.2 1 - a 

or 

Uae tbe formula log. N • log• N + Jog• a 

31 {D) PA " ~ • --1!!!._ • .! 
' AB PB - PA olm - Sm 1 

U. (C) Area ol. the regular pol:,go11 • ½ ap where 

a • Reos IBO and p • DS • D • 2RalD 180 
n n 

: . 3R' = tR coa 1!9 • 2'1Rein 1!9 
:. ! • 2 •In 180 cos 180 = eln 360 where n Is a 

n a a n 

positive Integer equal to or greater than 3. O! 
t.b.e poaalble angles tbe onJ.-,- one whose sine le a 
rat lonal number le 30°. :. n " 12. To check, note 
that¼ • -i = Bln--1' = •ln30 

or 

Area ol: tbe polffocl = 11 llmea tbe area of ooe tri
angle wboae norttce ■ are tbe center of the circle 
and two consecutiff n,rtlcH of the polygon 

:. 3R' • n •-½ R' BID 3:° or, aa before,~ .. ■LD 3:°. 
33. (Bl 2"- 3'• • (2' + 3•){2' - 3•) = 11.5 = 55.1 

_._ 2' + 3' • 11 2• + 3" = 55 
2' - 3" = 5 2• - 3' • 1 

2 • 2 • • 16 Thi• 11J stem does not yid:l 
x • 3 Integral ftluea for " and y. 
y " 1 

•• (A) 2x + 3 , • b: + 4 - l _ 2(ll + 2) - 1 
'"" IA!l1 • x+2 ··Y 1<+2 - x+2 

1 1 
• 2 - • + 2• From the form y = 2 - ,. + 2 we -

tba1 y IDcrealM!B u " lncreaaea for all " ~ 0. 
Tbua the smallest nlue of y la olltalned when 
a • O. .-. m • -t and m 18 In S. 
A• lL coollnues to illcruse y approaches 2 but 
ne..er becomes equal to 2. :. M ~ 2 and M la 
not In s. 

se. (D) 695 = a, + a, (2 • 1) + a, (3 • 2 • I) + a.. (4 • 3 • 2 • 1) 
+ a, (5 • 4 • 3 • 2 • I) 
695 = a, + 2a, + 6a, + 24&, + 12:0a, with O ~ •• ~ k. 
Since a, must equal 5 (In order to obtain 695), 
••#olbecaUBe 5•l20+-l•2-l>695, AlJK> a4 



36. (B) 

cannot be less than 3, since, for a, = 2, we 
have 2 • 24 + 3 • 6 + 2 • 2 + 1 < 95. :. a, : 3 
Check; 5 • 120 + 3 • 24 + 3 • 6 + 2 • 2 + 1 = 695 

From the diagram we have 4a" + b" = 9 and 
a• + 4b' = .1/- :. 5a• + 5b' = -'I- :. a• + b" = Jf 
Ai31=4a"+4b'=17 :.AB=.JI'f 

B 

D 

A C 

37. (C) Let v .._, v8 , ve be the respective speeds of 
A, B, C. 

:. (l) ~ = d - 20 (2) 1_ = d - 10 
v .._ v, v, Ve 

(3) _!! = d - 28 :. (4) d - 20 = d - 28. Divide 
V ~ Ve v, Ve 

equation (4) by equation (2) and obtain 

d - 20 = d - 28 • d = l00 
d d - 10 •• 

38. (A) Let AC = h and BC = I. Then h> + I' = 4r' 
Since s = h + I, s' = h' + 12 + 2hl = 4r" + 2hl 
= 4r' + 4 umes the area o( l!. ABC. The max
i.mum area o( l!. ABC occurs when h = I= r ./2, 
:, s' .lii 4r' + 4(r') = 8r', 

39. (BJ The greatest distance between two points P1 
and P, Is the length of a diagonal, .f'i. Place 
Pi, P,, P., P 4 at the four corners. For the 
fifth point P, to be as far as possible from the 
other four points, It must be located at the cen
ter of the aqua.re. The distance from P, to any 
of the other four points Is t .f'i. 
Location of the points inside the square wtU 
yield distances between pairs of points, the 
smallest of which Is less than t -f'I. • 

'60. (A) The minimum value of -fii.i+r Is given by the 
perpendicular OC from O to the line 
Sx + 12y = 60. 

From similar triangles ~ = l¾ :. OC = :~, 
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Note : Th1c lcHe1· lollowtng I.he problem nu,.,:,..r refers to the correct choice of the rive listed in the exani lnat ion. 

l. (O) The num erator becomes I. the denominator be· 
comes ½ + ½ = /1. and I c i\- = 1:-

2. (A) , If _ , ~ " ~ _ ~ = 4"3 - 3"3 = "3 
V3 V 4 , 2 6 6 

3. (B) Let d be the common dilfe rence 
d ~ & + t) - (x - I I = 2, and 
d = (2x • 3) - (x • I) ~ x • 2 
,', X + 2 • 2 _-, X = 0 

or 
2(x + I) = (x - I) + (2x + 3) 
2x + 2 " 3x + 2 
x~o 

4. (B) 8' " 32. (2')' : 2' , 2'' ~ 2' 
.'. 3x = 5. X ~ } 

5. (Cl 

6. (0) 

7. (Cl 

8. (DI 

The ratio or I.he circumfe rence or any circle 10 
its diameter ls a constant represented by the 
symbol " · 

A (triang le) = 9/3 = s':'3 . ·. s = 6 

P (triangle) "' 18 " P (square) 
:. side or the square, x ~ { :. diagonal or 

,:;--a 9./i A 

th e square = v2x' = - 2- b A 
2 Lb = 180° - LB ~ - B ___ <: ,' " ,. 
2 L c = 180° - L C / 

.'.Lb• Le e 180° - I(LB • LC) 
Bui L O + LC = 180° - LA " 
:. Lb+ Le " 1so• - t <1ao• - LAI 

LBDC = 180° - (Lb+ Ld 
" 1eo· - {1ao· -½ <1so 0 

- ,AH 
= 1(180°-LA) 

Lt-Is be the sum and M (=~}be the arithmetic 

mean of the glvi' n numbers. Since the numl,cr of 

I 's Is n - I. s T (n - I) (I) • I - ! = n - ! 
n n 

'M =~ • t-..!.. . . n n2 

9. (B) x• - x . x{x' - 1) x(x' • ll(x' - I) 
= x(x' • I) (x' • I) (x + I) (x - I) 

10. (Al Let R be the average rate for the trip going 
150 

Then R =· ft ~ 45 (n,iles per hour) 

r - 3;f • 40 (mill's per hour) 

R - r = 45 - 40 ,. 5 (mil,'s per hour) 

p + I p - I 11. (B) The roots are - 2 and - 2- . The diff<-r cncc 

bNween the larger and the smaller roo1 is I . 

\2. (C) The last 1hre1· terms of lhe expansion of 

(1 - ~) • correspond In inverse order to th e 

first three terms in the expansion of (- ~ + 1)"· 

1 ( I )' These are I - 6 • i + 15 - a , and th e sum or 

these coefficients is I - 6 + 15 " I 0 
or 

Expanding completely we have l - ~ • ~ - ¥, 
• ~ - ~ + .! · 15 - 6 • 1 • 10 a1 as a6 , 

13. (Bl The relation between R, S. and T can be r eprc• 
sented in several ways, to wil, 

S RT 
(I) R ~ kT, k a con~lant (2) S = k , k a conslanl 

(J) .&.!! = R2 T, s, s, 
},-'- ./48·175 

Using form 3 we have y ., --S-, - :, S1 30 

2 I I 14. (B) Since I • a • a + ••. = t--=--ii when a! < I. the 

4 
required limiting sum equals 1 _ ( _,) = 2.4 

15. (D) Lei the vertex C move a long lhc straigl\l line l, 
to position C,. Let G be the location or the 
centroid (the lntersectlon point of the thr ee 
medians) or 6 CAB; let G1 be the location ol the 
centroid of .i. C,AB. 

Since CG = f CM and C, G, =} ~' the lhw 
CC, ls para lie! 10 line CC,. (If a li ne di vi des 
two sides of a triangle proportionally, ll Is 
parallel to the third side.) Therefore . as C 
moves along 11, G mo ves along 12 which ls 
parallel lo 11• 

1, C C1 

M 6 

16. (C) The sides of R, are 2 lnchcs and 6 Inches and 
the ~qua re or its diagonal. d•, equals e• + 2'( =40) 
Since the rectangles are similar, we have 

area R2 o• 225 135 
a rea R, = d2 .·. area R, - - 40 .12 = T 

17. (Bl Since a • log, 225, a• • 225, 2'' • I 52 

b • log, 15, 2b = 15. 2n = l52 

:. 2•• - 22 \ 3a = 2b. a ,,. ¥ 
I 8. (Al The dodecab"'" can be decomposed into 12 

congruent triangles like triangle OAB shown . 
(AB Is a side oC the polygon). 

area (<l>OAB) --1- rh ,. ! r ,! ~ 
2 2 2 4 u • 

,', area (dodecagon) = 12·¾ s 3r; ~ 

~ 
0 ' A 

19. (C) By substituting into the given equation the three 
sets of x.y-values given, we obtain three 
equations in a, b, and c, namely, a - b • c = 12, 



c ,. 5. and 4a + 2 b + c = -3. Solve the first and 
lhl,·d equations for a and b, using for c the 
valu<' 5. from the secoud equation. The values 
obtained are a = 1, b • -6, c = 5, and the sum 
of these is ien,. 

20. (A) Let the degree measurement of the angles be 
represented by a - 2d, a - d, a, a + d, a • 2d. 
Then Sa ,. 540° and a = 108" 

21. (E) Since lhe gl ven equation has coefficients which 
are real numbers, the second root must be 
3 - 21. Therefore, the product of the roots, 

f = (3 + 21) (3 - 21) :. S = 26 

or 
Substitute 3 + 21 for x In lhe gl ven equation. 
2 (3 + 21)• + r (3 + 21) + S = 0 
10 • 3r + S + I (24 +2r) = 0 + 0 • I 
.'. 24 + 2r = 0, r = -12 and 10 + 3r + S = 0, S = 26 

22. (D) 121b = I· b' + 2 · b ♦ 1 .. b' + 2b + I - (b • t)• 
The expression (b + I)' Is. of course. a square 

number for any value of b. Since. however the 
largest possible digit appearing In a number 
wrlllen In the Integral base b is b - I. the 
ponlble values for J1 do not Include 1 and 2. 
Therefore. b > 2 is the correct answer. 

23. (E) When angles A and B a re acute and angle C Is 
either acute, obtuse, or rlght.:....!_ri~lcs A~ 
and CBD are similar. Since AB, CD, and AE 
are known, CB can be found. Now. by applying 
the Pyth![Orean theorem to trlangl!c...fBD. where 
CB and CD are known, we can find DB. 

When angle A Is obtuse the same analysis 
holds. 

When angle B Is ob1use, tr tangles AB£ and 
ADC are similar. From this fact and the given 
lengths, cii. can be found. Next AD can be found 
with the aid of the Pythagorean theorem. Finally. 
DB • Ali - AB. 

When either angle A or angle B Is right, the 
problem ls trivial. In the former case DB = AB; 
In the latter, DB " O. 

24. (A) Since ! represents the fractional part of the job 

" 

2S. (C) 

done In I hour when the three machines operate 
together, and so forth, 

- 1- • - 1- + - 1- ;;! or, more simply, 
x+6 11t+I x+x x 

_I_ • _ I _ _ _L = 0 
11t•6 x•I 2x 

.'. 2x(11t ♦ I)+ 2x(x + 6) - (x + 6) (x + I) = 0 
:. 3x2 + 7x - 6 = 0, x =f 

•• " 4' + (8 - r)2 

16r " 80 
r • 5 

26. (E) Transform the expression 8x - 3,i' into 

The maximum value of this last expression 

occurs when the term - 3 (x -1)' is zero. 

Therefore , the maximum value of 8x - 3x' is 1; 

or 

Lei y = -3x' + 8x. When graphed I.his equation 
represents a parabola with a highest point at 
(L I/). Therefore, the maximum value of 
• 3x' + 8x is l/ . 

27, (E) The correctness of rule (1) ls obvious. To 
establish rule (2) take three numbers n, , n,. n, 
such that n1 > n, > n,. First select (he largH 
of n, and n, , which Is n,; then select the largu 
of n, and n, , wh lch Is n1 , We thus ol.>taln n, from 
the left side of the rule. From the right side of 
the rule we also obtain n, as follows: Flrst 
sc lecl the larger of n1 and n,, which ls n,, then 
select the larger of n, and n,, which is n, . 

F<>r rule 3 we proceed as follows: For lhc 
left sid,: we first sel,:ct the larger oC n, and "• 
(this is n,). th en select the smaller or n, and n, 
(this 1s a~ •. in n.J. For the right .;id,,, s<:lcct !h<' 
smaller vf ,i and n, Ith I$ ls n, ' uw~ scl~•:1 th<' 
smaller of n, and n, (thl~ Is n,) .. ,nu. finally, 
select the larger of n2 and n, lthl~ ls n,) . 

28. (D) Take log:-.rlthms of both sides to the base 10. 

(log,o><) (log,o><) = 3 log 1,,x - log, 0 100 o r 

(log,o><)' - 3 lo~,oX 4 2 ~ 0 

Solve this equalion as a quaora,:,· -:qu :Hi<· , 
letting y = log,.,x. 

y2 - Jy + 2 = 0, y = 2 or I .'. lo ~,o>- • 2 or 

.'. x = 102 = 100 or ,c = 10' = 10 

• • x , x 1 · 3 1 29. (A) 2x + X < 6, X + 2 < 3, X +?, + 16 ' + 16 • 

(x•i)' < ~. lx+¼J<~. thatls,x•¼ < ~ and 

x ·+ ¼ > -1 : . x < ~ and x > - 2. 

30. (D) Form I, Since - (p /\ q) = ~ p V - q, stale ments 
(2), (3), and (4) are each cor rec l. 
Form II. The negation of the statement "p and 
q are both true" means that either p Is true and 
q Is false, or p Is false and q ls true, or p ls 
false and q is false. Therefore, the s1a1~men1s 
(2). (3), and (4) are each correct. 

31. (C) Let N and n, respectively, represent the 
numbers of the sides of the two polygons. Then 

!!!..:_ _21_1_~ _ ~ (n - 2) 180 . N = ~ 
N - 2 n " 6-n 

To find J::l" we need try for .!! only the values 
3. 4, S (Why?) We thus obtain n E 3. N = 4; 11 = 4. 
N = 8; n = 5, N = 20, three pairs ln :ill. 

t I 3 
32. (E) Since "•., = x, + 2 ~nd x, = I, x, = x, + 2 ~ 2 . 

I 4 I 5 
X. = x, + 2 = 2, x, a X. + 2 = 2, and so forth with 



n + l x. = - 2-. The required sur.i is , therefore, 

2 3 4 n + 1 I ( 2 n + ') 2•2+2+ ... +- 2- "2" 2 • - 2-

= .! n (n + 3)= n2 + 3n 
• 2 2 -, 4 

33, (A) The Inequality 2 ., Ix - 11 4'. 5 means that , 
when x - 1 ls positive, then x - I 4'. 5 and 
x - I ;, 2, and that, when x - 1 Is negative , 
then x - I :;, - 5 and " - 1 4'. - 2. Solve each 
of these four lnequa II ties. 

x " 6 and x "' 3 or 3 ,; x " 8, ilnd 
x ;,. 4 andx.,-1 or -4 ,; x.,-I 

34. (E) Since x = K'Cx" - 3x + 2), ~x• - "(3K1 + 1) 
+ 2~ = 0. 

For x to be a real number the discriminant 
must be greater than or equal to zero 

. ·. K' + 6K1 + I ;. 0. This Is true for all values 
of K. 

35. (Bl During the Interval the large hand has moved 
220 + x degrees while the small hand has moved 
" degrees. 

.'. 220 + X = 12x, X = 20 
.". the Interval equals ft x 80 ,. 40 (minutes) 

36. (c) (x - 8) (x - 10) = 2v, x1 - !Bx + 80 - 2' = O 

• _18 t ./(18)1 - 4 (80 - 2') 9 ~ .. x - 2 = * + 

For x to be an Integer, I + 2• must _be the 
square of an Integer. This Is true only for 
y = 3, and for y = 3, x = 12 or 6. 

There are, therefore, two solutions, namely, 
(12, 3) and (6. 3). 

37. (D) Let x be the common length of AE and AF 
l 

Area (EGC) = 2 (1 - x) (!) 

Area (DFEG) = x [(I - :) + 1] x (1 - ~) 

• •• Area (CDFE) = ½ (1 + x - x") 

=½[¾-(x• - ><+{)] 
=j-½(x-½)' 

The maximum value of this expression ls}, 
See problem 26. 

38. (B) 

D G C 

Let N be the original population. Then N = x•, 
N + 100 = y• + I, and N + 200 = z•. 

Subtract the first equation from the second to 
obtain 100 = y• - x' + I or y• - x' = 99 
: . (y + x) (y - x) = 99 · l or 33 • 3 or 11 • 9. 
Try y + x = 99 and y - x = l; to satisfy these 
equations y = 50, x = 49. :. N = 49• = 2401 , a 
multiple of 7. Furthermore, N + 100 = 2501 
= so•+ 1 and N + 200 = 2601 = 51 3 • 

With either or the other two sets of factors you 
obtain a value of N which satisfies the first and 
second conditions or the problem, but not the 
third. 

39. (C) Figure AOBG Is a parallelogram, so that 
AD = GB = 4 and triangle ADM = triangle BGM 
Area t. AOG = area t. AMO + area t. MGB 

1 = area t. ABG = 3 area o ABC 

:. ½• :rfi'5 = -1(3 + x) (3 - x) (x + lHx - 1), 

15 = (9 - x") ex• - 1), x• - 10:ic" + 24 = 0 
x• = 4 or 6, x = 2 or -16. The value x = 2 makes 
CM= 6 and must be rejected since the given 
triangle ls scalene. : . CM = 3-16. 

40, (B) Write the given series as: 

1 1 1 I 
io+w+w•w+ ... 

I 1 l 
+w+w•1o1+ ... 

1 I + W + 10, + ... and so forth. 

Lets, be the limiting sum or the first-row 
series, s2 , that of the second-row series, and 
so forth. 

...!. 
10 

s,=-- 1 
I - -

10 

I ...!.. 
1 fol 1 10' _ __!_, 

- 9' 53 - 1 - 90' 8 ' - l - 900 
1-10 1-10 

and so forth . 

Therefore, the required llmlling sum equals 

I 
l 1 1 9 10 
9 + 90 + 900 + • • • = - - , r Si 

l - iij 
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Note: The letter following the problem number refers to the correct choice of the five listed in the 
examination. 

I. (D) Since __!_1 ls not defined when the denominator is zero. and since the denominator x + I equals 
X + 

zero when x = -1. any point whose abscissa is -1. such as (-1 ,1) can not be on the graph. 

2. (A) n = 2- (-2)•-i -2> = 2-(-2)' = 2- 16 • -14 

3. (El Since _LI • x - I . x2 
- I = I . i.. • = 2, x = • /2 or - ,'2 

X + 

4. (D) For x' = 3x + k to have two equal roots , the discriminant 9 + 4k must equal zero. :. k = - } . 

5. (E) Choices (A), (BJ. and (D) must be rejected since the logarithm of a negative real number is not 
defined (on this level of mathematical study). Choice (CJ must be rejected since Jog I = 0. Choice 
(El Is the correct one since log x for O < x < I exists. and is a negative real number. 

or 
Since lt is given that log,ox < 0, then x ~ 10°(=1l. This result, together with the fact that (on this 
level ) log x Is defined only for x >O, leads to choice (E). 

6. (B) BC is the median to the hypotenuse AD. and Is, therefore, equal to one-half the hypotenuse. 
:. AB• BC= AC, and, consequently, the magnitude of angle DAB Is 60°. 

7. (A) Two lines are perpendicular when the product of their slopes Is -1. Since the s lopes are, respec
tively,¾,-¾,-¼,-½, and, since (f) (-fl= -I. lines (I) and (4) are perpendicular. 

or 
Two lines, a,x , b,y = c, and a,x • b.y = c,. are perpendicular if a,a, • b,b, = O. In (1) a, = - 2. 
b, = 3 and in (4) a, = 3. b, = 2. so that a,a, • b1b, = -6 , 6 = 0. 

8. (D) 1260x • (2 · 2 · 3 • 3 • 5 • 7)x. For the smallest Integer cube the exponent of each different prime fac
tor must be 3. Therefore, x • 2 • 3 • 52 

• 72 = 7350. 

9. (C) fa - _L_} 1 
= a 7 - 7a' v • + 2 la' - 2 la'' ' + 3 5a - 2 la_,, , • 7a -• - a_,,. 

\ "'" or 

(r + I )th term = (;)a 7 
- ' (-a-•; •) ' = aC)a, - ' - ' ' '. We need a' - ' - '" = a-,, , , 7 - 3; • - t. r = 5 

7-6 -5 - 4 - 3 ;. 6th term = 
1

. 
2

. 
3

. 
4

. 
5 

a'(-a)_,, , • -21a-'1'. 

10. (BJ (D' • (a -d)2 = d 2
, d = 5a/8 

11. (BJ Since the arithmetic mean of the 50 numbers is 38, the total of the 50 numbers is 50 x 38 = I 900. 
Removing the two numbers 45 and 55 leaves 48 numbers with a total of 1800. Therefore, the new 

1800 arithmetic mean = "'18' = 37 .5 

or 
a , + a, • .. . + a,a • 100 • 50 · 38 = 50(36 • 2) = 50 • 36 • 50 - 2. 

50 · 36 
:. a, •a,+ · ••-+ a.a = 50 · 36 = 48 A.M.(new). :. A.M.(new) = -:is- = 37 .5 

12. (E) The sum of the x-coordinates of P and R equals the sum of the x-coordinates of Q and S, and. 
similarly, for they-coordinates. :. x + I = 6. x = 5 and y- 5 = -1, y = 4 :. x + y = 9 

or 
Lets. be the x-coordinate of Sand Sy, they-coordinate of S, and. similarly, for P, Q, and R. 
Then, by congruent triangles.Q,-R, • P,-s •• 1-9 • -3- s., s. = 5. Similarly Sy= 4. 
:. S, + Sy • 9 . 



13. (E) Suppose one of a, b, c, dis a negative Integer, say d; then, we have 2 1 + ~-3° = 3-4 , an Im
possibility since the left side is an integer while the right side is a non-integer. Similar reason
Ing shows that no two. and no three. of the exponents can be negative Integers. 

If all lour are negative Integers. then we may write ~ • l. = ~ • ~. with a, b, c, d positive 
. 2"+2' l4+J< 
integers. Then 2, . 2b = J<, Jd 

If a < b, divide the numerator and the denominator of the left fraction by 2', and obtain 
~ - ' + l(= N,) !JC + 3d (= N,) 

2"{= D,) = J< , Jd (=DJ , or. equivalently, N,D1 = N,D1• But N, Is odd, D, Is odd, N1D 2 Is odd, 

N, Is even, D1 Is even, N,D1 Is even-a contradiction. 

If b < a. use instead the divisor 2 . and prove that the same contradiction arises. 

If b • a, the left fraction can be reduced to - 1-,, and, again, the same contradiction arises. 
2' -

14. (A) Let the roots of the first equation be rands. Then r • s = - k and rs = 6. Then, for the second 
equation, r • 5 • s • 5 = k and (r + 5) (s • SJ • 6 . .-. rs + 5(r • s) • 25 = 6, 6 • 5(-k) + 25 • 6, k • 5 : 

or 
Let r be one of the roots of the first equation; then r + 5 Is the associated root of the second equa
tion . .-. (r • 5)2 

- k(r • 5) + 6 = 0, r• • (10 - k)r • 31 - Sk • 0. But r satisfies the first equation so 
that r' • kr + 6 = 0 . .-. 10 - k • k and 31 - Sk • 6. Each of these equations leads to the result k • 5. 

15. (CJ Let S, s, r , respectively, represent the magnitudes of a side of !he equilateral triangle, a side of 
the square, and a radius of the circle. Since S = 2r./3 ands = r~, the area of the triangle Is 
(2rf3)'./3 
--4- - (= 3./Jr') and the area of the square Is (r12J' (= 2r'). The required ratio is, therefore, 

313: 2. 

16. (CJ Since a. b, care In A.P .. 2b = a+ c. Since a• I, b, care In G.P .• b1 
• c(a • I). Similarly, 

b' = a(c • 2) . .-. c = 2a, a• fb. b' = ~b' • }b . .-. b • 12. 

17. (A) To avoid division by zero, y ~ a and y • - a. With these values excluded we may simplify the 
fraction by multiplying numerator and denominator by (a+ y) (a -yJ, obtaining 

a' - ay • ay • y' = a'• y' • _ 
1 ay-y•-a•-ay -<a•• y') 

18. (AJ Triangle EFA ls a right triangle (since EF ls a diameter) with angle E as one of its acute angles. 
Triangle EUM is a right triangle with angle E as one of Its acute angles. Therefore, triangle 
EFA ~ triangle EMU. 

9 (BJ 49 • i (n - 50) > .!. . < 210 1 . n • io . . . n • . 

20. (D) • Let h = number of hours in which they meet. Then th + ~ h ( 2 · ¥ • (h - lJ ~ j = 76, 
h' • 30h- 304 = 0, h = 8. The meeting point ls. therefore . 36 miles from Rand 40 miles from s. 
SO that X = 4. 

21. (E} x'-y'-z'+2yz+x+y-z • x'-(y'-2yz• z'l•x +y-z=x'-(y-z)'+x+y-z 
= (x • y - z) {x - y + z) • x • y- z = (x • y - z) (x -y + z + l) 

22. (D) The magnitude o! angle BOE is 156°. Therefore, the magnitude of angle OBE = t<1so• -156") = 12°. 
Since the magnitude of angle BAC = 36°, the required ratio is;¾ or t . 

23. (B) If a, b, c. respectively, represent the Initial amounts of A, B, C, then the given conditions lead to 
the following: 
After Transaction 

I 
II 

lII 

A has 
a-=-r-c 

2(a -b - c) 

4(a - b- c) 

B has 
2b 

2b - (a - b - cJ - 2c 
(a 3b-a-c) 
2(3b-a - c) 

Chas 
2c 
4c 

4c - 2(a - b - c} - (3b - a - c) 
(= 7c-a-b) 



24 . (Bl 

Consequently 4(a - b - cl = 16, 6b - 2a - 2c " 16, 7c - a - b = 16. Solving this set of equations, you 
obtain a = 26, b = 14, c = 8 

or 
Working from the last condition to the first , we may set up the following table: 

Amounts Step 4 Step 3 Step 2 ~ 
a 16 8 4 26 (required) 
b 16 8 28 14 
C 16 32 16 8 

For real roots b1 - 4ac: 0, or b2 ;:; 4ac. Tabulating the possibilities,. we have 19 In all as follows: 
or 

When c Is selected to be: 6 6 5 5 4 4 4 3 3 3 2 2 2 2 1 I I I 
The possible values for b are: 5 6 5 6 4 5 6 4 5 6 3 4 5 6 2 3 4 5 
The no. of possible values for bare: 2 2 3 3 4 5 

25. (A) tr.CDF °' tr.CBE (CD= CB, angle DCF a angle BCE), .-. CF= CE. 
Area (tr.CEF) = ½CE· CF= t CE 2 .:_lOO . ....:'.:....CE~400. _ 
Area (square) = CB 2 = 256. Since BE' = CE 2 - CB'= 400 - 256 = 144, CE = 12 . 

26. (E) The Implication {p- q)- r Is true when (I) the consequent, r, Is true and the antecedent, p- q, 
Is either true or false, and (II) the consequent Is false and the antecedent Is false. 
The lmpllcallon p- q Is true when (!) the consequent, q, ls true and the antecedent, p, Is either 
true or false, and (ii) the consiquent Is false and the antecedent is lalse. 
In (1) p- q Is false and r Is true so that (p- q)- r Is true . In (2) p- q ls true and r Is true , so 
that {p- q)- r is true . In (3) p- q ls false and r ls false so that (p- q)- r Is true. In (4) p- q 
Is true and r Is true, so that (p- q) - r ls true . 

27. (C) Let I be the number of lines and r, the number of regions. It Is not too difUcult to discover the 
rule that r • i 1(1 + I) • 1. For 1 = 6, r = i · 6 · 7 + I = 22 . Hint: (I) for one line there are two re
gions, that Is, one more than the number of lines: (2) note what happens to the regions when 'a 
line Is added. 

28. (DJ The product of two numbers whose sum Is a fixed quantity is maximized when each of the num
bers Is one - half the sum. Since the sum of the roots is i, the maximum product, f, Is obtained 
when each of the roots is t . Therefore, k/3 = ;. , so that k = 1. 

or 
Solving the given equation for k/3 (the product of the roots), we have k/3 • ix - x2 = ¾ - ( r - x)' . 
The right side or this equation ls a maximum when x = f , so that k/3 Is a maximum when x = f . 
. ·. k/3 (max) • t · J - i" = i"· :. k(max) 2 } 

or 
The product or the roots Is k/3. We seek the largest possible k consistent wllh real roots . For 
real roots 16 - 12 k /; 0, so that t /; k. Hence, the desired k = f. 

29. (C) The abscissa of the maximum for minimum) point on the parabola ax' + bx • c Is - b/2a . For the 
given parabola !60t - 16t', - b/2a = -160/-32 = 5, and the value or s when t = 5 Is 400. 

30. (C) 

31. (D) 

or 
Since s = I 60t - 16t2, s E 400 - 400 + 1601 - 16t 2 = 400 - 16(5- t)2 • The right side of this equation is 
a maximum when 5 - t • 0. Therefore, s(max) = 400. 

1 3x • x' 
Since + ~ = 1 • 3x + 3x' + x' = (l + x)' = ( 1 + x)' we have 

3x + x' l - 3x + 3x'- x' (I - x)' 1 - x ' 
1-~ . 

( ) ( 1 + x)' I + x ( . ) ~ new = log 1 _ x = 3 log 1 _ x = 3F orlg1nal 

Solving 2x + 3y • 763 for x. we have x = 753 - 3y . Since x is a positive integer. 763 - 3y must be a 
positive even number. so that y must be a ~sitive odd integer , such that Jy ~ 763 . There are 254 
multiples of 3 less than 763, half of which are even multiples and half , odd multiples . Therefore , 
there are 127 possible solutions to the given equation under the stated conditions. 

I 
6 



32. (A) From the given conditions we have (1) 3(x + y) = a • band (2) 3 x y = ao. Divide equation (2) by 

equation (1)- ! • ! = -b1 • ! _ This is impossible since both x and y are less than a and less than b. 
•y X a - -

33. (A) There are two possibilities, L, and L 2• The 
methods for finding the equation of L 1 are 
similar to the methods for finding the equa
tion of L, shown here: Since L, Is parallel to 
the line y = ¾x • 6, its equation Is y = ¾ x • b, 
where b , the y-lntercept, Is to be determined. 

A.Q AC AB ◄ 
Since llABC ~ t>DAO, AD = tx5, so that IO = , 

and AB = 5. Hence, b = I and the equation of L, 
is y = ¾ X + I. 

or 

y 

Let d, be the distance from the origin to L, and let d, be the distance from the origin to the given 
4b 4b 

line. Thend1 = 5 andd1 = ~.,.-.d,-d, =-\!- 5 =4,andb= 1. 

34. (B) Consider the tria'l&!_e ABC where a • 13, b • 13, and c • 3, and CD Is the 
altitude to AB . .-. BD = Ii and AO • 1 i· Then co•= 3 - ( ¾)' • ¼, and ~./3 
- J3 3 3 
CD = 2 , :. L B • LA = 30 ° and L C • 120 °. Since side c Is 11:lven greater e"'-_ _ ...u.. __ __;~A 

than 3, LC exceeds 120°. (If two triangles have two sides of one equal to two O 
sides of the other. and the third side of the first ls greater than the third side 
of the second, the Included angle of the first Is greater than the Included angle of the second.) 

or 
a'•b2 -c1 3•3-c' 

c 1 
• a1 

+ b2
- 2ab cos C, cos C • 2ab = 

21313 
where c' > 9 . .-. cos C < -½, so that 

LC > 120°. 

35. (B) x 1 -y1 
• (27 - x)' - (21 - yJ 1

, Slmpllfyinit, we obtain 48- 9 x • 7y • 0 . 

.-. x • 5 + 
3 ~ 7Y. The smallest Integer y that makes x an integer is y = 6, 

and, for this value, x = 10. For y = 15, x = 17, so that 27 - x • 10. For 
larger values of y, we obtain Impossible triangles. 

36. (C) Let M., represent thP numher ,,, cents at the start. Suppose the first bet results in a win; then the 

amount at the end of the first bet Is ~ • M., • ½ Mo, Let M, = ¾ Mo. Suppose the second bet re-

sults in 3 win: then the amount at the end of the second bet is ~ • M, = f M, = ( {)'Mo. Hence, a 

win at any stage results in an amount f times the amount at hand at that stage. 

If the first bet results in a loss, the amount at the end of the first bet is ~
0

• Let m • ½Mo- Sup

pose the second bet results in a loss, then the amount at the end of the second bet is ,W = ( ½l'Mo. 
Hence, a loss at any stage results in an amount½ times the amount at hand at that stage. 

For three wins and three losses, in any order. the amount left is(½)' (½J'Mo = ~M0 . Consequently, 
the amount lost is Mo -P, Mo= ~ Mo, Since Mo• 64 cents, the amount lost Is 37 cents. 

37. (DJ Consider f irst a single segment P,P,: in this case the point P can be selected anywhere In the 
segment since. !or any such selection. s • PP, + PP, • P, P,. Now consider the case of two seg
ments with end-points P,, P 2• P,: the smallest value of s Is obtained by choosing P to coincide 
with P, since, lor this selection, s = P,P, • P,P, whereas, for any other selection, s > P,P, • P,P,. 

These two cases are typical. respectively. of odd numbers of segments (that is, even numbers of 
poinls) ~nd of e,·en numhers of ser,ments lthat is. odd numbers of points!. Since the given problc>•l 
is a 7-point S)'stem, the selection of P should be at point P,. 

For a 6 -poinl system the seiectlon of P is anywhere in segment P,P,. 



38. (E) Let BE= x, DG = y, AB= b. Since II.BEA~ 11.GEC, 
~ = £.:_l' b _ y = 8b y = b _ Sb • !! (x - 8) 
x b ' x' x x 

Since II.FOG ~ 11.BCG, 24 
8 = J_b , 

X + -y 

~ = b (x - 8) = x - 8 x• - 64 = 192 x = 16 
x + 8 8b 8 ' ' x--x 

1 1 1 
Note: Try to prove generally that SE = ~ + Ill' 

CR CD RD CD 
39. (D) Draw DR II AB, RE = DB = f, EB = CB = ¼ 

... CR = 3RE = 3RP + 3PE _and RD = ¼ EB 

:. CP =CR+ RP• 4RP + 3PE. 
B..e RD Since 11.RDP~ 11.EAP, PE = AE 

- RP x AE - 1 - - RP !. -
:. RD = PE . But AE = T EB. :. RD = }>E · 1 EB 

:. ¼ EB = ½ EB-;;, RP = ½ PE, CP • 4 · t PE + 3PE = 5PE 

40. (C) '✓x + 9 - •-.tx=g a 3. Cube both sides and obtain 

x + 9-3(x+ 9)~"(x-9J'I'+ 3(x + 9)'f'(x-9?1• -x + 9 = 27 

& 
A E B 

• ~ = 5 
•· PE 

F 

Simplify to 9 = - 3(x + 9)'1'(x - 9)111 
[ (x + 9)'1' - (x - 9)11'] = -3(x + 9)'1 '(x - 9)'/S. 3 

:. (x1
- 81)111 

• - 1, x• " 80. 
or 

Let f(x) " •~ - 1✓x - 9. We want to find x, so that f(x,) = 3. Since f(9) = •m < 3 and 
f(8) = 1./Pi + 1 > 3, then 8 < x, < 9. We refine our guess by trying next x, • 81"; 
f(8;-) • 'v'i'ff + t > 3. :. 8t< x, < 9 :. (8 .. )1 < xr < 81, 78< x: < 81. 
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Note: The letter followlnit the problem number rerera to the correct choice of the five llated for that 
problem in the 1964 examination. 

1. ( E) (log1e (5 logto I 00)12 " (log to ( 5 · 2))1 
a 11 = 1 

2. (C) x1 - 4y1 (x • 2y) (x - 2y) • 0 :.x • 2y ~ o or x - 2y = 0. The graph of each equation Is a atralght 
line, so that the correct answer Is (C). 

:i. (I)) ~ = !! • 2u. Since !! = u • ! . x • 2uy ,. 3u + ! , 10 that the remainder Is v. y y y y y y 
p + o p - o 2x _ 2v _ x1 _ vZ 

4. (A) Since P x • y and Q · x - y, P • Q" 2x, P - Q = 2y. · ~ - ~ • - = - .:..;.__,/,.. .. P - Q P + Q 2y 2x xy 

0. (A) b fi :. ~ • ~8 , y1 . -16 
lit "1 ~ 

6 B)Th .. 2x+2 3x+3 3 0 l • I e common ratio 11 - x- ~ 2x + 2 • 2 , x ,. , x ,, -

; , 2x • 2 • Jx, x • -4 ;. the 4th term 18 (-4)(f)3 • - 13t 
7. (C) For equal roote the discriminant, p1 - 4p • 0. Thia equation 11 si>tlefled for p = 0 or p • 4, so 

that ( C) is the correct answer. 
8. (Cl We can re-write the equa~lon ae (X - fll(x - f) + (x - tu • 0 

.-. (x - ¼> (2x - h • 0, x = f- or x = }. Since. < f, the correct anewer la (C). 
9. (E) The coet of the article is pc $24 ° $21. A gain of 33½'% of the co1t l1 t x $21 = $7. The article 

must, therefore, be sold for 21 • 7 • 28 (dollare). Let M be the marked price, In dollar,. 
M - 1-M = 28 :.M = 35, so that the correct anewer la (E). 

to. (A) •·or tlie square the eide is s. the diagonal le s /'f, and the area is a2 • 
. ·.!{s /'i )h , e1 where h le the altitude to the base of the triangle. .-.h = s /'i 

I I. (0) 2' = 8Y'1 = 2J(y,t) .'.X = 3y + 3, 3•-I = 9Y = 3Zy ;,x - 9" 2y 
The 110lutlon of the two linear equations is x = 21, y = 6 : .x + y = 27 

12. (El To negate the statement "all members of a aet have a given property" - write "some member 
of the set does not have the given property". Therefore, the negation la: For eome x, x2 / 0, that 
Is, for eome x, xZ; O ~ 

t :i. (A) (8 - r) • (I :I - rl c 17, r = 2 ~• 
a · 8 - r • 6 ;.r :a • 1 : 3 a:__ 

8 -r 17 13-r 

14. (C) Let P be the amount paid for the 749 sheep. Therefore, the selling price per sheep is P/700, and 

the complete profit le 49 x P/700, Therefore, the pin is 49 x :/?OO x 100 = 7 (per cent). 

If•. (B) Let the line cut the x-axis In (-a, 0) and the y-axis In (0, h). Then ½-ah= T and h z 2T/a. The 
h 2T 2T 2T slope of the line la a = 11. Therefore, y = a2 x + a :.2Tx - a1y + 2aT = 0 

16. ( E) x1 • 3x • 2 i (X + 2) (x + l) 1 (X + 4) (X + 5) f 0. U x + 2 i 0, x = 4; U' x + 1 1 0, x = 5: If x + 4 1 0, 

x = 2; If x • 5 i 0, x ·= 1. Additional value, of x are. respectively, 10, 11, 8, 7, and so forth. 

17. (0) U x2 = kx1 and y1 • k;y1, k ,, o, x1y1 ,, o. the polnte P, Q, R Ile In a stra ight line through e. Other

wise, a parallelogram le formed with (•1 ; x1 • Yt ; Yz) the midpoint of diagonal PQ and 

(xi ; "t, Yt ~ Yt) the midpoint of diagonal OR (If the diagonals of a quadrilateral bisect each otb-,r, 

the figure le a parallelogram). 
18, (C) When two equations have the ,ame graph, one can be transformed Into the other by multiplying by 

a conatant k ., 0. 
: . 3kx • kby + kc = ex - 2y + 12, so that 3k = c, kb • - 2, kc c 12. The solution of these three equa
tions la c = 6, b = - 1 or c • - 6, b • l. 

19. (A) 2.x-:- 3y = z 
x1 + 3x.y 70z2 

x • 3y • l4z :.x • 5z, y = 3z : . • -- • 1 
y1 + z2 l0zl 

20. (Bl Since the expansion repreeente the binomial for all values of x and y, It represents .the binomial 
for x = 1 and y • 1. For these values of x and y each term In the expansion has the same value 
as the numerical coefficient of the term. Therefore, the sum of the numerical coerrtclente or all 
the terme In the expansion equals (l - 2)11 = I- 1)11 = 1. 

21. ID) Let log1,2 x = m and let log,2 b = n . Then x = b2"' and b = x1n, 

;,(x1")1"' = bt"' ;.xc... = x :.4mn • :.n = 4~ 

:.m • 4~ = 1 :.m = ½ :.x = b 



22. (C) Since OF - t DA, area (DOFE) - J- area (l'.DEA). Since E ts the midpoint or DB, area (bDEA) "I1 

area (DDBA). Therefore, area (.6DFE) = t ·t area (.6DBA) :.area (quad.ABEF) • ~ area (.6OB ) 
: .area (6 DFE): area (quad. ABEF) - 1 : 5. 

23. (D) Let the numbers be represented by x and y. Then x • y = 7(x - y) and xy -c 24(x - y). Therefore, 
8y " 6x and xy" 24x - 24y" 24x - 18x • 6x 
:.x(y - 6) " O. The value x = O Is not uea':>le, so that y = 6. Since 6x = 8y, x = 8 :.xy - 48. 

24. (A) y = (x - a)t + (X - b)2 : 2(xt - (a + b)x] + a 2 + b2 

:. y - 2[x2 - (a + b)x + t ; b)2] + aZ + bt - 2(•; by 

[ 
a + b]t (a - b)2 a + b :. y - 2 x - - 2- + -

2
- • For y to be a minimum x = - 2-

or 

The graph of y - 2xz - 2(a + b)x + at + bt is a parabola concave up with re11pect to the x-axis. It 

has a minimum point on the axle of symmetry, the equation of which la x " - - 2<a; b), that is, 
a+b x= -2-

25. (B) Let the linear factors be x + ay + b and x + cy + .;I. When multiplied out and equated to the give1t 
expreeeion, we obtain theae equatloo11 between the coefficients: 4) a+ c = 3 ~ b + d = l 
a, ad + be - m () bd = - m ii> ac = o. 
From equations ~ and ii> , either c = 0, a =· 3 or a = 0, c = 3. Wlth the first set of values equa
tion a> becomes 3d " m. &lbatltutlng Into eqitatlon ~, we have 3d = - bd. U d = 0, m = 0. U 
d ,. 0, b - - 3. :.d = 4 and m = -12. The second set of value11, a = 0, c - 3, ylelda the eame 
reeulta because of the symmetry of the equations. 

26. (C) From the given information the ratio of the distances covered by First, Second, and Third, ln that 
order, le 10: 8: 6. Since the speeds remain constant the ratio of the distances remains constant, 
eo that, when second completes an additional 2 miles, Third completes an additional 1 ½ miles 

since ~ = I where x le the additional distance completed by Third. 'fberefore, when Second 

completes 10 miles, Third completes 7t miles, that la, Second beatll Third by 2t miles. 
27. (E) When x;: 4, Ix - 41 + Ix - 3 I = x - 4 + x - 3?. 1 

When x ;; 3, I x - 41 + I x - 3 I " 4 - x + 3 - x i.; 1 
When 3 < x. < 4, Ix - 4 I + Ix - 3 I = 4 - x + x - 3 • 1 
Since a > I x - 4 I + I x - 3 I, then a > 1. 

28. (D) Ld a be the first term of the progression. Then i (a+ (a+ 2(n - 1))1 = 153, or nt + o(a - 1) 

- 153 = O. Pairs of factors of-153 are -1, 153; 1, -153, -9, 17; 9, -17; -3, 51; 3, -51. 
Therefore, the possible values of a - 1 are+ 152, - 152, + 8, - 8, + 48, - 48 and the poHlble 
values of n are 1, 153, 9, 17, 3, and 51. The value n = 1 ts rejected, an that there are five per
missible values. 

29, (El .6RFD ~ DRSF (an angle of one triangle equal to an angle of the other triangle and the including 
4ldea In proportion). 

RS SF RS 7!-
:. Jll' = jffi'• 5 "6 • RS= 6t 

or 
by the law of cosines, 52 = 42 + 61 - 2 • 4 • 6 coa L D 
:.cos L D = H = COB LRFS 
:. RS2 = 52 + (7t)2 - 2<7t)(S)(5) ;. RS= 6t 

30, (D) Let the roots he r and s with r ~ s. 

:. r - 11 = /(
2 + ~

2
: tn + 4.Ja)_ Since 7 + 4 /3 = (2 + .fa)t, r - 8 : 2 +

3 
./3 = 6 - 3/3 

31. (B) f(n + 1) - f(n - 1) = 5 + :rs (t \15)••1 + 5 - :15(1 -2 .fst•I - 5 + ;.fs(t •/5)8-' 
_ 5 -

2
3./5(1 -/I;-1 

• f(D + 1) _ f(D _ l) ~ 5 + 3/5(1 + ill [t + ./5 _ ~] + 5 - 3-/s/l - .fsV' [l - ./s _ ~] 
.. 2 2'-/ 2 1 + v "· 2 \; 2 ) 2 1 - ":, 

... f(o + 1) - f(n - 1) : 5 + ;Is(' +2 rsr (l) + 5 - 23.fs(t -; rsr (1) = f(n) 



32. (C) . a+b c•d a+b _ b+-c nd a+b 1 -~ 1 Since b+c : d+a' then c+d - d+a a c+d • - d • a • 

;. a • b • d • d = 1 • b • ~ • d . If a + b + c + d ,. 0, then a = c. 
C + a ♦ 

If a • b + c + d = 0, then a may or may not equal c, so that the correct choice is (C). 

33. 1B1 16 - c2 = 9 - d2 

c ·- p --- C 
D~-

:. x2 - 9 = 9 .'. X = 3./2 d '-. d x~ 
or A B 

Since x depends only upon the position of P, we may consider t!le special case where 
side DA. We then have xi - 9 = 52 - 42, x2 = 18, x = 3./2 

Pis on 

34. (C) s • 1 + 21 + Jjl + .• , + (n + 1)1" 
is • i•2i2 +, .. +nin+(n+l)l"•1 

35. 

36. 

s(l - i) = 1 • i + 12 • ... + i" - (n + t)in• I 
t · n •I 

s(l-i)= ;-
1

. -(n+l)t"•1 = 1 -(n+l)lsincei"=l 
- I 

1 - (n + 1 )i 1 + I 1. 
:. s = 1 _ i '"f";-f = 2 (n + 2 - ni) 

or 
S • 1 + 3tl.+ 51' + 7\1 + ..• + (n + 1)1" + 21 + 413 + ... + nt•·l 
s = (1 - 3) + (5 - 7) + ••• ((n - 3) - (D - 1)) + n + 1 + I [(2 - 4) + (6 - 8) + ••. + (n - 2 - n)] 

8 = i (- 2) + n + t + i (- 2)1 = t1 n + 2 - nl) A 

(B) 141 - qi= 132 - p2, 27 z q2 - p2, 15 = q + p ;. q = \l, p: f 
131 - r2 = 152 - s1, 56 = s2 - r 2, 14 = s + r ;. s " 9, r : 5 
Al)!= t31 - 52, Al) = 12, Jra1 = 131 - <\i)1• BE= f 

t r H_u 
l::.HDB - l::.HEA • - = - = ...L.::..:. •·u P · 12-f 
Since r = 5, p = f, u = ff t, 12 - t • JS ;A" - ff : ~ t 
.-. t = ~: • 12 - t = flt .·. 1ffi: HA = 435 : 957 = 5 : 11 

I II 

IS 

(is) Consider position u_c (60°) ts measured by 
MT' + TN: so that MT~ = so•. In any other 
EQ!ltion, such as n, LC Is still measured by 
"MT'+ "fiif. Since LC remains unchanged at 
60', MTN remains unchanged at 60' . 0~ 

A T B A T B 
b+a r= 

37. (0) We ftrat prove that the A.M .. -
2

- • la greater than the G.M., v ab, b > a. 

b - a > 0, b2 - 2ab + a2 > 0, b1 + 2ab + a! > 4ab, b + a > 21ab, b; a > lab. 
b+a = b-a ,- ,... ,-

.-.-2-- a> vab- a, - 2- > va (vb-va) 

;. (b 4 a)
2 

> a (b + a - 21ab) .-. (b ~a a)! , b; a - lab, that ts, the difference of the A.M. and the 

(b - a)2 p 
G.M. is less than ~ ~ 

38. (D) 16 - (y - x)2 = (t)2 - x1 .-. (y - x)2 - x2 = J/ 4 : 3! 
16 - (y - x)1 = 7! - (y + x)2 .-. (y + x)2 - (y - x)2 = 33 Q ~ R 
:. y2 - 2xy = J/ and 2xy = ¥ :. y2 = '-J-, y = t :. QR = 9 M 

or 
By the law of cosines, (t)2 + y2 - 2 · t · y cos LPMQ = 16 and <tJ2 + y2 - 2 · t · y cos (180" - LPMQ) 

a (})
2 + y! + 7y COB LPMQ = 49 .".~ + 2y2 = 65, y = ~• 2y = 9 

39. (A) The length of each of the lines through P must be less than the length of the larger of the two 
sides o{ the triangle adjacent to the line through P. To see this let BB' be fixed and allow point P 
to take a position very close to B'. Then A' takes a position very close to C so that AA' Is very 
nearly equal to b, but less than b. Similarly, CC' remains smaller than a and BB' remains 
smaller than a for all interior positions of P. 

:. AA' + BIi• • CC' < b + a + a ;. s < 2a + b. 
40. (A) First we note that the number of minutes In a day is 24 x 60 = 1440, while the number of minutes 

as recorded by the watch in a day is 2t less or l.J37}, so that the correction factor for this watch 
Is 1440/l437r or, more simply, 576/575. 
Designate a minute recorded according to the watch as a "watch-minute" and a day recorded by 
the watch as a ''watch-day." Since the time interval given Is St watch-days, or 5~X 24 x 60 
watch-minutes, we have 5tx 24 x 60 • n : 5t x 24 >< 60 >< ~ ••. n = 140 · 60 <ill- I)= 14½1, 
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Note: The letter following the problem number refers to the correct choice of the five listed for that problem 
ln the 1965 examination. 

l. (C) 2h'-h•5 = l = 2t : . 2x1 - 7x + 5 = O; the solution set of this equation has two members. 

2. (D) Let r be the magnitude of the radius of the circle; then the length of a side of the hexagon Is rand the 
length of the shorter arc intercepted by lhe side is 21rt·/6. The required ratio is r:(2.-r/6) or 3:w . 

3. (Bl si-1r', = sr11' = -1n = !. 
Bl"' 3· Query: rs there another permissible value not listed in the five cho ices, 

4. (C) Let 11 be the set of points such that each point is equidistant from 11 and 13. Designate the distance by 
d. Let 11 and 11 be the set of points at the distanced from 11 (15 and 11 are parallel to 12) The inter
section set of 11, 11• and 11• containing two points, is the required set of points 

5 . (A) 36 36 36/102 36 4 
0.363636 ... z wl + 101 + • •• = l-l/lOl = 99 = TI• so that the correct answer Is (A) . 

or 
l,et F = 0.363636. . . 1001-' = 36.363636.. . 99F = 36 

36 4 
F=ss=rr 

6 . (B) Since 10101.,t = 8x + 5, (log 109)(1og1010) = log 10(8x + 5) :. 9 = Bx + 5 :. x = 1 /2 

7. (E) Let the roots be r and s; then r • s - - b/a and rs = c/a 
. l 1 r + s - b/a 
.. r+ 5 = ~ = c7a= -b/c, c "0, a" 0 

8. (A) Lets be the length of the required segment; then s1/182 = 2/3 so thats = 6,/6 (the areas of two simi
lar triangles arc to each other as the squares of corresponding sides). 

9 . (E) y = x2 - Bx+ C = x2 - 8x +· 16 , C - 16 = (x - 4)2 + C - 16 (a parabola). For its vertex to be on the 
x-axis, its coordinates must be (4,0) so that C must h,ive the value 16. 

10. (A) xl - x - 6 < 0, x2 - x < 6 , x2 - x + ¼ < 6 + ¼, (x - ½t < (if 
:. Ix-½ I < } or-'½< x -½ < ½, that is - 2 < x < 3 

or 
x2 - x - 6 < 0, (x - 3)(x + 2) < 0 . This in~'(!uality Is satisfied If x - 3 < O and x + 2 > O or if x - 3 > O 
and x + 2 < 0. The first set of ineQualities implies - 2 < x < 3; the second set is impossible to satisfy. 

11. (B) H = 2~. ~-= 4~ : . (H)(,/-16) = 8(-1) = -8 but v'(-4)(-16) = ,/64 = 8 
:. Statement I Is incorrect. A 

12. (D) Since .6BDE ~ <l.BAC, s/6 = ( 12 - s)/12, s = 4 

13. (E) Let the line Sy - 3x - 15 inte,·sect the circle x2 + y2 = 16 in points Rand S. 
All the points on segment RS (which is a chord of th,; circle) satisfy the 
given system, so that the correct answer is (E). 

14. (A) (xl - 2xy + yZ,f = ((x -y)Z,1 = (x -y)". By setting x = y = 1 In the expans ion 
of this binomial we obtain the sum s of the integer coefficients. Con
sequently s = (1 - 1)" = zero 

15. (B) 52b = Sb+ 2, 25b = 2b + 5 . Since 52b = 2(25b)• 5b + 2 = 2(2b + 5) :. b = 8 

16. (C) Draw AE and the altitude FG to the base DE of tria.!'JQe DEF. Since Fis the 
intersection point or the medians of triangle ACE, FD = ➔ AD. 
:. FG = j AC = ·i · 30 = 10 :. area (.6DEF) = ½ · 15 · 10 = 15 

A 

' ' ' ' ' ', 
' ' ', 

' 
17. (E) The given statement may be rephrased as "If the picnic on Sunday is not 

held, then the weather Is not fair." Its contrapositive Is "lf the weather 
Is fair, then the picnic is held on Sunday." This Is statement (E) 

' C~-~~---'- E 
15 15 

18. (B) Since -
1 

+l = 1 -y + ___.r:_
1 

2 
, the error in using the approximation l -y is ___.r:_

1 
2 

• 
y • y + y 

The ratio of the error to the correct value ls, therefore, (-~) / ( 1 ! ;) = y2 

19. (C) Let x' + 4x3 + 6px2 • 4qx + r = (x + al(x3 + 3x2 + 9x + 3) = xi+ (a • 3)x2 + (3a + 9)x2 + (9a + 3)x + 3a. 
Equating the coefficients of like powers of x, we have a = I. p = 2, q = 3, r = 3 so that (p + q)r 
= (2 + 3)(3) = 15 

or 

Divide xi+ 4x3 + 6px2 + 4qx + r by x3 + 3x2 + 9x + 3; the quotient is x • 1 and the remainder is the 
second-degree polynomial (Gp - 12)xl + (4q - 12)x • r - 3. This remainder L'(!Uals zero since the 
division Is exact. Therefore p = 2, g = 3, r - 3 and (p + q)r = 15 

20. (C) The r th term equals s, -s,_ 1 and S, = 2r + 3r2 and s,_1 = 2(r - l) .+ 3(r - 1)2 - 3r2 - 4r + 1 
:. the rth term equals 6r - 1 

or 



21. (D) 

22. (A) 

23. (D) 

24. (E) 

25. {D) 

26. (E) 

Let the rth term be u, ; the n S, = f<a • u,) = 2 r + 3r2 :. a • u, = 4 + Gr 

But a = S 1 ., 2 · I + 3 · 12 = 5 :. u, , 4 • Gr - 5 = Sr - 1 
OY 

a = S1 = 5, s2 = 16 :. u 2 = s2 - S 1 = 11. but u2 = a + d :. d E 6 
:. u,. = a • {r - lld : S + (r - 1)(6) = Gr - l 

x 1 
• 3 ( 3) . . . 3 log 10 (x2 + 3) - 2 log10 x = 1og 10 --1- • loi:10 t ' -1 . I-or a suffJc1cntly large value of x, 2 may be 

made less than a specified poslti:e number N and s: log10 (1 + 1) may be made less than t~e specified 

positive number log10 (I + NJ. Challenge: U, in the problem, the condition x > ½ were given instead of 
x > i", show that then (H) would a lso be an acceptable answe r. 

a2x 2 • a 1x + '¼ = a2(x2 ·• ~ " • ~ ) c a1 (x2 - (r + s)x + rs) 
:lz ~l2 

= a2(r - x)(s - x) = a2rs (1 - ~) (1 - ~\ rs " O Since rs = ~ and rs ~ O and a2 "o, then a0 ,. 0 
r sf ~ 

:. a 2x2 + a 1x + a0 = a2( ~ ) (1 - ~)(1 - ~) = a0 (1 - ~) (1 - ~) for all values of x provided a0 "0 

Since [x - 21< O Ol. lx2 - 41= Ix - 2llx • 21 But Ix • Zf :. Ix/ + 2 < 2.01 + 2 = 4 01, 
since [x - 21< 0 01 implies that x < 2 01 [x2 - 4 1 < (.01)(4 01) = 0401 

QY 

/x - 21 < 0.01 implies 1.99 < x < 2.01 :. 3 .9599 < 3.9601 < x2 < 4.0401 
:. - 0401 < x2 - 4 < .0401, that is. [x1 - 41 < .0401 

Let P = 101/11 · 101111- • · 10•/11 = 10' wheres = 1 + 2 + · · · + n = ..!.. · !n(n + I) 
II 11 2 · 

For P > 100000, 10' > 1<>6, that is, s > 5 n
1

2
; n > 5, n2 + n - 110 > 0, (n + ll)(n - 10) > 0, n > 10 

Since CB is the median to the hypotenuse AE o f right triangle AEC, 1.; 

CB=½AE=AB DG 
. . a+b +c+d+c 

From the given informatton m = , , 2 k = a + b, 11 = c • d + e, 

k + I 2k • 31 2k + 31 k + I and p = - 2 - :.m = - 5-- If m = p, -
5
- - = - 2 - so that I= k; 

if m > p, then ! > k; if m < p, then I < k. A B E 
Since, for random selections o f a, b, c, d, e, it is possible for I to equal, to be greate r than, o r to be 
less than k, so it follows that m can be equal, can be greater th:rn, or can be less than p . 

27. (A) Since y 2 + my + 2 = (y - I)/ (y) + Rt is true for all values of y , we have , letting y • 1,3 + m = R
1

• 

Similarly, since y 2 + my+ 2 = (y + I) g(y) + R2 is tt·ue for all values of y , we have , lt:tl!ng y • - 1, 
3 - m = R2. Since R1 = R1, 3 + m 2 3 - m. .'. m = o. 

28. (B) Let the time needed for a full step, at any given leve l o f the escalator, to r each the ne xt leve l . be 
designated as unit time. The n Z 's lime to trave l the escalato r n,ay be represented as 1 + k · I whe r e 
k is the number of escalator steps covered by Z in unit time. Similarly A's time may be r epresented 
as 1 + 2k • J. 
Since the rates of A and Z are inversely proportional to their negotiated numbe r of steps, 

1 : 2k: 1 : k = 18:27 so that k = l. Setting 1 : 2k - 18 , we have1 = 18 , n = 54, Alternative ly, we set 

1 ! k = 27 and obtain i = 27. n = 54. 

29. (A) Let n1 (n1 l': 0) represent the number of students taking Mathematics and F.nglish only . 
nz even) represent the number of students taking all three subjects. 

Let n1 cn1 > O, 

From the given information we have, then, n1 + n1 .+ 5n2 + n2 + 6 = 28, that is, n1 -+ 3n1 ~ 
restrictions given in the problem , this equatio n is satisfied only by n2 = 2 and n1 c 5 

11. Unde r the 

30. (B) {.A={. BCD (Why?), DF = CF (Why?) : . L OCF = L CDF 

31. 

{. BCD" 90° -L OCF, {.FDA • 90" - L CDF 
:. L FDA= L BCD= LA :. DF = FA= CF, that is , OF bisects CA. 
Also L CFD = L FDA+ L A= 2 L A. 
The given information is, therefore, sufficient to prove choices (A), (C), (D), and 
(E) . ~r choice (B) to be true, segments CD and AD would have 10 be equal, but 
such equality can not hold for all possible positions of point D. 

(C) Let log. x = y :. x = a• :. logb x ~ logbav = y logba 
: . {Oog.x)(logbx) = log;,b} implies {y · y logha = log,b} 
Since logha = 1/tog ,b, y1 = (log,b)1, y = log.b or y = - log,b 
:. log,x = log.b or log,x = log , b-1 :. x = b or x = b-1 = 1/ b 

or 
Let logbx = y :. X = bY :. (log.bY)(logbbY) = log,b 
(y log,b)(y logbb) = log,b, y2 log,b = log,b : . y2 = I :. y = 1 or y " - I :. x = b or x " b-1 

OY 

E 



(lohx)(log.x) ~ log.x ( 101 b') ~ Jog,b .'. x 1~1b' = b 
.'. (1011:bx)(logbx) = !ogbb • 1 .'. lohx = l or logbx • - 1 .'. x • b or x • b-1 

32. (C) 100 • C - x, C = 100 + x 

.'. S' • C + l ½ = 100 + X + ~ = 100 + l~O (100 + x + ~O) 

• x2 X 10 
.. 100 ♦ 9() - 9 = 0 ;. X = 10 

33. (D) 15 ! = 101(3 · 14 · 13 · 12 · 11 · 9 · 8 · 1 · 6 · 3 · 2 · l) and 15 1 = 121(15 · 14 · 13 · 11 · 5 · 7 · 5) 
:. k = 3 and h = 5 .'. k + h = 8 

34. (Bl 4xl + 8x + 13 1 · · · Let y = S(l + x) : . 4x + (8 - 6y) x t 13 - 6y = 0, a quadratic equaUon lox with d!scr!m1nant 

D = 36(y1 - 4). Since xi: O, D must be non-negative. 
: . y i: 2, that Is, the minimum value of the given fraction la 2. 

or 
4xl + 8x + 13 ~ 3 . 1 

Let y = ~(I + X) = 3 + 2(X + I) so that y ts of the form N + N" The mlnlmwn value of such 

,, 1 . 2(x + 1) 3 d I 
ab expression occurs when"' = N' that 1s, when 3 = 2(x + I)' lo other wor s, when x = 2. With 

this value of x, y = 2. 

35. (D) Let EB = x: then AE - EC = 5 - x and DF = x, so that AG = x and GE = 5 - 2x 
:. wl = (./6)2 - (5 -2x)1 and, also , w 1 = (5 - x)1 - x1 : . 6 - 25 + 20x - 4x2 
= 25 - !Ox :. x = 2 and w = /5. The value x = 11/2 is rejected. 

D~-~F __ s_- _x __ c 
X 

wl 
I 
I 

36. (E) L!.P1P2P 1 ~ L!.P1P1P .'. ~:b - b :a, P1P1 = b1/a 
L!.P4P 2P2 ~ L!.P3P2 P1 .'.P4P 3:b2/a ~ b1/a:b. P 4P1 • b1/a2 

A X 

0 E 

37. 

""""""" 4/ , Th 1· . . . b bl b' Similarly ,,,,, 4 = b a and so forth. e ,m,tmg sum IS a + + a + al 
b ab a1 

a + I - b/a = a • a - b = a - b 
P, 

P1 b a 

(C) Draw DGH II AB : . DG:3a = b :3b; DG = a - EA 
: . EF = FG and AF = FD so that AF/FD = 1 

+~•-~- Pp A 

B O B 

Also DH:4a = b:3b, DH = 4a/3 and OH = DH - DG = a/3 
: . GC = ¼- EC and EG = i-EC, and, since EF = FG, FC = t EC 
:. EF /FC = t :. "IT Jr'c + AF /FD = t + 1 • t 

I I I 

b 

38 • (E) i · .¾ (~ + h), ! = ¼(h • ¼), h = Hi+!) A...:;; ____ _,.H_..=. ... c 

:. X - t = 1- j_ a nd X + fi = ~ • j_ • ~ = i • i + f (¼ + ~) 

· ! fm + 1) _! (n+ I) and! {m-1-~)- ! (1-n+~) 
"' A~ B A x B x 
• ~ = m + 1 and ~ = m - 1 - 2/x m + I = m - 1 - 2/x . _ m + n + 2 
· · B n + 1 B 1 - n + 2/x n + I I - n + 2/ x · · x - mn - I 

39. (B) OA = J+r,O'A=l+r,BA=t!-r. 

40. 

Area (LI.OBA) = 2 Area (L!.BO'A) 
Sem iperlmeter (LI.OBA) = ¼<½ + r + 1 + 1 - r) = t 
Semiperimeter (L!.BO'A) = !(t - r + ½ + I + r) = f-
:. /f ( l - r)(½)r= 2Jf cr)(t)(i - r) :. 7r - 3, r = t, d = ~,. .86 

O>" 

Draw the alti tude h from A to OB. We have, then 
(! + r)2 - t' = (t - r) 2 - (I - l)l, t = 2r - ½, hl = 3r - Jrl 

Since Area (L!.OAO') = Jh · ~ = /(f + r)(r)(l)(i), we have 
92 9 I 3 1 2 3 6 Tir' - 16(3r-3r) = 4 r+ 2 r :.r='f andd - 7 

(D) Let P = x~ + 6x3 + Ux1 + Jx + 31 = (xi+ Jx + 1)1 - 3(x - 10) = y2 
:. (xl + Jx + 1)1 - yl = 3(x - 10). When x = 10, P = (x2 + 3x + 1)2 
= 131 1 = :t2- To prove that JO Is the only possible value we use the 
follnwlng lemma: U I NI > IMJ , N, M Integers, then N2 - M2 ~ 2JNI- l 
(This lemma is easy to prove, try it) 
Case I If x > 10, then 3(x - JO) = (x1 + 3x + 1)2 - y1 ~ 2 jx1 + 3x + 1 J - I, an impossibility 
Case II H x < 10, then 3(10 •· x) a y1 - (x1 + 3x + 1)2 i: 2 IY I - I > 2/x1 + 3x + 1 I - I. This Inequality 
holds for the integers x • 2, I, 0, -1, -2, -3, -4, -5, -6, but none of these values makes P the 
square of an Integer. 
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:Sote: Tbe letter following the problem number refe r s to the correct choice of the five listed for that problem 
LD the 1966 examination. 

l . (Cl 

2. (E) 

3. (D) 

4. (B) 

5. (Al 

6. (Cl 

7. (A) 

8. (B) 

9. (A) 

3x - ~ = k(y + 15) , 6 - 4 = k{3 + 15) : . k = 1/9 : .3x- 4 = 1/9 (12 + 15) =3, 3x= 7, -~ = 7/3 

l 1 1 I Ko= 2 bh, Kn = 2 <b + .lb)(h - .lb) :,Kn• 2bh + .05bh - .05bh - 2 LOU bh = (I - .0111<., , Therefore, 

the change is a decrease of t 'l, of the original area. 

Let rands be the roots of the required equation. Since 6 = r; 6 , r + s = 12 and since 10 = /rs, 
rs = 100, so that, In the required equation, the sum of the roots is 12 and the product of the roots is 
100. Hence, x1 - 12x + 100 = 0. 

Lets be the length of a side of the square. The radius of circle I is ½s ,/2 and Its area K1 = ½•s1. 

The radius of circle TI is ½ s snd its area K1 = ¼ •s1. .-. r = ~ = 2 

For x "'0, x "'5, the left side of the equation reduces to 2. :. 2 = x - 3, x = 5, but x = 5 ls 
unacceptable. The equation Is, therefore, satisfied by no value of x. 

Triangle ABC Is a right triangle with hypotenuse AB = 5 inches and leg BC equal to a radius of the 
5 -, -2 -1 25 75 5-fi circle, 2 . We, therefore, have AC = AB - BC = 25- T c 4 ; .AC = - 2-0nches). 

35x - 29 "' Nt (x - 21 + N2(x - 11 Is an identity in x. Letting x = 1 we find N 1 = -6 and letting x = 2 
we find N2 "' 41. :.N1N1 = -246 

From the diagram we have OP 1 = OA 1 - AP 1 = 101 - s1. OP = 6 

Q'pl = o'A 1 - AP 2 a 171 - 81, O'P = 15 

.-.oo' = OP .. o'P .. 6 + 1s = 21 

I (l)l log 1 8 = 3 and log 1 2 = - .-. x = -
3(0 - l) C -3 3 3 

OY 

Let y = log 2 8(= l) .-. 2• = 8(= 2'1 .-. y tog 1 2 • log 1s = 1 

:.log 1 2 • .!. :.x • l •=\ = y-Y 
y y y 

:. log,x = -y log,y = -3(1) = -3 

8 

10. (E) Let the numbers be x and y . Then x' _. y1 = (x • y)1 - lxy(x + yJ 
:. x' + yl = I 3 - 3(1) (I) " - 2 

or 
. . ! 1+!>'3 1-1>'3 Cons 1der the equation Z - Z + l = O with roots Z I c --- , Z2 = ---. 

The sum of these roots is I and the ir product is I , so tMt we may taki for our numbers the 

numbers Z1 and Z2• Therefore z,3 + z/ = {I • ~ Jij + ( I - ~ fi)3 
l + 31 ,/j + 3i1 • 3 + ;l • 3 -fi + I - 3i Ji + 3) • l - ;! • l Ji 2 - 18 

s "-s- =- 2 

11. (C) Since the bisector of an angle of a triangle divides the opposite side into s egments proportional 
to the sides Including the given angle , taken in the proper order, we have 
10 - x 3m 3 5 2 5 
- x- = 3m " 4 :. 40 " 7x , x = 5 7 . 10 - x = 4 7 :. The longer segment Is s7 . 

12. (E) The given equation is equivalent to (2" • 'HzZ'h • I)) • 2''" • s> 
The left side of this equation equals 21 .. l • zh • 11 " 211 .. •s and the right side is also equal to 
211•• 11• so that the given equality is an identity in x . It is,.thererore, satisfied by any real va lue 
of x. 

13. (El Since x + y :i 5. y ~ 5 - x; for any rational value of x , 5 - x and. hence, y is rat ional. 
or 

Consider the graph of x + y ~ S; it is the half-plane below the line Y 
x + y "5, including the line x + y = 5. Since this half-plane 
contains an infinite set of rational points (points with rational 
coordinates), choice (El ls the correct one. 

14. (C) The area of triangle A BC equals -½ . 5 . 3 = 1: . Since AE = E F = FC, 

the area of triangle BEF equals½ of the area of triangle ABC, that is, 
I 15 5 
3 · 2=2· 

15. (D) Since x - y > x, y < 0 and since x + y < y, x < o. 
:. Choice (D) is correct. 



16. (B) x-y=3 :. X = 4, y = 1 

:. xy = 4 

x2 v2 
17. (C) Both curves are ellipses with the centers at the origin. The first, 1 ♦ ...,_ = 1, 

1 (½)2 

has x-intercepts +1 and -1, and y-lntercepts +½and-½- The second, 

x2 y~ 
IT+ 21 = 1, has x-lntercepts +1 and -1, and y-lntercepts +2 and - 2. The number of 

distinct points of Intersection la 2. 

D n 31n 18. (A) s = ~a + I) where a • 2, I = 29, and s = 155 :. 155 "' 2 (2 + 29) • 2 , n "' 10. 

But I = a ♦ (n - l)d; so that 29 s 2 ♦ 9d, 9d • 27, d = 3 

( n n n
1 

n 1 19. B) s 1 = 2(16 + (n -1) 4), s 2 = 2(34 + (n -1) 2). But s 1 = s 2 Implies 2 12 + 4n) = 2 32 + 2n) 

:. 12 ♦ 4n = 32 + 2n, n • 10 so tbat choice (B) Is correct. 

20. {C) To negate the proposition •p - q•, where p and q themselves are propositions, we form the prop
osition •p and not-q•. rn this case p Is the proposition •a = o• and q Is the proposition "ab = o•. 
The negation Is, therefore, "a = 0 and ab "o•, corresponding to "If a = 0, then ab ,. o•. 

21. (E) 

22. (A) 

23, (A) 

Let the measures of the angles at the n points be a1, a2, • • • , a. and let 
Cl'1, Cl':• • • . , Cl'n be the measures of the Interior angles of the polygon, 
with Cl'n = Cl'1• We have a 1 "' 180 - (180 - Cl'1) - (180 - Cl'?) • Q'1 ♦ <l!z - 180, 
a2 = Cl'z + ~ - 180, . . . , a.• Q',, _ 1 + Q'0 - 180. Summing, we have 
a, + a1 + ••• +a. • 21Cl'1 + Oz + ••• + a,,,) - n • 180 
:. S = 2 ((n - 2)180) - n • 180 • 180(n - 4) 

I Is satisfied when b • a.r-i, n la satisfied when b •~,a#- 1, and 
,/a• -1 

III and IV are both satisfied when b,. 0 and a Is chosen arbitrarily. 
Therefore, (A) Is the correct choice. 

] 
... __ 

--&i> .... -........ 
.... -.... 

We treat the equation as a quadratic equation In y for which the discriminant D = 16x2 - 16(x + 6)• 
16(x2 

- x - 6) • 16(x - 3)(x + 2). For y to be real Di: 0. This Inequality Is satisfied when x :a -2 or 
X l:: 3. 

24, (B) Let log1,1N = x; then log11M • -
1 

l N = ! . :. x2 • 1, x = +1 or -1. U x • 1 then M = N, but this ogM X 
contradicts the given M # N. If x = -1, then N • M-1 :. MN • l 

or 

Let JogMN - X • log'NM :. N = M' and M .. N' :. (M')' = N'. M 
:. x · x • l :. X = l (rejected) or X • -1 :. N • M-1 : . "NM = l 

25. (D) 2F(n + 1) • 2F(nl + l 
2F(nl • 2F(n - 1) + 1 

26. (CJ 

27. (A) 

2Fl2) = 2FU) + 1 
:. 2F(n + l) = 2F(1) + n · l 

:. Fin + I) = FU) + ½n :. F(l0l) = 2 + ½ · 100 = 52 

100 or 
2 !; Fin+ 1) = 2FU) + 100 = 2, 2 + 100 = 104 :. FU0l) = 52. 

l 

711 13x + 11 lmx - l) = 700, x(l3 + 11m) = 711, x • 13 + 11 m, with m Integral and x Integral. It Is 

easy to see that m must be even. Try 2, 4, 6 in turn. Neither 2 nor 4 produce an Integral x but for 
m = 6, we have x = 9. Since two straight lines can Intersect in at most one point (these lines do not 
coincide), m = 6 is the only possible value. 

Let m (miles per hour) be the man's rate in still water, and let c (miles per hour) be the rate of the 
current. Then 

___!L ; ___..!L - 5 and - 1-5- = ----.!.L - 1 
m + c m - c 2m + c 2m - c 

15m - 15c ; ISm + 15c - 5m2 + Sc1 and 30m - 15c = 30m + 15c - 4m1 + c1 

:. -sm2 + sc2 = -30c and - 4m1 • c2 = - 30c 

:. m1 - 4<:1 
; 0, m = 2c, 3c2 = 6c, c ; 2 



Since AP = BP 1L::..!. = x - b 
PO PC' d - x c - x 

ac - bd 
:. x(a - b + c - d) • ac - bd, x =a_ b + c _ d 

28. (Bl • A B x-6 
0 

d-c 
c-x le "o 

29. (B) The required number r,. is 999 - N1(5l - N1{7) + N3(35) where N1{5) is the number of multiples of 5, 
namely 199, N1(7) is the number of multiples of 7, namely 142, and N1(35) is the number of multiples 
of 35, namely 28. : . n = 999 - 199 - 142 + 28 = 686 

30. (D) I + 2 + 3 + r1 = 0, r1 = -6. Since -a represents the sum of the roots taken two at a time and c repre
sents the product of the roots, we have -a = -2 - 3 + 6 - 6 + 12 + 18 = 25 ud c = {1)(2)(3)(-6) = -36 
.'. a + C = - 25 - 36 = - 61 

Solve the system I + a + b + c = 0 
16 ♦ 4a + 2b ♦ C = 0 
81 + 9a + 3b + c = o 

or C 

to obtain a= -25, b = 60, c = -36. 
.'.a+ C = -61 

31. (0) Quj!/ril~ral ABDC is inscrlptlble 
: . CO = BD, :. CD = BD 

32. (Bl 

33. (D) 

L DCO = a + fJ, L DOC = a + P, :. OD • CD = BD 

Since M is the midpoint of AB, the area of triangle BMC = t the area of 
triangle BAC. But the area of 6 BMC • tho area of 6 BMD + the area of 
6 MDC, and 6 MDC • 6 MOP in area (they have the same base MD and .,qual 
altitudes to this base since MD II PC). Therefore, in area 6BMC = 6BMD 
+ AMDP = ABPD, :. r = t independent of the position of P between A and 
M. Query: la the theorem true when P is to the left of A? 

a(x - a)1{x - bl • b!x - b)1(x - a) • ab1(x - b) + a1b(x - a) 
a(x - a) (( X - a)( X - b) - ab) - - b ( X - b)(( X - a)( X - b) - ab] 
:. (Ix - a)(x -bJ - ab)lax - a1 • bx - b1 ) = O. 

x! - ( a • b)x = o or ( a • b)x = at + b1 :. x • 0, x • a + b. or x = a; : f 

C 

~ 
A P M B 

34. ( B) r = T · 
52

1
80 • 3600 where t is given in seconds 

8t1 - 2t - 3 • ( 41 - 3) ( 2t + 1) • 0, t • ;!_, r • 10 
4 

11 l 11 l 
-'·t - ¼ • 5280 . 3600 - t . 5280. 3600 + 5 

35. (Cl OA + OC > AC 
OC + OB> BC 
OB+ OA > AB 

2s1 > s1 

OB • OC < AB • AC 
OC • OA < BC + AB 
OA + OB < AC + BC 

2s 1< 2s1 
s, < 81 s1 > ½s, 

36. (E) (1 - x + x1 ) • ~ a 0 - a 1x + a 2x1 - a3x
1 + . . . (1 + x • x?J• • a0 • a,x + aix1 + a,x1 + , 

:. 2(a0 + a1x1 + a,x• • . • • + a1.x1•) • (I - x + x?J• • (1 + x + x1>• 
3° + l 

Let X • l :. 2(ao • a1 ♦ • , • + a10 ) • 1° + 3• .'. 2a = 1 ° + 3° .".8 = - 2-

37. (C) Let a, b , c be the number of hours needed, respectively, by Alpha, Beta,and Gamma to do the Job 
l l l l 1 l 

when working alone. Then a + b + c = ;-:s " b _ 1 = c72 :. b • a - 5 and c = 2a - 12 

l l l I 20 :. a + a _ 5 + 2(a _ S) • a _ 6 -'· a = 3 ; the value a = 3 ls rejected. 

5 4 111 13 4 
:.b=3aDdc•3 .'. a•b=2073+s73 " 4 :.h • 3 

38. (D) In area 6COM • ! l'.COB = ! · ! MBC • ! MBC • 1'.CQM + n • ! MBC + n 
2 2 3 6 8 

l l :. 6 6ABC = 8 6ABC + n 

l 
:.n = 24 LI.ABC : .6ABC = 24n 

39. (El F = 3R1 + 7 = 2R. + 5 and F = 7 R!, + 3 = ~ 
1 Ri-1 Rf=T I R1 - l Rf-I 

40. (A) 

:. R1 = 29~•; 
2
~ Knowing that R1 and Ri must each be Integral. and that R1 ~ 8 (why?), we 

solve for R1 with permissible values of R1. For R1 • 8 , R2 is not Integral: for R1 = 9 or 10, Ri is 
not integral; for R1 = 11, R1 = S; for R1 = 12, R1 Is not integral: for R1 = 13, a,= 9. The values 
R, = 13, Ri = 9 do not satisfy the conditions of the problem; the values R1 "11 , a," 8 do. 
:. R1 + R2 = 19 

...!. = AE = CD and BC 1 = CD • CA and ~ = 2a so th.at BC2 ~ 4a!yl Since ...!. • W = 
2a AC AC y BC xl . 2a 

~~•CD • CA, ]ii• ~=co' :. ~i. = Cii 1 
- AE I= xl + yl :. y2(2a - x) = xl 

B 
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Note: The letter following the problem number refers to the cor rect choice of the {Ive listed for that problem 
In the 1967 examination. 

1. (C) Since Sb9 Is di vi'sible by 9, b = 4 : . a + 2 = 4, a = 2, and a + b = 6. 

2. (D) The given expression equals (x + ¾)~ + f) + (x -¾) ~ -f) 

3. (B) 

4. (C) 

= xy + l + ~ + ..!.. + xy - l - ~ + .!. = 2xy + .!.. . 
x y xy x y xy xy 

OY 

x2y2 + x2 + y2 + 1 + x2y2 _ x2 _ y1 + 1 = 2x2y2 + 2 " 
2
xy + !_ . 

The given expression equals - xy xy xy 

Let r be the radius; h, the altitude; and x, the side o{ the square. 

r = !h = ! · .!. s-13 = s./3 : . Area (square) = x1 = 2r1 = !..
6

2 

3. 3 2 6 

Since~= log x, a = xP. Similarly b = xq and c = x'. p 

. bl - xlq - 2q- P - r I bl y .. ac - ?7 - x . Since, a so, ac = x , y = 2q - p - r. 

5. (D) Let the sides of the triangle, In Inches, be a, b, and c. Then 

6. (D) f(x + 1) - l(x) = 4• + I - 4 • " 4'(4 - 1) = 3. 4• = 3f(x). 

-be - be 
7. (El If bd > 0 then a< d When - c > 0, d > 0, so that a Is less than a positive quantity. 

:. a may be positive. zer o, or negative. 

8. (A) 
: . x = m

1
~ 10 . The solution Is valid form> 10. It, therefore, holds form > 25. 

9. (E) The shurter base, the altitude, and the longer base may be represented by a - d, a . and a+ d, 
1 

respectively. :. K = 2a(a - d + a+ d) = al. Since al may be the square of an Integer, a non- square 

Integer, the square of a rational fraction, a non-square rational fraction. or Irrational, the correct 
choice Is (E). 

10. (A) a(tO• + 2) + b(lO" -1) = 2 • 10• + 3 :. a + b = 2 and 2a - b = 3 :. a = } and b • ½ :. a - b = ! . 
11. (B) Let the d imensions be x and 10 - x and let the diagonal bed. Then di = x2 + (10 - x)1 = 2x1 - 20x + 100 

~ 2(x2 - lOx + ZS) + 50 = 2(x - 5)2 + 50. The least value o{ d2 (and, hence, of d) occurs when x = 5 . 
. . d (least) = vso. 

or 

The graph of 2x2 - 20x + 100 Is a parabola with the low point (minimum) at vertex (5, 50). 

:. d1 (least) = 50 and d (least) = -/so. 

Of all rectangles with a fixed perimeter the one with least diagonal Is the square. Since the perimeter 
i s 20, the side of the square Is 5, and, therefore, d = ../so: 

12. (B) The area of the trapezoid thus formed Is ½<3)(m + 4 + 4m + 4) = 7. :. Sm = - 1:, m = - i. 
13. (E) 

14. (C) 

The given part s are not independent since he = a sin B. There Is no triangle I{ he < a sin B or 
he > a sin B. When he = a sin B, we are free to choose vertex A anywhere on BD, Including right and 
left extensions, where D Is the foot o{ he• 

Since y = _ x_. y - yx = x and x = J_ : . x = - ---=:i....__ = - f(-y). 
l - x l + y l - (-y) 



15. (D) Let T 1 • Tt represent the larger, smaller areas, respectively. Since the triangles are similar and 3 
is a side of the smallf>r triangle, we have 
T x1 . T + 18 x1 . 18 . 

16. (Bl 

17. (A) 

18. (B) 

19. (E) 

20. (A) 

21. (B) 

22. (A) 

23. (B) 

24. (A) 

25. (A) 

T
!.1. = 1 - .. .!.1...:..!!!.T = -:;-r = k1 • k a positive integer .. T1 = kl _ 1 ; since T1 1s an Integer, 18 must be 

I 3 2 3 I 

divisible by kl - 1. Only kl = 4 Is acceptable. :. ~ = 4 and x = 6. 

T + 18 or 
Since~= 1 + ~~ =kl. T 2 must equal 6 and k must equal 2. But k is the ratio of corresponding 

sides. It follows that the side of the larger triangle corresponding to side 3 of the smaller triangle 
is 6. 

Let P = (b + 2)(b + 5)(b + 6) = 3146 (base b) :. b 3 + 13b1 + 52b + 60 = 3b1 + b1 + 4b + 6. 
:. 0 = b 3 - 6b1 - 24b - 27 and b ~ 9. But s = (b + 2) + (b + 5) + (b + 6) = 3b + 9 + 4. 
:. s = 3 • 9 + 9 + 4 = 4 • 9 + 4 = 44 (base b). 

~Ince r 1 and r 2 are_real and dislinit, p1 - 32 > 0 :. /p/ > 4./i. But r 1 + r 2 = -p 
.. lr1 + r2I = /pl .. I r1 + r1 I> 4v'2. 

Since x1 - 5x + 6 = (x - 3)(>< - 2) < 0, we have 2 < x < 3. Since P = x1 + sx + 6, then P < 31 -+ 5. 3 + 
6 = 30 and P > 22 + 5 • 2 + 6 = 20, that ls, 20 < P < 30. • 

!f I and w represent the dimensions of the rectangle, then (1 + !)(w -1) = (1 - }) (w + ~) = lw 

:. l = ;
5 

and w = j. and the area is 20. 

Tbe radius of_!e first circle Is ½m; the side of the second square is W-"2; the radius of the second 

circle is½(~.::} = t'Jf; and so forth. If S Is the limiting value of Sa. then S = ,r{W-)2 + .- (i7i.Y + 

.-(~)2• ... :wm2(¼+ ~+ii+···)= .-m'(½)· 

Let BA1 = x :. _x_ = §_, x = §_ and 4 - x = ~. :. PR = 4 - x = ~ and PQ = x = ~ 
4-X 3 2 2 2 2' 

:. 6PQR ~ 6BAC, the ratio of the sides being 1: 2. In IIBAC, AAi' = 31 + {¾Y = f 
. 3/s . 1 3.fs 3v'5 
.. AA1 =-2- But PP1: AA1 = l: 2 • · PP1 = 2 · - 2- = 4 · 

P = QD +Rand Q = Q'D' + R' :. P = Q'DD' + R'D + R, which means that when P is divided by DD' 
the quotient is Q'and the remainder is R + R'D. 

6 - §_ 
Log3 (6x - 5) - log3 (2x + 1) = log1 

6x - 5 = log1 __ x_ for x ,. o. As x grows beyond all bounds, 
2x+ 1 • 2+.! 

6 X 
the last expression approaches log3 2 = log1 3 ~ 1. 

501 - Sy 3x = 501 - Sy. For x to be a positive integer 
3 

> o :. Sy< 501 and y s 100. 

Also x = 167 - y - ~; for integral x, y must be a multiple of 3, that ls, y = 3k. Since y s 100, 
k = l, 2, ... , 33. 

or 
In Number Theory it ls shown that Ii x0,y0 is one solution of 3x + Sy = 501, then other solutions are 

x = x0 - £ t, y = y0 + ! t where t Is an integer and d is the greatest common divisor of 3 and 5, so 

that, in this case, d = 1. An obvious solution of the given equation is x = 167, y = 0. Therefore, 
· 167 
other solutions are x = 167 - 5t, y = o + 3t. Since x = 167 - St > o, t < 5 80 that t = 1, 2, •.. , 33. 

Since p Is odd and p > 1, then½ (p - 1) ~ 1. In every case one factor of (p - 11½ Ip-II - 1 will be 

((p - 1) - 1) = p - 2. The other choices are either possible only for special permissible values of p 
or not possible for any permissible values of p. 

26. (C) Since 2 10 = 1024 > 101 = 1000, 10 log102 > 3 so that logi.2 > fu- Since 211 = 8192 < 10~ = 10000, 
4 13 log1,2 < 4 80 that logio2 < 13. 

27. (Cl Lett represent the number of hours before 4 P. M. necessary to obtain the desired result. Then, 

representing the original length by L, we have L - ~ L = 2 (L - ; L) or, more simply, 1 - ¾ = 2 (1 - i) 
2 2 3 3 :. t = 25 and 4 - 25 = 15. 'therefore, the candles should be lighted 15 hours after noon, that is, 

at 1:36 P.M. 



28. (El The given hypotheses are satisfied by any one of these six Venn diagrams: 

ooo 
2 

M E 

c([) Q)O 
3 4 

00 
5 

(Q)O 
6 

Choice (A) Is contradicted by diagrams 3, 4, 5, 6. Choice (B) is contradicted by diagrams 5, 6. 
Choice (C) Is contradicted by diagrams 3, 4, 5, 6. Choice (D) Is contradicted by diagrams 1, 2. 

or 
Suppose there is only one Mem and that it Is not an En, and suppose there are no- Vees. Then the 
hypotheses are satisfied but (Bl and (D) are contradicted. If there a re Vees and the Mem is one 
of them, then again the hypotheses are satisfied but (A) and (C) are contradicted. 

29. (C) 

30. (D) 

31. (C) 

32. (E) 

x a x b 
From similar triangles y = d and d _ Y = d 

:. __ xz __ = ~. But x2 = y (d - y). :. 1 = d2ab 
y(d -y) d 

or 
Let the degree measure of arc AP be m. 

m m 
ThenLD = 90- 2 andLC= 2 . 

:. ~ = tan i and ~ = tan ~o - i) = U: ~ 
d2 a 2 :. tanfi = & :. bt = ii, d2 = ab, d = rai,, 

D 

:. d = ./ii,, 

(n - 2) (* + s) + 2 • :n = 72 + d, 8n2 - sr -d = O, n2 - lln - i = O. Since n is a (least positive) 

Integer, d must be such that n t - lln - 8 yields linear factors with Integer coefficients. Hence 
d 

d = 96 and 8 = 12 so that nt - lln - 12 = (n - 12)(n + 1) = O and n (least) =· 12. 

Since Sn2 - 88n - d = O, 88 = 8n - !!. whe~e n can be any integer> 11. n 

D = ,.at + bt + ct = at + (a + 1)2 + (a (a + l) )t =a'+ 2a3 + 3a2 + 2a + l = (at + a + l)t. 
:. 'l'D = at + a + l, an odd Integer for any integer a. 

st = ht + ( 4 + t)t, 62 • ht + tt , t = ¾ 
_._ h = 

3-1[5 :. x2 = ht + DE' = 
1!5 

+ 
5!9 

= 166 :. x = Vl66. 
OY l 

llBOC ~ llAOD with side ratio l: 2 :. BC = 2,c 

llAOB - llDOC :. CD=•½· Since ABCD is inscriptible (why?) 

we may use Ptolemy •s Theorem. 

;. X • i + 6 • 4½ = (6 + 4)(8 + 3) ;, X = filS. 

l(•.-.,1 11"=1 r-t) 1 r(-2 33. (D) Shaded area = 2 4 Ati · - 4 AC - 4 CB . Since AB = AC + CB, shaded area = 2 · 4 AC + 2AC • CB 

.,....., -2 -JJ 1t l -'"'t -t + ..,., - AC - t.,;ti· = 4 (AC)(CB). But the area of the required circle equa s ,,..,.., • 1lJld sln<:e CD 

= (AC)(CB), the area of the circle equals 1r(AC)(CB). Therefore, the required ratio Is 1: 4. 



34. (A) Designate AD by 1, DB by n, BE by r, EC by rn, CF bys, and FA by an. Let h1 C 
be the altitude from C, h1, the altitude from A, and h,, the altitude from B. 
By slmllar tr1anglea ~ • 

8 
an+ • -

1 
n :. x • -

1 
n h1 n1 n a + n + n 

1 1 nh ~ 
:. area { O ADF) = 2(1)(x) = 2 f?n. In a like manner y = 1 + n and area 

(OBDE) =! rnhz and z -~ and area (6CFEJ =! snhJ' 
2 l+n' l+n 2 l+n 

1 1 l 
But the area (6ABC) = 3. 2 (hi(l + n) + h,(1 + n) r + b3(l + n) s) = 6(1 + n)(b1 + h1r + h,s) 

. 1 1 n nt - n + l . . area ( 0 DEF) = -
6 

(1 + n)(b1 + htl" + h3s) - -2 -1 - (h1 + b1r + b,a) = C"-,-~'---,-(h1 + h 2r + h3s) 
+ n 6 (1 + n) 

nl - D + l :. the required ratio la "'-----'::...._-= • 
. {n + 1)1 

(JT 

Draw DG II AC. By almllar triangles=~= l: n .'.BG • l: 0 BC= l: n · r{l + n)~·n 

• nr. Alao, letting K be the area of OABC, we have area (:DBG) = (l :
1
n)' 8 E r 

nl . F G 
:. area (ODBG) -= {l + n)' K. Since 6BDE has baae rand altitude equal to that sn 

area (OBDE) r r 1 • 1 nt A B 
of 6BDG, area (ABDG) = BG = ni "ii .. area (6BDE) = ii . (I"+ii)T K 1 o 

n n n • {l+iijT K. In like manner (6ECF) =(l+DjT K and area (MDF) = (i+njT' K. 

• 3n nl - D + l 
.. area (ODEF) -= K - (I+n)T" K .. (n + l)• K. 

35. (B) Let the roota be a - d, a, and a + d. Then ( x - (a - d) ](x - a) ( x - a + d) I• x' - 3axl + x (3al - dl) 

+ (a3 - ad1 ) • O. But 64x3 - lOxl + 9Zx - 15 = 64(x' _ .!xt + 
23x - 15) = o :. x' _ .!xt + 23x - 15 = o 

4 M 64 4 U 64 

36. {C) 

37. {A) 

• x 3 - 3axl + x {3a1 - d1) - <•' - ad1 ) ;, - 3a = - .! , a =.!and 3a1 - d' • 23 , dl = .! d = + ! or - ! 
4 4 16 16' 2 Z. 

:. the roots are¾,¾, and¾• and the required difference Is 1. 

S = a (1 + r + r• + r 3 + r') = 211. If r is an Integer a must equal 1 since 211 la prime. However, 
neither a= 1, r = l nor a= 1, r = 2, nor a • 1, r = 3 la satisfactory. :. 2 < r < 3 or 1 < r < 2. 

m 3 Noting that when r = jj• m, n lntegera, a must equal n' since 211 la prime, we try 1· • 2 , a • 16. 

:. a= 1s fi +j + (J)1+(j)' +(})4) • 211, and the combination a • 16, r •j Is usable. By symmetry 
\ 2 

the combination a = 81, r .,. 3 le also usable. In either case, the odd-numbered terms are squares 

of Integers, and their sum is 16 + 36 + 81 = 133. 

Let M be the midpoint of CB and let G be the Intersection point of 
the three medians. Draw MN perpendicular to RS. Then AD, x, 
BE, MN, and CF are parllilel. MN Is the median of trapezoid BEFC. 

R 

:. MN= ½1s·+ 24) = 15. In trapezo!d ADNM draw AH l MN and let AH ~ 
Intersect GK In J. Then HN • 10 and MH = 5 and JK = 10 and GJ = j(S). N 
.'. x = GK• !.Q_ + 10 ~ 4

3
0. F 3 or c•<lli:::::__ ________ ---1 

Start with MN = 15 and use the Principle of Weighted Meana: 24 S 
2 • 15 + l • 10 40 since the ratio AO: GM = 2: 1, we have GK • 3 • 3 . 

or 

Using vectcrr.s with O aa or!g_in, we first ebow that i = -
3
1 
(i + b + c) 

where i • OG, i = OA, b = OB, c = OC. We have 
- i:. - - - • - 1 - - - 1- - -AB,. D - a, AC= C - a, AM= 2 {AB+ AC) :. AM= 2lb + C - 2a). 

- 2- - 1- - - - - -Since AG= 3 AM, AG"' 3{b + c - 2a). But AG"' g - a 
. 1,t: - - - - - 1 - - -. . 3 ,u + c - 2a) • g - a :. g = 3 (a + b + c). 

Let unit vector 1 be In the direction RS and unit vector 1 be In 
the direction DA. Then i = tx + Jy, i' = tx1 + 10}. b = tx1 + 61, 
c = tx3 + 24J :. Jy = ¼<10 + 6 + 24)J :. y = ; 0 • 

s 



38. (E) One method of eetabllshlng theorems for a finite geometry is to 
construct a model. In the one shown here the maa, m (p1, Ptl, for 
example, le common to plb 1 and plb 2. The maa common to pib 3 
and plb 4 should be labeled m (P,, p4 ). In thls model each of the 
four postulates is satisfied. Since there must be a maa for every 
pair of pibs, there must be a maa for each of the pairs <Pt, p1), m(pi,Pi) 
<P1, P,), (Pt• Pcl, (Pt , Ps), (Pi, P4), and (p3, P4), six in all. Thie 
eatsblishee Tt . Each plb ·consists of exactly three maas. For example, p 1 conaiate of m (Pt, p3 ) , 
m(p4 , p 3 ), and m(p1 , p3 ). This establishes T1 • For m(Pt• p2 ) there ie m(p3 , p4 ) not in p1 orp1 , 
and, similarly, for each of the other maas. Thia eatabllehes T 3 . 

or 
By P 2 and P 3 there is a one - one correspondence between the set of maas and the eet of pairs of plbs. 
The four plbs yield six pairs (listed above) and so T 1 is true. Each pib belongs to three of the six 
palrs and so T1 is true. Each pair of plbs Is disjoint from ooe other pair {for example, the pair Pt, p1 
ie disjoint from the pair p1 , pc) and so Ts Is true. 

39. (B) The first element 1n the nth set is 1 more than the sum of the number of elements In the preceding 

{ } <!!...=._!W n1 - I) + 2 n - 1 sets, that is, l + 2 + .•• + n - l + 1 = 
2 

· + 1 = 2 . Since the nth set contelns 

n elements its last element ie nl - z° + 2 + n - l = 01
; n . Therefore, SD = i ( nt - z° + 2 + n\+ n) 

: i<nl + l) :. S,t = 
2J ( 211 + l) = 4641. C 

4-0. (D) Rotate CP through so• to position CP': Draw BP'. This i s equivalent to 8 

rotating ll.CAP into position CBP'. In a similar manner rotete 6.ABP into 
·position ACP• and .O.BCP into position BAP•. p' 
On the one band hexagon AP.BP'cp• consists of ll.ABC and.CBP', ACP", 
BAP"'. Leltlng K represent area, we have, from the coogr11ence relations, 

K (ABC) z K (CBP') + K (ACP*) + K (BAP•) :. K (ABC) = ½ K (hexagon). 

On the other hand the hexagon consists of three quadrilaterals p .. 
PCP'B. PBP,.A, and PAP"C, each of which consists of the 6-,-10 

right triangle and an equilateral triangle. :. K (hexagon) = 3 l ½ · 6 • s) + ¼ · 101"3 + ¾. atf3 + ¼ . 61./3 

= 72 + 50V3 : . K(ABC) = 36 + 2s.f:i "'79. or 

Applying the Law of Coainea to to APB w.l!erein , APB • 150° , we have st = 61 + 81 - 2- 6 · 8 cos 150° 
r. s1vs -Ii = 100 + 48v3. Therefore, K (ABC) = - 4- = 25 3 + 36 "'79. 
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Note: The letter following the problem number refers to the correct choice of the five listed 
for that problem in the 1968 examination. 

l. (D) Let C, d, respectively, represent the measures of the circumference and diameter. 
Then C + P = rr ( d +rr) = rrd + rr2• Since C = rrd, P = 1r

2
• 

2. (B) 54x-1 + 4x-l = 43x-3 + 4x-1 = 42x·2. Since 2562x = 48x, 42x-2 = 48x :. 2x - 2 = Sx, x = -½. 
3. (A) Method I. y = m 2x + b, 4 = m2 • 0 + b :. b = 4. Also m 2m1 = ! m2 = - l :. m 2 = - 3 

:. y = -3x + 4 or y + 3x - 4 = O 

Method II. L::..i. = - 3 :. y - 4 = - 3x or y + 3x - 4 = 0. 
x-0 

4·4 4-2 4 
4. ( C) 4 * 4 = 4 + 4 = 2 :. 4 * ( 4 * 4) = 4 + 2 = 3 · 

5. (A) f ( r) - f ( r - 1 ) = ½ r ( r + l )( r + 2) - ½ ( r - l )( r )( r + 1) = ½ r ( r + 1 )( r + 2 - r + 1) 
=r(r+l). 

6. (E) Method l. S = LCDE + LDCE = 180° - a + 180° - /1 
= 360' - ( a + /3 ) 
S' = LBAD + LABC = 360 - ( a + (1) :. r = S/S' = 1. 

Method 11. S = LCDE + LDCE = 180° - LE 
S' "' LBAD + LABC = 180° - LE : . r = S/S' = 1. 

7. (E) Since 0Q = 3, CQ = 9. But OP = ½ AP and we can 
establish an arbitrary length for AP and, hence, 
for OP, as follows: 
Draw CQ = 9 with OQ = 3. Through O draw OP of any 
length and extend PO through O to A so that AP 
= 3(0P). Point B is then the intersection of AQ and CP 
and, thus, 6ABC has AP and CQ as medians: 

{1) ~~ = ~, Ll = L2, 6AOC - 6POQ 

AC CO 2 
(2) :.QP = OQ = 1, L3 =L4, QP II AC 

(3 AB CB AC 2 h Q p .d . 
) :. QB = PB = QP = 1 so t at , are m1 pomts. 

A 

C 

E ,. 
I \ 

I \ 

n 

8. (B) Let N represent the original number; the result obtained is ½N; the correct result 
is 6N. The error, then, is 6N - {N. Therefore, the per cent error is 

6N - N/6 x 100 = 3500 "'97 
6N 36 . 

9. (E) Since 2 + 2"' 2(2 - 2), x"' 2 and since -2 + 2"' -2( -2 - 2), x"' -2. 
Forx > 2, x + 2 = 2(x - 2), x = 6 
For -2 < x < 2, x + 2 = -2(x - 2), x = 1/3 

For x < -2, -(x + 2) = -2(x - 2), x = 6, a contradiction since 6 I. -2. 
: . the sum is 6 + 1/3 = 6 1/ 3 



(A) is invalid by figures 1, 4 
(B) is invalid by figure 3 

(C) is valid in all cases (since some students exist who are not honest and, hence, 
they can't be fraternity members all of whom are honest) 

(D) is invalid by figures 2, 3 
(E) is invalid by figures 2, 3 

(B) 60 45 . .:.!. = ~ . Area (I) = (:!)2 

ll. 360 x 211Tt = 360 x 2rrr2 r
2 

4 · · Area (II) 4 
9 
16 

12. (C) Method I. Since ( 7 ½ )2 + 102 = ( 121/2 )
2, the triangle is right with hypotenuse 12 ½. 

Therefore, D = 2R = 12 ½, R = 23/4• 

Method II. R = abc = abc 
4K 4Js(s-a)(s-b)(s-c) 

(12½)(10)(71/2) 25· 

4"15(21/2)(5)(7½) = 4· 
13. (B) m+n = -mandmn = n : .m = l,n=-2 :.m + n = -1. 

14 . (E) Method I. By subtraction we obtain x - y = !. - !. = ~ 
y X xy 

:. ( x - y) (1 - ..!.) = 0, x = y (The result y = !. is rejected. Why?) 
xy X 

Method II. xy = y + 1 and xy = x + 1 :. y + 1 = x + 1, x = y. 

Method III. Since y = 1 + !. and x = 1 + !., y = 1 + -
1

- and x = 1 + __!._l . 
X y l+i 1+ -

y X 

Therefore, y2 
- y - 1 = O and x2 - x - 1 = O. Let the roots of z2 -z-1 = 0 

be r and s. Then the given equations imply that, when x = r, so does 
y = r or that, when x = s, so does y = s. :. y = x. 

Note. For all three methods, since y = x "' 0, y cannot equal any of the other 
choices shown. 

15. (D) Methodl. SetP=(2k-1)(2k+l)(2k+3). If2k-1=3mthen3IP. If2k-1 

16. (E) 

= 3m + 1, then 2k + 1 = 3m + 3 and so 3 I P. If 2k - 1 = 3m - 1, . then 
2k + 3 = 3m + 3 and so 3 I P. 

Method II. Set P = ( 2k - 1 )( 2k + 1 )( 2k + 3) = 8k3 + 12k2 - 2k - 3. 
:. P = ( 9k3 + 12k2 - 3k - 3) - k3 + k = 3Q - ( k - 1 )( k )( k + 1). Since the 
product of three consecutive integers is divisible by 3, P = 3Q - 3R. 
Hence, 31 P. 

Method III. Consider the three consecutive integers k, k + 1, k + 2; one of these is 
divisible by 3 (see Method II). If k + 1 is divisible by 3, then so is 
k + 1 + 3 = k + 4. Therefore, one of k, k + ·2, k + 4 is divisible by 3. 
Therefore, if P = k ( k + 2 )( k + 4) with k odd, P is divisible by 3. 

Note. For all three methods, since the greatest common factor of 1 · 3 · 5 and 
7 · 9 • 11 is 3, no number> 3 is an exact divisor for all P. 

1 1 1 1 
Method I. Let y = ~- Then (a) For y > 0, when y < 2, y > 2 :.x > 2. 

1 1 1 
(b) For y < 0, when y > - 3, - y < 3, - - > 

3
, - < - 3 

y y 



Method II. 
1 

Let y = ; :. xy = 1; the graph is the 

two-branched hyperbola shown. At the 
point x = ½, y = 2. When y < 2, x is to 
right of½, that is, x > ½- At the point 
x = -½, y = - 3. \Vhen y > - 3, x is to 
the left of -½, that is, x < -\. 

17. (C) Since x. = ( -1 )k, x 1 = -1, x 2 = 1, ... , x 2,.1 = - 1, x2, = 1. Therefore, for n = 2r, 
x1 + x2 + ... + x2, = O and for n = 2r - 1, x1 + x2 + ... + x2,- 1 = - l. Therefore, 

f ( n) = O in the former case and f ( n) = - !. in the latter case. 
n 

18. (D) LFEG = LCEG . But LBAE = LFEG, and LBEA = L CEG . C 

. - - ·~ - ~ ,·.LBAE = LBEA. .. BE - AB - 8 . . x - 5 , 

40 
X = -3· 

2d 2d 
19. (E) 25q + 10d = 1000, q = 40 - 5 :. 40 > 5 , d < 100. But d = 5k 

: . 5k < 100 :.ks 19 :.n = 19 

20. (A) Method I. a + ( n - I ) 5 = 160, a = 160 - ( n - I ) 5 
( n - 2) 180 = ½ n ( 2a + { n - 1) 5 I =-½ n [ 320 - ( n - 1 ) 5 I 
n2 +7n-144=0=(n+l6){n-9) :.n=9 

Method II. The exterior angles are 20, 25, 30, , .. ; their sum is 360' 
:. 360 =in [ 40 + ( n - I) 5) : . n2 + 7n - 144 = 0 :. n = 9 

G 

21. (D) Each of SJ, 6!, .. . , 99! ends in zero, and, in consequence, their sum ends in zero. 
Therefore, the units' digit of S is determined by 11 + 2 ! + 3 ! + 4 ! = 1 + 2 + 6 + 24 = 33. 
Therefore, the units' digit of S is 3. 

22. (E) Let the sides be S1, S2, S3, s,. Since it is given that S1 + S2 + S3 + s, = 1, S1 + S2 + S3 

= 1 - s 4 • But s 1 + s2 + s 3 > s,. Therefore, 0 < 1 - 2s4, s 4 < ~. Similar reasoning 
applied to s 1, s 2, s 3, in turn, shows that each side is less than 1 · Conversely, a 
quadrilateral exists if S1 + S2 + S3 > s,, St + S2 + S4 > S3, S1 + S3 + S4 > S2, and S2 + S3 

+ S4 > s,. It is given that S1 + S2 + S3 + s, = 1 and S1 < {, S2 < ½, S3 < {. s, < ½
Therefore, s 2 +s 3 + s4 >i and so s 2 + s 3 + s, > s1• In a similar manner we prove the 
other three cases. 

23. (B) log ( x + 3) + log ( x - 1) = log ( x2 - 2x - 3) :. log ( x + 3 )( x - 1) = log ( x2 - 2x - 3). 
:, x2 + 2x - 3 = x2 - 2x - 3, x = o. But when x = 0, neither log ( x - 1) nor 
log (x2 - 2x - 3) is a real number. 

24, (C) (24+4x}(l8+2x}=2(24xl8) 
:. x 2 + 15x - 54 = 0, x = 3 
: . 24 + 4x = 36, 18 + 2x = 24, 24: 36 = 2: 3 

X 

X 

18 + 2x 

2x 
18 

24 
24 + 4x 

2x 



25. (C) Let z represent the number of yards Ace runs when he is caught. Let a represent 
Ace's speed; then xa represents Flash's speed. Then 

.t..:!:...! = !, z = _J__ :.y + z = y + _J__ = 21-
xa a x - l x - 1 x - 1 

26. (E) S = 2 + 4 + 6 + ... + 2N = 2 ( 1 + 2 + 3 + ... + N) = N ( N + 1). Since S > 106, 

N ( N + 1) > 106
, N "'" 103

• When N = 103 - 1, S < 106• 

:. N 2: 103 
: . N (smallest) = 103 = 1000; the sum of its digits is 1. 

27. (B) Sn=l-2+3-4+ ... +(-l)n-tn,n=l,2,3, ... 

28. (D) 

29. (A) 

1 
For n even, Sn = 1 + 2 + 3 + ... + n - 2 ( 2 + 4 + ... + n) = 2 n ( n + l) 

: .Sn= ½n(n + 1) - ½n(n + 2) = -½n 

For n odd, Sn = 1 + 2 + 3 + ••. + n - 2 ( 2 + 4 + ... + ( n - l )) 

1 1 n-1( n-1) = 2 n(n +l) - 4, 2--
2
- l+-

2
-

:. S 0 =- { n ( n + 1 ) - ½ ( n - 1 )( n + 1) = ½( n + 1) 
: .S17 = 9, S33 = 17, S50 = -25 :.S17 +S33 +S50 = 1. 

a+b - r7 2 2 -
2
-=2Vab,a+b=4vab,a +2ab+b =16ab 

2 2 14b + b~ a 14 + ~ 14 + 14 
:. a - 14ab + b = 0, a = 

2 
: . b = 

2 
"'" --

2
- = 14 

a 
14 

- /192 "'" 14 - 14 = O 1·s not 11·sted Note. The value b = 
2 2 

Method I. Since O < x < l, x to any positive power is less than 1. 

.'.~ =xl-x < l sothatx<y, ! =xr-x< lsothatz<y, and~ =x1-Y < l 
y y z 

sothatx<z. :.x<z<y, 

Method II. Since O < x < 1, log x < O. It follows that log x < x log x or log x < log x• 
so that x < x• = y. Since z = x1•xl = xY, log z = y log x, and, since y > x, 
y log x < x log x or log z <logy, so that z < y. However, since O < y < 1 
and log x < 0, y log x > log x or log z > log X, so that x < z. Finally 
X < Z < y. 

30. (A) Each side of P1 can (1) fail to enter the boundary or interior of P 2, or (2) it can 
enter and terminate, or (3) it can continue on to the exterior. Therefore, at most, 
each side of P 1 meets two sides of P 2, so that the maximum number of intersections 
is 2n1• This maximum is attained as follows: 



31. (D) L = 16tt, L' = 16./'""2 - 2Y2 = 14V2 = 8V2 + x + 4\'2 
:.x = 2./'""2 :. II'= (2..J'""z)2 = 8 

:. II - II' = 32 - 8 = 24 (decrease), 24 x· 100 = 75% 
32 

32. (C) Let rA represent the speed of A, 
and let r 8 represent the speed 
of B. 

B B 
B' X 

A 

X 500 - X 500 500-x 
- = 2, --- = 2, x = 2r 8 

B 
B'x 

B 

500-x 

C 4-.;z D 

re rA 
. 500 - 2rs 

A .,._ ___ A......,.__5o_o_-_x_-'-'A......_5o_o_-_x-"y_-_(_5o_o_-_x-'-J _ 
0 0 A O A' A ---- = 2, rA + r 8 rA 

= 250 

500 - X + y = S, y - 500 + X = S 
TB TA 

y - 500 + x = Sr A } 2y = 8 ( rA + re ) = 8 · 250 
y + 500 - X = 8rB y = 1000 
Bro = 1000 + 500 - 2rs, rs = 150 :. rA = 100 

y 

B" 

:.rA:rs =2:3 

2 2 2a2 
33. (A) a 1 • 7 + a 2 · 7 + a 3 = a 3 • 9 + a 2 • 9 + a1, 4 8a1 = 80a3 + 2a2, 3a1 -= 5a3 + 16 

: . 2a2 must be divisible by 16 .• But a 2 >' 8 : . a 2 = O 

Check 3a1 = 5a3 : . a1 = 5, a 3 = 3 
5 · 72 + 0 • 7 + 3 = 248 ==- 3 · 92 + 0 · 9 + 5 

34. (B) Let y1, ni, respectively, reprf:)Sent the numbers voting for, against the bill originally, 
and let y2, n2, respectively, represent the numbers voting for, against the bill on the 
re-vote. 
y1 + n1 = 400, y2 + n2 = 400, y2 = H n1, y 2 - n2 = 2 ( n1 - · y1 ) 

:. 2 ( y1 + n1 ) = 2 ( y2 + n2 ) and 2 ( -y1 + n1 ) = y2 - n2 

:. 4n1 = 3y2 + n2 = 3 ·-j-jn1 + n2 :. n1 -= J/-n2 

:. y2 = H · Jf n2 =tn2 so that Jn2 + n2 = 400, n2 = 160, n1 = 220 
: . n1 - n2 = 60 or, since y2 = 240 and y1 = 180, y2 - y1 = 60. 

35. (D) CD=2GD=2../a2 -(a-2x)2 =2../4ax-4x2 
FE= 2HF = 2./ a 2 - ( a - xJ2 = 2./ 2ax - x2 
~ _ 1 X ( 2../ 4ax - 4x2 + 2../ 2ax - x2 j _ ! • 2,{i (,/ 4a - 4x + ~) 
R - x[2J2a.x-x2J - 2,{i(fia:x) 

2.;-;;::::-;. + ./ 2a - x ./ a - x 1 =------==------+-
2 ./ 2a - x - ,/ 2a - x 2 

As OG increases toward the value a, x becomes arbitrarily close to zero, so that F becomes arbitrarily close to ~ = '/.f. Therefore, as OG increases 
2a - x v 2a VT 

toward the value a, ~ becomes arbitrarily close to Vt+ ½ = ,;it + t 
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Note: The letter following the problem number refers to the correct choice of the five listed 
for that problem In the 1969 examination. 

1. (B) 

2. (A) 

a+ x c ad - be 
b + x • d :. ad + xd = be+ xc :. ad - be• x(c -d) :. x • c'"'=d 

C b 
Comment. If d = a / X = -(a +b). 

Let C represent the cost (In dollars). Then x = C -.lSC • .SSC, and y = C + .lSC = 
l .lSC. Therefore, y : x = (1.15C) : (.SSC) = 23 : 17. 

3. (E) Method I. N -1 = 11 0002 -1 = l • 2'+ l •2' + 0 • 22 + 0 • 2 + 0 -1 

4. (E) 

5. (B) 

:. N -1 = 1 • 2• + 0 • 23 + 1 • 22 + l • 2 + (2 -1) ., 10 1112 

Method n. N .. 110002 • 2410 and 2410 -1 = 2310 
Slnce2310 = 101112, N-1= 101112 

By definition (3, 2) • (O, O) • (3 - O, 2 - O) ,. (3, 2) and (x, y) • (3, 2) "' (x - 3, y - 2J 
:.x-3=3-0 andy-2=2-0. :.x=6(andy=4). 

1 
N -4 • N = R :. N2 - RN- 4 = 0. Let the values of N satisfying this equation be N1 

and Nz. Therefore, N1 + N2 = R. For example, If R = 3, then N1, N1 are 4, -1 and the 
sum of 4 and -1 equals 3. 

6. (C) Let R be the larger radius, let r be the smaller radius, and let L (Inches) be the 

length of the chord. Then R2 -rl = (½ )2. Since irR2 - irr2" 2:ir, R2- r2. ; 5
. 

:. (½)1 = ~ and L= vso II s./i. 

7. (A) y 1 = a +b +c and Yt • a -b + c :. y 1 -y2'" 2b. Since y 1 -yz,. -6, 2b • -6, b • -3, 

8. (D) x+75+2x+25+3x-22=360 :.x .. 47,AB=122•. eca119•, <5A .. 119•. 

The Interior angles of ~ABC are, In degrees, 61, 59½, 591. 
9. (C) Method I. We have an arithmetic sequence with the first term a= 2, the common 

differenced• l, and the last term , .. a+ (n -l)d • 2 + (52 -1)(1) = 53, 

Since ~ 11 ~
2 (2 + 53), AM. • A/t(

2 
;

2 
53> ,. ~ " 27 j. 

Method II. Designate the terms of the arithmetic sequence by u1, Uz, ••• , u0 • 

Then A.M."' ½<u1 + un> since f (u1 + Uz) • f <a+ a+ (n -l)d " 
1 • n (2a + (n -l)d) • 1 • Sn . A M ,. l (55) • 27 ! 
i n f o• .. • . 2 z• 

Comment. Generally, A. M."' U{ + ~n•i-l, I• 1, 2, .•. , n. 

10. (C) Points P 1, P2, and P3 are each d dis
tance from tangent lines t 1 and lz and 
circle C. 

11. (B) Method I. Since PR+ RQ is a minimum, points P 1, R1 and Qare collinear. There-
- 2 - m -2 - 2 z 

fore, -=r-=T = ~ so that m '" --r· 

Method II. Since PR+ RQ is a minimum, points P 1, R1 and Qare collinear. There

fore, PR+ RQ = PQ so that ~(-1) )2 + (m + 2)2 + ../(4 -1)2 + (2 -m)2 

"../(4 - (-1))2 + (2 + 2)1 



12. (A) 

13. (B) 

14. (A) 

Method I. 

Comment. 

:. -/4 + (m + 2)2 + -/9 + (2 - m)2 = ./2s"+"i'6 = ../4J. 
:. -/4 + m2 + 4m + 4 - ../4J. = --/9 + 4 -4m + m2 

:. 4 + m2 + 4m + 4 -2-141 -/mZ + 4m + 8 + 41 = 9 + 4 -4m + m2 

:. 8m + 36 = 2ffi -lm2 + 4m + 8, 4m + 18 • ill -lm2 + 4m + 8 
: . 16m2 + 144m + 324 = 41m2 + 164m + 328 
:. 25m2 + 20m + 4 = O, Sm+ 2 = O, m = -} 

F = 'K' + 8x + ~ = (x + r)2 = x2 + 2rx + r2 
3 2 

: .2r=¾andr2 = i • : .r=}andm= ¥=3fand3 < 3j<4. 

When m = 32 
F = (x + ~)2 

9' 3 . 

Method II. By compleUng the square we find that the trlnomial x2 + ~x + 
1
:

fx + !
3

)
2
• Therefore, x2 + 8x + ~ = x2 + Bx+ ~ so that ~ "'~ and 

~ 3 9 3 2' 2 9 
32 

m • 9· 

a a a R2 alb a ,rR2 = b ( 11R2 - lll'2) : . r2 b = R2 (b - 1) so that r 2 "' a,lb- l = a-b ~d, hence, 

R:r=-/;: -la-b. 

Method I. 
x2 - 4 

Since ~ > 0, Cx2 - 1 > 0) - Cx2 - 4 > 0). Therefore, all real values 

of x such that x > 2 or x < -2 satisfy the loequal tty. Also Cx2- 1 < 0).,. 
(x2- 4 < OJ. Therefore, all real values of x such that -1 <x < 1 satisfy 
the lnequa Ii ty . 

.lC...=....i x2 - 1 3 3 
Method II. Since x2- 1 >0, .;. _ 1 - x2- l >0. Therefore, 1 > ~· 

This latter Inequality is satisfied by all x such that x2 -1 >3, that Is, by x >2 or 
x < -2, and by all x such thatx2-1 < 0, that is, by -1 < x < 1. 

15. (D) Since AB= r, the measure of angle A Is 60 (degrees) and AM= fr. In right triangle 
MDA, since AM= fr and the measure of angle AMO is 30 (degrees), AD= ¼rand 

MD= 1rV3. 
r rv'a r2{3 

Therefore, the area of ~ MDA = f (AD)(MD) = ½ • 4 • 4 = 32 . 

16. (E) (a -b) 0 "" a 0 -na"-'b+ nin.; l) an•2 b2 - • • • 

:. -n(kb) o-1 b + n(n2 - 1) (kb) n-2 b2"' 0 

. -ko· I + n -1 ko-1 = 0 2ko-1 .. 
2 

. :.n - 1 • ko•t :.n=2k+l. 

11. (o) 21• - 8, 2• + 12 • (2•-s> (2x-2> = o :. 2• - 6"' o, 2• = s. 

. ., + log 3 
:. x log 2 • log 6 • log 2 + log 3 .. x 1 log 2 • 

Comment. The equation Is also satisfied by x., 1. 

18. (B) Each of the graphs ts a pair of non-parallel straight lines. Each line of the first 
pair Intersects the second pair In two distinct points, giving a total of four points. 

Comment. The intersection points are (o, 2), (-1, 1), (1, 1), ( ij, H >. 

19. (B) x4y4 - 10 x2y2 + 9,. Cx2y2 -1) Cx2y2-9) • 0 :. x2y2"' 1 or x2y2 .. 9. :. xy = + I or -1, 
xy = +3 or -3. Ordered pairs of positive Integral values satisfying these equations 
are (1, 1), (1, 3), (3, 1). 



20, (C) Let N1 repreaent the first factor of P and let N2 repreaent the second factor. Then 
(4) (10),a > N1 > (3) (10)18 and (j) (10)15 > ~ > (f) (10) 15• Therefore, (2) (10)33 > N1 N2 
> (1) (10)" so that the number of digits ln P(= N1 N2) la 34, 

21. (E) Method I. Let OA be the x-lntercept of the straight line x + y • & and let OB 
be its y- intercept. Then OA = OB "' ./2iii so that AOB Is a 45"-45"- so• 
triangle. 
Let the point of lal\gency be labeled C. Since the graph of x2 + y2 = m 
ts a circle, OC, the radlua r of the circle ta perpendicular to AB; that 
ts, OC ts the median to hypotenuse AB. Therefore, OC = r = t · 2 {rn = 
.r;,, and this Is the same value of the radius gtven by the equation 
x2 + y2 = m = ( ..fz'.n.12

• Consequently, m may be any non-negative real 
number. 

Method II. Using the distance formula from a line to a point, we have 

d = I Ax, + Byi + CI where Ax+ By+ C = O le the given line and 
-IA2 + Fl 

Cx1, y1) la the given point. The given line lax+ y - Fm,. O and the 
Jo + o - &1 ,-

given point la (O, 0). Therefore, the required d = v'ii"+l2 = vm. 
12 + 12 

But d = r, the radius of the circle x2 + y2 = m • (Vtn)2• Hence, m may 
be any non-negative real number. 

Method III. Let (x, y) be the lnteraectlon point of the graphs of x2 + y2 = m and 

x + y"' .fi:rn. Thia pair of equations yields xy = i and x + y = &. 

Thus x and y may be taken as the roots oft?- - & t + W- = o. For tan• 

gency the d!acrim!nant of this last equation must equal zero. Therefore 
m 

2m - 4 • 2 = 0, an Identify In m. Hence, m may be any non-negative real 

number. 

22. (C) The total area consists of the triangular region 
OAD and the trapezoidal region ABCD. 
:. K = f (5) (5) + i (3) (5 + 11) = 36.5 

23. (A) Consider the Integer nl + k where 1 < k < n. 
Since nl contains each of tbe factors 1, 2, 
3, .. . , n, it contains the factor k. Since 
n! + k can be written as the product of two 
factors, one of which Is k, It Is composite. 
Hence, there are no primes between n! + 1 
and n!+ n. 

Comment. The conclusion holds for n ~ 1. 

y C (8, 11) 

A X 

24. (E) We may write P = Q1D + R where O < R < D, and p' = QiD + R' where O ~ R' < D. 
Therefore, PP'"' (Q1D + R) (QiD + R') = Q1 Q2ol + QiDR + Q1DR' + RR'. But RR' = 
Q. D + r'. Therefore, PP'= Q1QiI1 + QiDR + Q1DR' + Q.D + r' = O(Q1Q2D + Q2R + 
Q1R' + QJ + r' . But PP'= Q5D+ r. Therefore Q5• Q1Q2D+ Q2R+ Q1R' + Q, and r = r', 

25. (D) Since log2a + lo~b ~ 6, lo~ab ~ 6. :. ab ~ 2' .. 64. Since ab is a maximum, ab " 
64. Therefore, the least value that can be taken on by a+ b is 8 + 8 = 16. !If P = ab, 



the least value of a+ b is .fp + ,Ip = 2fi. One way of prov mg this theorem is to 
consider the minimum value off= a2 -as+ P where S = a+ b. 

Hint. s=a+b=a+{J 
y 

C 

26 , (B) Choose axes so that the x-axis coincides 
with the span AB and the y-axis coincides 
with the height MC. We may then write 16 

27. (E) 

28. (E) 

29 . (C) 

30 , (D) 

the equation for the parabola as y"' u?- + 16. 
• 2 1 Smee O = a • 20 + 16, a= - 25 , so that 

'Jt" 
y= - 25 + 16. When x= 5, y= -1 + 16= 15. 

X 

A M 20 

k k 
Let vn be the speed for then-th mile . Then vn = n _ 1, n ~ 2. : . Vz = 2 _ 1 = k. 

D 1 1 1 1 1 
Since T = R. 2 = ;; = k so that k = 2. Therefore, vn:, 2(n -u· :. Tn = v;; = 2(n -1). 

Method I. Ap2 - (r - x)2 = op2 - x2, Bp2 - Cr + x) 2 = op2 - 1t". 
:. AF2 + BF2 - 2r2 -2x2 = 2op2 - 2x2. :. 3= 2+ 2op2. 

A 

Method n. 

Method I. 

Method II. 

Method I. 

Method II. 

: . OP= ,t, that Is P may be any point of a circle 

1 
with radius Ji . 

Since Ap2 + BF2 = 3 < 4 = A'fi-, angle APB> 90° so 
that P Is interior to the circle. Therefore, there are many points P 
satisfying the given conditions such that O < AP~ Yf . 

_!,_ ..L •• -L 1 (_1__) 
x=t 1 - 1 ,y-1 1 - 1 at 1 - 1 •t·t~ :.y=tx.Alsoy•t.-=i 1 =x1 

:. yx = (x•)• = x•x :. y• = xY, 

I 1 
:. 1.., = tr::-, . t-i = t 

X 

. xY-x ,. y• :. xY ,. y• 
.. x• 

(see fig . 1) Let M be the midpoint of 
hypotenuse c. Then S .. AI>2 + PB2 = 

(f-xY +(f+x)2 =fa2'Jt" . But 

:. X = ( f) rib. = ( ~ t y 

C 

A M 

C 

£ 
2 

B 
x2 = cp2-(~r 

CZ c2 :. s = - + 2cI>2 - - ,. 2cF2 
2 2 

(see fig. 2) S = AI>2 + P'Fi- = 
x2 + (c + x) 2 = c2 + 2 ex + 21t". 

cp2=(x+f/•(f)2 " 

But ~ 
P A M 

cz 
i1- + ox+ 2 . :. s = zcp2 

(for P Interior to AB, ftg. 3) 
S'"' Ap2 + PB2, AF2 = x2 + x2 = 21t", p'Ji, = 
y2 + y2 = 2y2. :. s = 2i1- + 2y2= 2<x2 + I> = 
2cF2 

:'> p xt2h 
C Y A 



Method Ill. (for P interior lo AB, fig. 4) 
Complete MCB to square ACBD. Draw PD 
and draw perpendiculars from P to AC, CB, 
BD, DA. AF2 " 'Ir'+ w2, BF2= y2 + z2 , cf'2 = 
x2 + z2, Df'2"' y2+ w2 . :. Af'2+ Bp2= 
'Ir' +y2 + z2 + w2, cp2 + op2 = x2+ y2+ z2+ w2 
: . S = AF2 + Bp2 = cp2 + DF2. But DP= CP 
(Why?) :. S"' 2cp2 C z 

31. (D) The image of A(l, 0) 
In the xy-plane Is 

y 

32. (C) 

33. (A) 

34, (B) 

35. (B) 

A' (1, O) in the uv
plane since u= 12 - o2 

= 1 and V"' 2(1) (0)"' o. 
The image of B(l, 1) 
is B' (o, 2), the image 
of C (0, 1) Is C'(-1, OJ, 
and the image of 
O(0, OJ is O'(0,0). 

._c_co_._n __ B (1. 1) 

O(0,0) A(l,O) X 

The image of the straight line AB whose xy- equation 
is x = 1 is the parabolic arc A'B' whose uv- equation 
Is ,l-,. 4(1 -u), a parabola, since u = 1 -y2 and v= 2y. 
The image of the straight line OA (equation y = O) is 
the straight line O' A' (equations v = O, u = x2), and the 

v B'(O, 2) 

image of the straight line OC (equation x"' 0) Is the u 
straight line O'C' (equations v,. 0, u = -y2). C'_(_ ... 1-,-0-)---O-,-(0.._,-0-,---A-'-(l.._, .... 0 ... ) 

u 11.,-un=3+4(n-l) 
u 11 - Un-I= 3 + 4(n -2) By "telescopic" addition we obtain 

u n• 1 - u1 = 3n + 4 • ½<n - 1) (n - l + l). Since 
u, = 5, u 0 ., = 2n2 + n + 5. Therefore, 
un = 2(n -1)2 + (n -1) + 5 = 2n2 - 3n + 6. 

U3 - U2 = 3 + 4(2 - 1) 

U2 - U1 = 3 
Since 2 - 3 + 6 = 5, the correct answer is (CJ. 

Let a1 and d1 be the first term and the common difference, respectively, of the first 
series, and let a2 and dz be the first term and the common difference, respectively, 
of the second series. 
Th Sn 2a1 + (n -1) d1 _ 7n + 1 

en To = 2az + (n -1) d2 - 4il+"27· 
Let u11 and v 11 , respectively, be the eleventh terms of the two series whose sums 
are Sn and Tn. Then 
u11 a 1 + 10d1 _ 2a1 + 20d1 Sn 2a1 + 20d1 .. ~.,....,,..,..,,.. - ~-~+ For n = 21, - = -'----'-
vi , 8z + lOdz 2a2 + 20dz · Tn 2a2 + 20dz 

U11 7(21) + I . 148 4 
Therefore, Vu = 4(21) + 27 ,. ITi = 3 . 
x 100 • Q(x) (x2 + 3x + 2) + R(x) = Q(x) (x -2) (x - l) + R(x) where R(x) = ax+ b. 
:. R(l) = I 100 = 1 = a+ b and R(2) = 2100 = 2a + b 
: . a= 2•00 - 1, b= 2 - 2•00. :. R(x) = x(2IOO - 1) + 2 - 2•00= X. 2100 - X + 2 - 2100, 
:. R(x)"' 2 100 (x -1) - (x - 2). 

L(-m) - L(m) -../6 - m + ./6 + m r=-----=-------m m 

:. r = 
-~ + ./a+m -v'G=ni - vi+m - 2 m 

m -../6 - m -~ - m(../6 - m + ./6 + m) 

: . r = 
2 2 1 

,1""6=_=m=-+.._./"'s=-+-m • As m - 0, r - ../f, + Ii, ., 7& • 
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Note: The letter following the problem number designates the correct choice or the flve listed 
for the problem in the 1970 examination. 

1. (E) 

2. (A) 

3. (CJ 

4. (B) 

5. (D) 

6. (B) 

7. (E) 

8. (B) 

9. (CJ 

10. (DJ 

11. (E) 

12. (CJ 

13. (D) 

14. (A) 

15. (E) 

16. (C) 

17. (E) 

18. (A) 

19. (C) 

20. (A) 

21. (B) 

If x denotes the given expression, then x2 = l + ../2 and x' = 3 + 2../2 • 

Let the common perimeter be p. The area of the circle is ¼ p2/s and the area of the 
square is p2/ 16, so the ratio is 4/s. 

x - 1 = 2P, y- 1 " z-P .'. (X - l)(y -1) = 1 : . y = x/ (x - 1). 

Let the consecutive integers be (n -1), n, (n + 1). Then the sum of their squares is 
3n2 + 2 which is never divisible by 3 but is 77 when n = 5 and is then divisible by 11 
as required in (B). Choices (A), (C), and (D) are eliminated by taking the middle 
integer n equal to 0, 4, and 2 respectively. 

Since 12 and 1' are -1 and 1, f(I) = (1 - 1)/ (1 + i) = 0/(1 + i) = 0. 

x2 + 8x = (x + 4)2 
- 16 which Is least (- 16) when (x + 4)2 = 0 or when x " -4. 

Triangle ABX is equilateral with altitude ½s/3. The required distance is s - ½s/3 
or ½s(2 - 13). 

225 = s• = 23• :. 15 = 23•/2. Also 15 = 'l!' :. 3a/2 = b :. a = 2b/3. 

AP= ~AB and AQ = ~AB:. PQ = (~ - i)AB " AB/35 = 2 ;. AB = 70, 

F = .4 + .081 + .00081 + • • • = .4 + .081(1 + .01 + .0001 + • • ·) 

= .4 + .081 X l _
1

_
01 

• (4/10) + (81/1,000)(1/.99) = 53/110. 

Denominator - Numerator • 110 - 53 " 57. 

Write f(x) = 2x3 - hx + k. Then f ( - 2) = - 16 + 2h + k = 0 and f(lJ : 2 - h + k = O. 
Hence h = 6, k = 4 and 12h - 3kl = o. 
The length of side AD Is 2r as are the distances from the midpoint of the diagonal 
AC to AD and BC. Hence the length of AB is 4r and the area of the rectangle is 
(2r)( 4r) = 8r2• 

(a• b)n = abn and a• (bn) = abn. 

The roots are ½<-p + ~)and ½C-p- ~)-
The difference is -./p2 - 4q = 1, Hence p2 = 4q + 1 and p = -./4q + l. 

The trisection points are (- 1,3) and (2,1). The slopes of lines joining these points 
to the point (3,4) are ¼ and 3. Only the line of (E) has slope ¼ and none of the lines 
has s lope 3. 

Substitution yields F(4) = 2, F(5) = 3, and finally F(6) = 7. 

Choices (A) and (B) are both false when p and q are 2 and 1 respectively, and 
choices (C) and (D) are both false when p and q are 1 and - 2 respect! vely. Hence 
none of these holds for all values of p and q. 

The required differe nce ls 2 because it Is positive and its square is 4. 

Let a be the first term of the infinite series. Using the formula for the sum, we 

have a/ii - r ) = 15. Also a 2 /(1 - r 2) = 45. Dividing gives 
a/ (1 + r) = 3. :. a = 3 + 3r and a = 15 - 15r :. a = 5. 

Regardless of how the diagram is drawn, M lies on the perpendicular bisector of 
HK so that MH = MK always. 

The distances read are inversely proportional to the radii of the tires so that 



450 x 15 = 440(15 + d) where dis the increase. Hence the increase d = 15/ 44 = .34 
inches. 

22. (A) Let Sm denote the sum of the first m positive integers. Using the formula for the 
sum of an arithmetic progression, s,. - Sn = 3n(3n + 1)/2 - n(n + 1)/2 = 4nl + n = 
150 :. 4n2 + n - 150 = 0 :. (n - 6)(4n + 25)"' 0 :. n = 6 :. s,. =Sze= 12(24 + 1) = 300. 

23. (D) The number 10 I = 7 x 52 x 12' when written in the base 12 system, ends with ex
actly 4 zeros. 

24. (B) If the side of the triangle is 2s and hence its area is sV3 = 2, then the side and 
area of the hexagon are s and 3s\f3/2 = 3 respectively. 

25. (E) If the number of ounces is W = w + p where w Is a non-negative Integer and O < p 
s 1, then the postage is 

6(w + 1) = -6(-w - 1) = -6 (-w -1) = -6 [-w - pl = -6(-(w + p)) 
= -6(-W) cents. 

26. (B) The two lines which are the graph of the first equation intersect at the point (2,3) 
and so do the lines which are the graph of the second equation which are distinct 
from those of the first. Hence the two graphs have only the one point (2,3) in com
mon. 

27. (A) If r Is the radius and p the perimeter, then the area of the triangle is ½Pr = p. 
Therefore r = 2. 

28. (A) Let the medians be AM and BN which intersect at 
0 and let AO and BO have lengths 2u and 2v so 
that OM and ON have lengths u and v respectively. 
From right triangles AON and BOM, we obtain 

4u2 + v2 = (6/2}2 = 36/4 
u2 + 4v2 = (7/2)2 = 49/4 

Four-fifths of the sum of these two equations gives 
4u2 + 4v2 = 17 which is the square of the hypotenuse 
AB of right triangle AOB. Hence AB = .../TT. 

A 

M 

29. (D) Let x be the number of minutes after 10 o'clock now. Then equating vertical angles 
(measured Jn minute spaces) formed by a line through 6 and 12 and one in the "ex
actly opposite" directions, we have x + 6 = 20 + (x - 3)/12 so that x = 15. There
fore the t!me is 10:15 now. 

30. (E) Let the bisector of angle D be drawn and intersect AB at P. Then PDCB Is a paral
lelogram and PAD an isosceles triangle. The measures of AP = a, PB = b, and 
hence AB = a + b. 

31. (B) To total 43, five digits must be one 7 and four 9's or two 8 's and three 9's. There 
are five and ten or a total of 15 such numbers three of which are divisible by 11. 
Hence the probability is 3/15 or 1/5. Divisibility by 11 requires that the sum of the 
first, third, and fifth digits minus the sum of second and fourth, be divisible by 11; 
only 98,989 and 97,999 and 99,979 satisfy this requirement. 

32. (C) Let 2C be the circumference. The ratio of the distances travelled by A and B re
mains constant because their speeds are uniform. Therefore (C - 100)/100 = 
(2C - 60)/ (C + 60) so that c2 = 240C, C = 240 and the circumference is 480 yards. 

33. (A) Omit 10,000 for the moment. In the sequence 0000, 0001, 0002, 0003, · · · , 9999 each 
digit appears the same number of times. There are (10,000)(4) digits in all, each 
digit appearing 4,000 times. The sum of the digits is 4,000(0 + 1 + 2 + • • • + 9) = 
4,000(45) = 180,000. Now add the l in 10,000 to get 180,001. 



34. (C) 

35. (D) 

A number that divides two numbers and leaves the same remainder, divides their 
difference exactly. We seek the greatest integer that will divide the difference 
(13,903 - 13,511) = 392 : 72 • 23 and the difference (14,589 - I 3,903) a 686 • 73 • 2. 
The required common factor Is 72 •2 or 98. 

Let X be the amount of the annual pension and y the number of years of service. 
Then with constant of proportionality k, 

X : k,/y X + p = k./y+a 
X 2 = k 2y (X + p)2 ■ k 2(y + a) 

X + q = k,/y + b 
(X + q)2 = k2(y + b) 

Replacing k2y by X2 in the last two equations and simplifying, 

2pX + p2 " k2a and 2qX + q2 = k2b 
Hence 

2pX + p2 a 
2qX + q2 ~ b 

aq2 - bp2 
X "' -=----=-- . 

2(bp - aq) 

The student should verify that bp - aq can not be zero. 
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Note: The letter following the problem number designates the correct choice of the five 
listed for the problem in the I 971 examination. 

I. (B) Rearranging the factors, N = 24(28 X 58) = 16 X 108 = 1,600,000,000 which is a 
ten digit number. 

2. (D) If x , y, and z represent the number of men, days, and bricks respectively, and k 
is the constant of proportionality. then z: kxy and the given data yields k = 

f/(bc). With this k, the number of days y = bcz/(fx) = bcb/(fc) = b1/f. 

3. (E) Equate the reciprocals of the slopes of the segments joining (x, - 4) with (0,8) 
and ( - 4,0) with (0,8) to get - x/ 12 = 4/8 . Hence x = - 6. 

4. (A) The principal at the beginning of the 2 months was P = $255 .31 /( 1 + .05/6) = 
$253.20 so that the interest credited was $2.11 and the number of cents was 11. 

5. (C) 4p + 4Q = 360° - (4PAQ + :i(.PCQ) 
= 360° -(180° - 21°) -(180° - 19°) = 40° . 

6. (E) a• ;a= I which is not the identity element as requlred. 

7. (C) The given expression= 2-2 k(T 1 - 2 +I)= -2 - lk/2 = -2-Clk • 11 

8. (B) The given inequality is equivalent to (3x + 4){2x - I)< 0 which requires O < 3x 
+ 4 and 2x - 1 < O :. -1 < x < ½. 

9. (D) A right triangle with legs 
24 and IO inches is formed 
by the line of centers, a 
radius, and a line parallel 
to the belt (See figure) . 
:. the required length d 
satisfiesd2 : 242 + 102 = 
262 , d = 26 inches . 

10 

JO. (E) There are SO - 31 = I 9 blondes and :. I 9 - 14 = 5 brown eyed blondes. :. J 8 -
5 = 13 are brown eyed brunettes. 

11 . (D) Both a and b must be greater than 7 and 4a + 7 = 7b + 4 :. 7b - 4a = 3 :. (a,b) = 
(15,9) :. a+ b = 24 = XX.IV. 

12. (8) The difference of any two congruent integers must be divisible by N. Since 90 -
69 = 21 and 125 - 90 = 3S, N = 7. Since 8 1 - 4 = 77, 81 is congruent to 4. 

13 . (E) The binomial expansion gives ( 1.0025)10 = (I+ .0025) 10 = I + 10( .0025) + 
45( .0025)2 + 120( .0025)3 + 210(.0025)4 + · · · = 1.025 + .0002812S + 
.000001875 + terms less than I o- s = 1.02528 accurate to 5 decimal places. 

14. (C) Two factors are 63 and 65 because 248 - I= (224 - 1)(224 + I)= (2 12 - IX2 12 + 1) 
(224 + I}= (26 - 1)(26 + 1)(2 12 + 1)(224 + I)= 63 X 65 (21l + 1)(214 + I). 



15. (B) 

16. (A) 

17. (E) 

18. (D) 

Let u and h be the length of the bottom and depth of water when the bottom is 
level. Then the volume V of the water is V = !Ohu = IO· i · 8 • ¾ u, h = 3". 

Let the 35 scores be denoted by x 1, x2, x3, • · •, x35 and their average by x. Then 
3Sx = x1 + x, + x3 · · • + x35 . The average of the 36 numbers is (x1 + x2 + x3 + • • • 
+ x 35 + x )/36 = (35:X + i)/36 = 36x/36 = x. Hence the ratio is I : I. 

A secant can cut across (n + I), but no more, of the 2n equal sectors, dividing 
each into two parts. The total number of distinct areas is then 2n + (n + I)= 3n + I . 

Let v = the boat's speed in still water in miles per hour. Then I = ...i...
3 

+ ~
3 v+ v -

:. v2 - 9 = 4{v - 3) + 4(v + 3) :. v2 - 8v - 9 = 0, (v - 9)(v + I)= 0 :. v = 9 

Speed downstream = v + 3 = 12 = ±. The ratio is 2 : I. 
Speed upstream v - 3 6 I 

19. (C) Exaclly one intersection requires the roots of the quadratic x2 + 4{mx + 1)2 = I 
to be equal and hence the discriminant to be zero. i.e. (8m)2 - 4( 4m2 + I) • 3 = 

0 H 2 - 3 . encc m - 4. 

20. (E) If the roots are rands, then r + s = - 2h ana rs= -3. Hence (r + s)2 = r2 + s2 + 
2rs= I0 - 6=4h2 :.lhl= I. 

21. (C) Since the antilog of O is I regardless of base, log:ilog..x) = log...(log2y) = 
logJ(logJZ) = I and hence log..x = 3, log2y = 4 and log)Z = 2. :. x + y + z = 43 + :z4 
t 32 = 89. 

22. (A) factoring the given equation x3 
- I = 0 gives (x - l)(x2 + x + I)= 0. 

The imaginary root w satisfies w2 + w + I = 0. Hence I + w2 
:= - w, I + w = - w2 

:. ( I - w + w2)( I + w - w2} = ( - 2w)(- 2w2) = 4w3 = 4 because w3 = I. 

23 . (A) The four sequences of wins (each followed by its probability) for Team A to lose 
the series arc BBB(l/8), ABBB(l/16), BABB(l/16), BBAB(l/16). The total 
probability for Team A to lose is 5/ 16 so that, to win is 11/ 16. The odds favor
ing Team A to win are 11 to 5. 

24. (D) In the first n rows, there are (2n - I) l's and ¼(n - 2)(n - I)= ½(n2 
- 3n + 2) 

25. (D) 

26. (B) 

. . n2 
- 3n + 2 

other numbers. The quotient 1s 
4

n _ 
2 

Let band f denote the boy's and father's age respectively. Then 13 5 b «::: I 9. 
Also 99f + 2b = 4289. Equating the remainders in the division of both members 
of this equation by 9, (casting out nines), 2b = 32, b = 16. Now 99f = 4289 - 32 
= 4257 and f= 43 . :. f+ b = 59. 

Draw FH parallel to AE. Then BE= EH 
because BG= Gf. Also 2EH = HC because 
2Af = FC. :. 3BE =EH+ HC =EC.:. E 
divides BC in the ratio I : 3. 

A 

27. ( E) Let w, b, and r denote the numbers of white, blue, and r~d chips respectively. 
Then w 5 2b and 3b 5 r. Now wt b ~ 55 :. 2b + b = 3b ~ 5S :. b ~ I Bi :. I 9 5 
b :. 57 «::'. 3b 5 r. The minimum number of red chips is 57. 



28. (C) 

29. (E) 

30. (D) 

3 I. (A) 

32. (A) 

33. (B) 

34. (B) 

35. (C) 

Lei band h denote the length of the base and altitude respec tively . Since 38 = 
½{b + .9b)(.lh) , the area ½bh = 200. 

Since 100,000 = !OS, the sum of the first n exponents must exceed 5. i.e. n(n + 

1)/22>5:.n(n+ I)> 110 :. n= II. 

If g(x) is the inverse of the transformation f1(x). then g(f n + 1(x)) = fn(x). Since 
f35(x) = f5(x), successive application of this formula yields f31(x) = f1(x) :. f30(x) 

. x+l . f( ) 
= g(fi(x)) = x :. f29(x) = g(x) :. f11(x) = g(g(x)). But g(x) = 2 _ x .. 11 x = 

I 
g(g(x)) = I - x. 

B 

- . 

Draw radius OB which is perpendicular to 
and bisects chord AC at G. Side CD is 
parallel to and has length twice I.hat of 
segment GO. Similar right triangles BGA 
and ABD yield A D 

0 

BG I I I 7 
- = - = - · GO = BO - BG = 2 - - = -I AD 4 · · 4 4· :.CD=2GO=i' 

Letx=r/2.Thens=(I +xXI +x2x1 +x4XI +x8)(1 +x16
) 

Now (I - x)s = I - x32 = ½. :. s =½(I - x)- 1 = ½(I - 2- ~ - 1 

Let the progression be a, ar, ar2, • • • arn - 1 , then P = anr!<n - I )n, S = a 
1
1 

- r", 
- r 

I I - n - (n - I ) I n 1 l ) 
S' = - • -=-!__ = _r -- • --=-!.... :. S/S' = a2r(n - I) ;, (S/S')2 n = an r2(n - I n = p . 

a I - r- 1 a I - r 

12 hours by the slow clock = 69 X 11 minutes= 12 hrs. + 39 m in. :. 8 hours by 
the slow clock= 8 hrs. + 26 min. Overtime of 26 min. @ $6 per hr. or I 04 per 
min. gives S2.60. 

Let O denote the vertex of the right 
angle, C and C' the centers, rand r' 
( r > r') the radii of any two consec
utive circles. If T is the point of con
tact of the circles, then OT = oc' + 
r' = (y2 + l)r' and OT= OC - r = 
(y2 - l)r. Equating these expres
sions for OT yields the ratio of con
secutive radii r'/r = (y2 - 1)/(-./2 + 
I)= (../2 - 1)2. If r is the radius of 
the first circle in the sequence, then o 
,rr2 is its area, and the sum of the 
areas of all the other circles, which Conn a geometric series, is 

2 [( '2 )4 ( r-. )8 J - rr(../2 - I)4r
2 

_ ,rr
2 

rrr v ~ - I + v 2 - I + · · · - I _ ( J2' _ I )4 - ( J2 + I )4 _ I 

The quotient of areas= ( .Jf' + 1)4 
- I = I 6 + I 2y'2 and the required ratio is 

(16 + 12../2) : I. 
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Note: The letter !ollClllllng the problem number deat&na.tea the correct choice of !he five Hated for !he 
proolem In tne 1972 u:aminlt.tioo . 

l . (D) Tbe PJU!,aaorean Theorem appl.lM to llho-.. tl:11.t IV I ■ not but I , n, and m are right trlanclu. 

2 . (B) Let C be the pruent coat, hence . 92C the diacounted coat, and x !he pre,oent profit, In percentq;e, 
tbea .,;iuat1"i the !bed proceeda of aa.le, IP"• 
C(l ♦ .01:r.) • .92c[l + .Ol(x ♦ 10)]. .08(.0b) • (.UXl.l) - I • .012, x • U. 

3. (B) r - •. 1(1 - 1./T)" - -j-(1 - t/T). H-2 - 21/T) - -t(l - 1/"f) - -1 and !he reciprocal requellt.cl I ■ 
a.l■o -1. 

4. (D) The Wlioa at {1 ,2} with each ot the 8 di.91:inct .,.1:,■ et:s al {3,4 ,5} results In a different solution X and 
there are no other solutions. 
Remark: lo tnaking the count, one need only enumerate the 8 IIUbaets of {3 ,4,5} but it is net dl.Jflc:u.l.t 
to write down all 8 ■olution-,. Thi• ia left to 1he lltudant. 

5 . (A) Pim IKJte that (2'")' • 8 < (3"')' • 9 ao that 2'" < ,,,. . Alao (2'">'° • 2• • 512 , (9"')" • 81 ao tbal 
J'" > 9'", and 2111 > 811 " • 2'11. Hence 3111 , 2111 have tbe grea.teat and oat to the greatelll Tillhle■ ill 
lhat order. 

8 . (Cl Let, ",• and the pven eqW1.tion i1 eqwn.l.ent to,' -10, + 8 • 0 or (y - 9Xy - l) • 0. Hence 
y • 'i'- • 9 or l, • • 2 or O ■o that r ♦ 1 • 5 or l. 

'1. (El Tbe ratio!:- : .I_•~: I!• 2:-t • 4:1 becauM ll la&IHD that }'11:ll • 1:2 and hence~ - U 
)'S ll }'11 U 

aothat u •2 and I! •-j- . 
JZ u 

8 . (D) H (,. - loa: :, ) la nonnepti ve, then the given eq11atl011 reqw rea that • - loa: J • • ♦ log y ■o that 
-log y • lo& :, • 0 and :, • l. On the other band, If <• - 11111 J) is 11egatin -<• - lo& y) • • + log y 
IIO that h • 0. We can write lf(y - 1) • 0 to ■ay tbat • • 0 or y • I or botb. 

9. (A) Let • &ad :, deoote the nlltDber of ••at• of pap..- &ad of ennlopea reapectlvel,- In aach box. Tban 
:1 - :, • 50 and y - -t• • 50 pn .f• • 100, • • !Ml ■lbeeta ot papar In .. ch box. 

10 . {D) Flr-■t wban ll - 2 ~ 0, th.La 1 :!5 • - 2 :!5 '1, ! s r. s 9. ApJ.11 wban ,; - 2 "'O, than I s 2 - • s 7, 
-1 s 1 s 5 a-tvea -{)"' 11 s I u the othr p»albtlltJ u ■lated In cbotce (DJ. 

11 . (A) Gra.phin& the circle cl. ra.dlua 4 abolJI the orlgill &ad tbe parabola with 
y - intercept 4 , It becomes apparent tbal tt,ey int41rsect anlJ 1rbeo , • 4. 
Alteniately, we may 811btn.ct the secODd from tbe flr91 equation to a-et 
,• • Sy - 28 '" 0, y • -'I or 4 . For y • 4, :1 • 0, bul there le no real x for 
'. -'I . 

12 . (B) Let an eds• be f feet &ad beace ta! lncbea long . Thea f • 6(120' 90 that f • 8(12)' • 6 x 1'4 • 864 ft , 

13 . (Cl Let Rand S be the l.ntereectiona with aldH AD and BC al tile ltne throllCfl 
M parallal to AB (See ltgu.re) . Then RM • -tDE • 2,i l.ncbee and heuce M8 
baa lena-th ~ lnchea . Since PMR and SMQ are aimUar nc:ht triangle■ 
PM : MQ • RM :MS• 2,½ : &-4 ~ 5 : 19 . 

14 . (9) Let a denote the required side . Then the Law of Sine& give■ 

a a 8 111.o so• 8(tl 
aln SO' " sin 45'' • • slit 45' • t ./T • f,{f' 

r,~ __ £:;----~c 

p 

R~"'-1..~------IS 

A '--------..J B 

Alternately , the allltvde between ■Ide• a and 8 has l.acth 4 and 1■ ooe lee ol an laoacelu right trl · 
angle with h:,pot.henUH a z 4.ff. 

· 15 . (C) II ll ia the number of briclla in the ,nil, tluin th~ reduced 11wnber ol brlclta lor 5 boura of worit 
together, la 

~i + fo - 10) • ll , • • 900 brick.I . 



16. (B) Let 3, x, J be the flrllt three aumb•re. Tlle11 i • !, , • 3J. TIie ia. thrH 11W11ber• are 11, y, 8 so 

that y - ll • 8 - y, ll + 9 • :ly. Ell.millat. J latil!C 2r - 3x - 27 • 0. Fadorifll , (ll + S)(b - 9) • 0, 

X • 4·t, J • f • &¾. :. ll + J • 11i-

l"/. (E) Let AB r-s,r• .. nt the atrifll (Sff fl&\lre) and 1« P be the pcul oa It r 
ellch that AP: PB • l : ll, UAP hu l..,.tb • 11!.cbH, U..11 tbe l.,.th of A lr--,,r-l----,11.------il 

8 

PB ta u. 'lb• prcbabilit)' tbat tbe cut lie OD AP la -
1
- • -1 l . Sillu tbe cut t■ equ.l.lJ llkelJ to 

■ +U +ll _ 2 
lie within the sun• distance from the odl•r ad Bal. tbe atrtac, the probal>Ult)' fll. eltb•~ ui i+l" of 
choice (E). 

18. (A) Let aides AO and BC of the quadrilateral lnterMd at V. Then dla&onal• AC 
and BD are m«l1ana from A and Bal truacl• ABV lnterMCfu>C at E which 
dlYidH AC In the ratio 2 : I so that th• leacth of 11:C u, '/ or S-f ""1ta. 

A~8 

18. (D) The~ ten,:, ol the Ci•• a.quenee la 9qU'll to ik -1110 tbal lhe au, al. the first n tum■ may be 
written u 

(21 - 1) + (2'-1) • (2' -1) + • • • + (l"-1) 
• (2 + a' + 2' + · · · + I") - (I + I + l + • • • to n un,:,a) 
•(.211

'' -2) - n•2n•• -n-2. 
30. (E) A"ile x IDAJ be taken u the acute ucie IJlll)l)Cte tbe ldde al. lqtll 2ab ID a 

rlpt lrt&"ll• (SH fl&\lre) wboae other le& lban baa 1.a,tb (a' - b"). 'nl• 
ll~eftllN I■ the tbe aqu■re root of (Jab)° + !•' - b1'f • •• + 1a"b' • b• or 
a + 11'. Heoce 11111 ••Jab/(•'+ 111

) bJ tbe doilAitlcm of sin•. 

21. (C) Let P and Q denote the lnterMC:tloll.9 of AD wilb BF and CE ...-pectl•ely. 
Then S ■wna ot ....-1 .. 1D ci.creu are 

LF + LFPD + LEQA +LE• SIIO' 
LB + (UM>" - LFPD) + a> • 180' 
LA+ (180" -d:QA) +LC• UIO" 

Addlnc tbeN 9C(Ulltloaa member bJ member ci•• 
LA ♦ L B + L C + £ D +LI!: + L F + HO" • 'I# 

and th• reqlllred 1WD l• 390" • 80n" IIOtul D • t u Ill cbolc• (C). 

22. (E) Let tbe third root of the ctYen equation be •- TIM IIWII ot the root. I• Hto, :la •a• o, • • - h . 
TIie awn of the produc~ of the root.I lalr.• two al a time la q, 

(a+ bl)(a - bl)+ (a+ bl)a + (a - bl)a • q 
(a1 + b') + a(-Za) + bl(---Ja) + a(-2&) -bl(-la) • t/' - Sa' • q wlucll u, cbolce (E). 

:.13. (0) Let P be !be center ot the clrcwn■crlb3 cltde. (See fle!9), We mul baYe 
AP' • PB' eo lllat (I - OP)' + 11 

• (l + OP)° + (1)' and -JOP + I • JOP • t, 
(
I!\' 1419 + 2541 425 25(11) 

OP• l.. Renee AP'• (l -OP)'+ l' • ti/ .• 1 • 2SG • ffi • 258 

MIT and AP~ 16. 
rl; 

1 , 

24. (B) Let 0, R, T denote the distance (mUea), rele (mtlH per hour), time (boura) ,.11pect1HIJ. The 

0 • RT, D • -f(R + -f)T, D • (R - iXT + 2-t). 

The flrat and ■ecoad equatioo■ gin 1D • -fT. :. D • 2T. :. IT• RT aad R • 2. Replatct.ac T by t D 
and R bJ 2 in the tblrd equatioa ctve• o • l!tD + 2-tl, D • 15 mU•. 

25. (Cl Since &"II•• A and Ca.re wpplementary , (9" fi&llre) one .... pect■ that each may 
be a rlebt qle, Tbie turu out to be tbe caN with dlqonal BD d lqtb 95 u tbe 
common bypotheDIAH and the diameter of the ctrcumac rtbllle circle. 

or 
Tbe aune reault may be obt.ai.ned uaiDC the Law of C-• on trtaaglff ABO and 
CBD. T IIU 

BD1 
• 311' + 52' - h3~52 coa C 

801 
• 251 

• 90' - 2x25x60 ooa A 

A 



Since C la the aapplement of A, replacing cot C by It. equal h:oa A) and subtnctq, 1lvea 

0 • 0 + (h3hS2+b2$dO) coa A. :. C09 A • 0 

ud A Uld lta 1111pplement care both right .,.i,,. TIie common bypothenuae BD bu lqth 85 and 
i. the dlauleter of lbe elrcum.crtbt.ac circle u before. 

211. (E) Draw NQ perpmdlc:war lo AB at Q where chord MN baa measure x . Since arc• BN and AM are 
equal, PQMN a. a rectucle and PQ hU mea11,1re z. Hence PB • PQ + QB has meUllre 
z + (z+l) • b + l. 

C 27. (D) Tbe area of ~BC (See figure) ia 64" iAB ·AC IIA A. 
2. >dl4 . I 

Now AB · AC • lf-4. Hence sin A • 7W • i' .~. 
28, (E) All border ebeckerboard aquarea are DOt enUNlly covered by tlle disc . Only the 4 corner aquares 

Df lbe 6 x II "diemerboard" ot the 3e remalninl mtertor aquarea are not entirely COHrell. Hence 
S8 - 4 • 32 aquarw are entirely coveNd by Ille diK. 

l+Sz+II' 
29(C)t(b+r) f'+"iii 1+:Sr+b+ .. (l+xf (l+xf l+z 

. l+Sx" •101 _Sz+x' • l011+izi-b-i'"'l0i~"lo« f'=i} •SIO&r=z•Sf(z). 
1 I+si' 

8 6 
SO. (A) Let h denote tile lqth ot tile aheet. Theo h • coe(W _ 295 = ain 29 

•S-lc.cl. 

Alao L • II - , • Seec •s CIJC ,. 

-------------
~. ---I 

31. (Cl Tbe remainder in the division of 2" by 13 ti, l becauee that of 2• • 64 Is -1. Hence 
2'000 • 2- >< 2' • (2"f' x 18 leaves a remainder (I( 1• x 3 • 3 wben divided by IS. 

or 
Ualng coogruencea, ~ • -1 mod IS. Hence 21000 

• I"'" x 2' ., (-1 ),.. >< 16 " 1 >< S ■ S mod IS. 

S2. (B) If AC and BD be drawn, then lnecrlbed angle1 Band C subtend the aame arc AD and htnce right tri
angles ACE and DBE are almilar. Renee CE :AE • BE :DE and tbe meaaure ot eesment CE l• 4 . 
Tbe center of the circle at the lnteraection ot tlle perpendtewar bisector• of chords AB and CD ia 4 
ur\ltB to the right d. and-! unit aboYe point A. H•ce (Radius)* s(j Diameter)'• 41 ♦ (1)1 • (f ffl)'. 
:. The length or the diameter la Ji!. 

33. (C) Let the units, le11a, and hundroda dilite be denoted by U, T, and H respectively ao tbat the Cl'IOl-lut 
. . . U + 10T + 100H 9(T ♦ UH) . 

to be muum1z:ed I• U + T + H • 1 + U + T • 8 which u leallf. when U • 9 regardleH of the 

T + llH IOH - II 
valuea or_ T and H. Now T + H + 9 • 1 + T • H • 9 which Is leut when T = 8 and H • l. Hence 

the number i■ 189 and the mlnhnum quotient 
1: • 10.5. 

34. (A) Let T, D, and H denote the ages of Tom, Dick , and Harry reepectively. Then 3D ♦ T • 2H and 
2H' • 3D' + T' or equivalently 2(H - D) • D ♦ T and 2(H' - D'l • D' + T'. Si.nee . 

.J 2(9' - D') D'. T' .,J 
D + T r O, i(H _ D) • D+T or a' + HD + _.,~ •; - DT + T'. Hence T' - H 1 

• D(T + H) ao that 

T - H = D. Eli.millllinC T from the last and Vl'l'J' ti.rat equation gives H " ID 10 lhat D • l aocl 
H • 4 beauae H aod D are relative!, prime Integers. Aleo T .. H + D = 5 a.nd the required IIWll of 
aqua re■ is T' + D' + H' • 52 + 1 • + 41 

• 42. 

35. (D) The point P returu to its original poailion after 34 • 8 x 3 move&. In 8 of these move■, the rela
tion i& about vertex P wltb no path lrave reed by P . ID the oUier 16 moves, 8 are about a ID-id-point 
of a aide of the aquare with the radius to P sweeping through 120• or t tr radians. and 8 are about a 
comer oS the aquare with the radius to P sweepinJ through 30° or ¼• radians. Th• total angle 
nept througt, by Ille radi11e to P ia 8{t r + ~ r) •fr radian&. Hence the length of the path traversed 

by p 13 f II Inches. T1>e genrul eolutiOD ta: 

8 40 
3 '1l'(2 ♦ Sk) or 3 -rt(I + kl. k•0,1 , 2, ••• 
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: Note: Tbe letter followl.ng the problem number refera to the correct cbolce of tbe fiff luted for that 
problem ID !be 19'13 uamtnatlon. 

Let O denote !be center ct !be circle and OR and AB lbe radlua and tbe chord (J 
l!lee fic,,re) wlllch are perpenclcular bl9ector■ ol each odler at M . U■l.ng th& 12/ 
PJtlloeorean tbeo'Hm oa npt 60MA, Ar• OA1 - OM'• 12•- e• • 108, ' R 
AM • &/J. 'nle required cbord bu J.uctb AB• :LUI• 12/f. 6 Iii 

• 
J.(C) Tbe 8 x 8 x8 cube ol Interior cube■ ccmtaina all 512 of. !be unpo..l.nted cube■. to' - .. 

• 1,000 - St2 • 488 cube a baTe ■t leut ooe face ~ted. 

3.lB) 13 le tbe amaUesl prime p wltb 128 - p a.l.ao beln& prime. Tbua the largest difference t■ lU - 13 
• 100 • 

• . (I)) Let Mand V eie. ftcure) denote the end■ ct tbe altitwit of. 1■actb hand 
tbe b!Mctor ol. tbe laocelea trlanKUlar commoa area wt.ere A dallote■ 
- end of tbe i... '!'Mn bJ,- • e. . ·. b • 2v'T and tbe required com
moo area I■ ½b(:l.UI) • { (2/!) x 12 • 12/l. .~ 

6 N 
5.(D) Denotmg the binary operation of anr-agtng by •, we Ila-.. for any two number• a 1111d b, 

a• b • t (a+ b). 

Aecorclogly, IJ and IV are tbe only Ylllld ■tatemente becauae ID u, 

a • b • j- (a + b). • j- 0, + a) • b • a and ID IV, 
a + 0, • c) • a + t 0, • c) equal■ 
(a +bl• (a • c} • t [a ♦ b + a + cJ • a • ½ 0, • c). 

1n I , oa the other band, 

a• (b • c) • ¼a +¼b +j-c and (a• b)• c •¼a+ ¼b •½care not alway• equal ■o tllat • t■ not 
uiJOClatlff. 

1n m, a• 0, + c) • r• + ¼b +½cl• not eq..t to (a• b) + (a• e) • a + j-b + tc u needed. 
In V, tbere mata no cne number e auch that for eftry number a, e • a •au required for an 
Identity element e beca,_ a • e • t (a + • ) . 

6.(C) Let b > 5 be the baae. Since {24•)' • (2b + •>* • 4b' + l&b + 18 and 5!>4 = Sb' + 5b + 4 
we muat have !>b' • !>b • 4 • 4b' • !Ob .• 16. Bolvin& !or b we &•I b • -1 or 12. 

'1. (A) Ualog the formlllu 8 •~(a+ l) and l •a+ II) - t)d for 1h11 aum 8 ct 11 terma and U. nlll lerm f 
""8re a • 51 and d • 10, - set 

s • 51 • 81 + •• • + :Ml • i,i(51 • 341) • 111&1 where 
f • Ml • 51 + (Ii - I) 11 10. _-. n • 30. _- .8 • 15 11 392 • 5180. 

8.(E) Tbe DIID1ber of plnU Pot paint UNd ftl'IH JCII.DUy u Ule aquare ct the lleipt bot ••ell and the 
the number 11 ct •tat•• painted Wbtcll t■ to aay P • mil'. When n • 1 and h • e, P • l Jift■ tbe 
C ONtant ol ftJ1atioD 

1 1 , 1 
k • ff •o that P • nob . Now when n • ~Oand h • l,'ft set P • ji s 540x 11 

• 15 pint■ . 

9.(i) Trl.anglee ABC, AMC, MBC, MHC and HBC all haft the aame altltwit HC C 
ao that their areu (den-d below by parenthe■e■) are proportional to 4 
their buea. We baff 

(AMC)• (MBC) bee&UM AM • MB. Ala<> (MBC) • (MHC) +(BBC)• K + I( 
• 2Jt beC&UN A I 



AMBC ..,d ABBC aN coacnnt 30- - ISO" right trlallgl••• 
.'.(,\BC)• (AMC) .. (MDC)• 2lt .. U • U. 

10.(4) If ft-, - 1, then ele111entar7 operatJoo• m the -,.tem ywld9 an equlnlut •J11tem ~,1,&) 

•(.;; 1. 1 , n ! 1 , ft ! i)wt1cb ls a •olutton ot the ciffn •J11tem. Un • -1, a.ddln1 the eq11&tlCDa we 
aet !be lncautsteftCJ' 0 • 3. Altern&te}J, tbe &eaeral cond:ltlcn lbat tbe matrix of the codtlcients 
of lbe ■Jlltem and tbe &llg!Dented matrix muat baft equal or ...equal rank for con■latenc1 or ln
CCD9111tency applle■ when n I -1 or n = • 1 reapecUfflJ. 

11 .(B) Coulder tbe flellre for aome poalli-.e Integer r. Tbe equation of 
tbe outer dlamood la Ix\ • lyl • r. Points on or inside the diamond 

• 
aaU.IJ (1) Ix! .. lyl •r, The eq11alions of the circle is.,_•+ y' • y, 
■o polnta oa the circle aali•fJ (2)✓ 2(? .. ,') • r. 

r 
Tbe equation of the blner aquare I• Malt (Ix I , I y I) • f• 90 points 

cm or outaide Ule eqll&tt aattafJ (S) r "' 2 Mu (I xi, l JI) 

Thu from (1), (2), and (S) it i, _,. that pointa 0D the clrcle 
aaliafJ lxl + IJI "'r • ✓2/r • ,') "'2 Mu Oxl, IJI). 

12.(D) Let m and n denote the number of doctors and lawyers re11pectively. Then 
40(m + n) • Hm + 50n, Sm • 10n, m/n • 2 &Dd the r-alli1'ed ntto m : n • 2 : 1. 

is;(D) lllaltlplJID& the numerator and denoml.D.ator of the ctven fraction bf W 1ives 

2 (-IT+ JI'> • ' (1 + ✓'f) ,. ' U • ffi ■ ! 
s./i'771 s~ s~ s · 

14.(C) Let z, y, and & denote lbe number of tanlr.luls of water delivered by valves A. B, and C 
reapecth•lJ ID OM boar. Then 

z+y+a•l,x+a• l~S ,J+&• ½· 
8llbll'actiD.C the - of the lUt two ect,ation■ from twice U!e flrat. fives z + y ~ 5/e eo that 
(1/5) (z +J) • l tullllll will be deli'fered by valne A· and 8 In 1/S • 1.2 hours 

1$,(D) The center ol the circle which clrcumecrlbu sector P0Q 1a at C, 
Iba ltlter,ection cf the perpendicular bleeetore SC and RC, From 

e oc , 
trt..1le ORC --uat NC 1 & T or oc. 3 -1· 

(r,o) 

1$,(B) Let a denote tile -ber ■Ide• (qleel of tbe pen eoo'fes pol,son and z the maaiber or 4■cree• 
la the exepted ancle. Tbea 180(n - 2) • %190 + x ao that 

2110 +z SO :1t 
a - t • ---ieo- • 1:a + seo • 180 • 12 • 1 

• •• a • 15 and lllct.dentally the euepted aneie s• • 150-, 

J'f(B) Unic the fonaula for I.be coalne of twice an anele ½•. 

cou• coat t• • l-2 ■tn';•• 1-2(
11
;/) • ¼ Slace 



11tt1 •_I_• ii: tan•, • ae-c:11 - I • ~ - I and tan I • ~I. 
coa I ' 

18.(C) Sl!lce tbe factors (p-1) and (p + 1) of (p' -1) are CGDNcortiff \mltl latapu, botb an d.lvlslble 
by 2 I.Dd oae of them at~ by ,& ao that their prodllc:t ls div:l•lble by 8. Ap.ln (p - l l, p, and 
(p + I) are lllfte c011Mc1,1tiff intepu 90 that one of them (but DOt tbe prime p Zc5) I• dl.vlalble 
by S. Hmce tbe pr'ocllct (p - 1) (p + l) • p1-l ta •l-1• divl.ible both S and 8 and hence by H . 

11.(D) '12-1 • '12 J: M J: 5e X 411 X 40 X S2 X 24 X te X 8 • 8' X 91 
18, I • 18 X le X 14 ll 12 X 10 X 8 ll 8 :11 4 x 2 • 2° X 91 
Tbe qllOtient 72,, I /18, I " a• /2' • 41 

20.(C) ?At S 03ee figure) denote any paint mi the •tream SE and C, H, aiid D be 
tbe position of the cowboy, bl.ti cabin and the point 8 m lln nortb of C • 
Tllen the dllltulce (CS + SH) ,tqlllll (OS +SH) whicb 1' lllut wbe11 06H l1 
a atralpt line and then 

CSH • DBH • ,/ii'+'""IY • ./S • l'J mll111. 

D 

'---r--'K 

21. (B) Zltber tbe number ol coa1ecllttff tnt91"n In a •t will be odd or -- U odd, let tbeil' number 
be (211 + t) l:Dd tbelr &ffrage z, the middle one. Tben (211 + 1) x • 100 •• •• x • 100/(211 + I) 10 tbat 
(h. + 1) can oaly be 5 or 25. If 211 + I • 5, tben ii: • 20 and n • 2 ao that tbe tntepu are 18, 19, 
20, 21, 22. U (2n + 1) • 25, z • 4 and n • 12 wllicb I• lmpoallb .. bee&llle tbe lnleprl mull be 
pomtiff, If tbe number af c-cvtln lntepn ta 11n nen nwnber 2n, .t tbeil' &ff~ Cbalf ny 
between lbe middle p&lr) be de11oted by ii:. Tben 2nJ; • 100, x • 50/11. For n • 4 z • !Ji &od the 
middle J&lr an z- f • U, x + ½ • U ■o thal 9, 10, 11, 12, U, 14, U, Han tbe 2n • 8 tntlpu, 
For no otbltr lntapr n, an tlle mlddk p,lir (I: - ½I and (I: + H poa~ lnbtpra. The two Illa
played ue tbe onlJ Nta of poaitlft lntepr• ""- IWI> ls 100, 

22.(A) 1. If :2< :i: < t, t.ben z - 1< i, ud x + 2>0 an that tbe p'Nn la9qulit7 req11irea - z + I + x + 2< 5 or 
S<5 wtllch la alw&J'II true. TM !Mq,ulitJ la b'UI a1ao 11111D x • 1 ud a • - 1. 

2. It a > I, then x- l>0 Uld X + 2 >0 ~ that tbe P"D u.qulit, blCCDH (It- 1) • Cz + 2) • 
2x+1<5. x<2 • .". l<x<2. 

,. It x<- 2, tbellx + I< 0ud •- t< 0&Ad 1be 11- !Dequllty blCCmlH-(1: - 1) - Ill +J) • 
2x - 1 < 5. . •. - :la< e, X > - :,, We Ila• accordlnpJ - :t < lC < J U !!le Nt o( all feal 1ollllt0U, 

2:t.(D) Ltt tlllt •!di• d the am card 6,cth red) be DIIIDbtred 1 ud 2. Lei Ille Nd and blue 1ldea af tile 
Neolld ,card be Dlimbered Sud 4 re■pectJftly . 011 draw, IUIJ' ane of tbe foor aidel 1, 2, ,, 4 
could coaie up. Bat 1lde 4 cloel 11ot, 10 I, 2, or S mu1t . Of U.11\ three, two 1111der■id111 an Nd 
aad - blue eo tbat Ille pJ'ObebWty al red 11 two GIit ot tbree or 1 · 

H.(D) Let 1,c,aadp denoteoo.t la dDUar■of 1 alldwldl ',1 cup or colfN,aDd I piece of plerupectinly, 
TIMm Sa+ 'Jc+ p • S.ts aad ,&a+ 10c + p • ,&.20. 9ilbtractllls twice tbeM-doft.heNtwoequatlo111 
from three Umeetbeflrlt pTel a+ c + p • 1.05 .o tllllt $1.05 ill the required coat. 

25.(E) Let O d■IIOta tbt otDtllr of tbe plot ... fipre) •d M tbe midpoult 
of !ha other Ihle of tile walk. If AB ·DOta• oae U'C C1lt Qff "' tbe 
-lk, then one half tile arsa of tbe ~ OMBA conmta ot a ,o• 
Nctor 0AB IUld a so• -so· rtcbl 40MB. Denotlnt IINU by p■ND• 
tbeMI, 
(Raqlllttd Area) - (Plot)- (Walk) . 

a • • e• - 2 .. ctora) - 2(30°- 80° A '1) 

• Ses - 2 Zr J: i a f lC I - 2 a j :I S lC Sf3' 
• SOr - 9/J or cbai~ (!). 



ff.(E) Let a, d, ud Jll dnoee tbe first ierm, commce cll&rence uid tbe eftn nllmber of bu..,. •. U $0 
ud S. daaoll 1M - d. all odd &Del all 8ft11 nembered term• rffi-ett .. i,, ~ 

S. • j (If. • 4) • Ill - l) 11: Id} • SO ud 

-\ • j ( Ila + Iii - l) a :td] • 24. 

TIie dlttenDCe S. - ,\ eq,..i. j ( 2d J • e, 11d • • -

:. I - a••+ CIII - 1) d - a•tO.Swt.re f anotMtbeluttierm. 
: . 2nd - d • 10.5, U - d • 10.5, d • 1.5. :. 11 • 11/d • t/1.5 • 4, 2n " 8 or cllo&c:e (E). 

!T.(A.) Lets-* U. dllltuce. The time t for car A la t • "fu + Fi and the aw..,.. apHd I• 

• • t.ff r • .------. • • ;-:;--. • •. 
iD i. 

l'or ear B, 1st ••• •• a11ot. tbe dlataAce at speed 11, ., napect1Tely so tba1 II Ille time for car B 

la T, 'Uf • a ud'fll • 'f. Adib& u. .. ffl • s'.rii' • a +'f and U. -~ speed ol car B 

i.a;r •!..j-! • y. 

TM fact dlah: s y for poaU1ft u ud 'f followa from "" s (a ♦ ., ) 1
• 

a.{C) Let r~• ..-111e ntlod. tbe G.P.a,b,c aoltaatb •ar uidc aar1 alld locb •lot:• +lot:r, 
loec • loca+Jlot:r. Now 

loe.,a • q D (~ .-). lo&•D • loe 11( ~ b)" q D (1oc a~ Joe r) · and 
io,..n • 1oc 11 (~c) • loc 11 (ooea;llocr)) 
baw redproeala nidl form an A.P. u req..irecl. 

lt.(A) TIie "°"' ~ fw tlle nltt t1me after tbe t:u.r bu tnN1-d -& II • Mid Ille •lower rt D ..,._ 

Bodl al U.• are ftnt wllole nwnbera OI. 1apa wben 11 • 14; Ulen are U •~P ID ~ . 

JO.(B) Por 1111)' f!Qd t :it O, 0 :ST < 1. Renee S, the 1ai.r lor al. U. circle witil ceni.r (T , 0) and ndlu T, 
laaanu.ab9~0andU. 

:st.(C) 1'be iatecar TIT • T•(Ul) .. T·S•n wtth T eqml to tbe flllal 4clt In ••• Now ME> n: --ca,. 
tala tbe t.elor S'I' •d ao la nor, • . The lattier poull,Utty la ruled 011t beca- tbft tbe 11mallHt 
poalble D • 14 ...... 1• a ,. • tose HOffda 9" • TTT. llllt • S7 and Tl! • T'7 la dtri•llla 
117 I ad la tllerefON 27. We Dollt tllat 27 Jt n • '911 maa• tbe nqlllred -

a + M • T + T • , + s • , + , • ,i or- c:llolca CCl-
11.(A) TIie YO!- OI. llllJ a,,nmtd 1• eq-..1 to Olle llltrd t.be area ol tbe bue t1mH tbe a.lUbada. la U. 

pruent probl9m, tlNt .,... OI. tbe eqa.llataral baa OI. ma e i. S a I n • M . TM altitude II la 
- lee ol. a r1pt trw,p -.Ith bypotenllN an ~dee of the P)'ramtd d. le~ /IT and tbe otner 
lee tbe 4-taot from tbe c: ... trold ID a -rertes c:t the bue of 2/l. Tben b ~ (fff)' - (2.'l)' = S, 
b • -/1. 'nle requind YolQIDe is 

V • i (Area OIi 8-) (AlUtlMle) • i (ti!") IT • I. 

SS.(C) Let Ca:,1) clenot. lM aamber ot oancea ol (water, actd) onpially. After addltl.oll ol 1 oa. water 
and l oc. add ft ba-re reapectlwly J and lJ' + l) en. ol add in m1Xt11rea tot:a.111>c Cl + 1 + l) •d 
Ca: + y + 2) •· wllle.b m"'1• ci.t 



-....I_l • ¾ •d -1...:Ll.,_2 • ! . Tbue yield ~,1) • (S,l) from wbtcll tbe per-tage of acid 
:r.+y+ ;t Jl+J+ " 

OripaallJ _. .....L... • ~l • -,1 • 25'1,. 
ll+J' ii+, . 

S4.(C) Let d,.,, w, denote the distance be1- tbe towna, •peed apinat, apeed wttll the w1Dd re•pec
thely. 'l'llell •fl>ce d/• .. "· d ..... we 1,a.,. 

d d I or 84 " 84" t. i • ~(w nl - w • Hinl -

Letuq 11 • •/•, lbe ia.t equa.ttoo red.oce• to 281: • ~ - S wtd.ch I• equl.alent to 
- + 1 
ll. 

.. _ J,S + s. o. S 1 
(4x - S) ('lz - t) • 0, ll • i or ? . 

Tbe nmnber of milllll:e• 19qulftd tor diatance d at aspeed w with the wind ta 

~ • 14 ! • a, } or 84 ~ • a or 12 minlll:e•~ .. " 
15.(£) Cborcl MN hu J.matb d tlee rtgaN) uad each chord ol lqtb ■ ■ub--

tlO• 
tends mi arc ol. -r • S4f. Draw 1. ndla■ OP meet1ag IOI at T. 

A1■o draw ileri-ndlcwan OV ud QU to MN fMJm O and Q reapec
ttnt1,. 'frbnclaa OVN ud QUM .,.. ■lmlll.r ■o that 

UN VN d a d 
Qfi' " 1 w J - l " • J · Tberefored - • • da 

To - tbat d - ■ • 1, 11oClt tbat wr· • ■ becau■e £llPT • LMTP = 72•. 
Alao LO'l'N • .!OIIN so tbat ORNT la a H ogram wttll 0111)08l1e sides 
TN= OR• 1. MN - -MT• d - ■ • 1. Noow (d - ■)' + 4ds • l + t = 5 
or~+ Z ds + •• • 5 llDd d +a• ✓5. ,. ii - ,• • (d + s) (d - s) • {5 x 1. 
All tbree of lbe ~tiou I, D, ud m are necueadlJ trlM as 
stated 111 choice {E). 

or 

Altarm.tely, d - • • 1 follows from MT = ■ and MN • d because O'I"NR la 
a ■ O&nJD wtth side TN• MN -IIT • d -a= 1. N- let P' (not sbown) 
denote tbe other end of. the diameter through P. Then cborde PP' and 
11N Inters.et at T and lbe prcducts of thel:r segments are equal. 

(PT) • (TP') • (MT)• (TN) or (1 - a) (1 • ■) • • • 1 

Tbla qaa.dratl.c eqaatioo bu the poelt!Ye %'00t s = t (✓5 - 1) from wblcb 
relalioaa JI and m cu be "'rlfied. Tberefore all lllree equatioaa l, ll 
uc1 m are DeCeuarily true. 
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I. \D) Multtplylng both •Ide• of the given equallon by the lea.at common denominator 2,y yl•ld• 4• • 6y : •Y 
ort Nautnlently , 41' .,. ,i.y - 6x. ra.c:torinc x frorn the right sid, of th, last ~uatlon gtv@a 4-y c;. ).IY - 6). 
S\nc~ y , 8 we- can divide both ~idea. or th,11 equation by y - 6 to obtarn (DI, 

h 
2. (8) Since •• and .. are the two root• o! th<, quadrallc equation 3x' - lu - b • 0, the aum of the root• 18 3 . 

3. (A) The coeltlclent of • ' ,n ( I • 2K - • 'l' is the coefltcient of lhe oum of foor identical terma 2•(- x' i' , 
which eum 11 - 8,c" . 

4. (D) 8y Uw tt-mal~r tMorem x~• • !>l dtvtde-d by ll',.. 1 l~ave■ a rem;i1Jnder ()f (-ll51
,.. 51 '" 50. 

Thi■ can alao be ee-en qu1t~ eu1ly by lof\i divie1ion. 

s. (8) , rnc • ,AOC oinc• both a.rel•• are supplement• of LABC. Note the fact that ~BAD • 92' •• not 
""'eded ID the oolution of the problem. 

e. (D) • • y , ..2!L.. • ..1!... • y • • s•y y•x 

and 

(a• y) • & • .:!, • •' • _ _ •1.• __ 
xy•n•yz 

StmUarly • • (J • z.l = xyz , so " •" 111. both l"ommutativt- and aseoc1atlve. 
,cy • xz • yz 

1. (D) !At • be the origmal populat,on, <hen 

• + 1,200 - O.ll(x • 1.2001 • • - 3%. 

SolYlng lor • rt•u (D) . 

I . (A) Slnce 3u and ~1• au both odd rhf-ir 5um must be even. 

t . (BJ All m"ltlpl .. ol 8, Including 1.000. fall in th<.' second column. 

10. (B) Putttnc the quadratic In ils ataM>rd lorm: 

(2k - l)x' - 8• • 6 • O, 

we aH ti.1 tl,e dlacrtmlnanl 11 64 - 4(2k - 1)6 • 88 - 48k. A quadratic equ.atioo ha• no re•I root• II 
and oDly if 111 ctlacrlmlnant 11 nqative. 

Since 88 - tit < 0 when k > 11/ 6, the 1ma11 .. 1 lnte1ul value of k for wh,ch the equation la• no real 
root• 1a z. 

11. (Al Since (a,b) and (c.d) are on lhe 1amf' hM . y -= mx • k, they satisfy tht' same ieq_uation . Thf'refore-, 

b•ma+k 
d=mt•II:, 

Now the dl•tanct btt~rn (a ,b) and (c .d) •• ~-fa. - c 11 .. (b - d l7
• We ot>t;,i1n from t~ above two equa

tloM (b - d) • m(a - <I, •o thal 

.J(a- c)1 • (b- d)1 ~ ./(a - cJ1 • m 2(a - Cl' • 1a - C' ~~ 

Note we are 1iiah'I the ta.ct that ,;-;J : I x t for 3ll real .a:. 

11. (8) $Ince c(x) • 1/2 la oall11ied by • ' v"i72, 
1(1/ J) • l(c\/T,i"iH • I. 

13. (D) staumeat (D) 11 the contrapo1iti•e of the given o ne and the only one of the •tatem..,ta (A) through(£) 
eqlllnleaf to the rt~•• .iatement. 

14. {A) Sta.ce -.a > 0 for all J11: ,. 0, x7 > O ,. x 1a true 1f Jt ~ 0 . Counteriexample1 to the other statements a.re 
•aay to conatruc:t . 

l a a > O 1,. (8) By clel\Dlltoa lal • -a 
1

: o· If x < - 2, then I • K < 0 and I I • ~ • : -, I •~)and 

II -1 1 + ,a: ll • 11 + 1,.. x l • •2,.. .-:1. Aga1n U Jl,. - 2. then 2 • Jt < 0 and •l • x , =- - 2- x . A 

te. (A) In tbe adJolaln& lli\lre. A.ABC ,a a rlJht 1100. """"~• • •"' '8,C • ,o• E:'.J0 · ~ 
and AB • AC . lucr 1be-d tn a c1rcl~ wilh cent~r O and r:..dn.15- R TM hne ( 
.. ,meat AC hM length F< and b11ect• line ngment BC ard , DAC. A circle , O} 
w1th cetlWr O" lytng on AO and ra.dlua r 11 1nac.r-1bed H\ ~BC. The •1de1 11, , c 
AB amt AC are ta.nc:ent to •~ 1nacribf.d clrcle with points of t~enry T 
and T". te1p1cth•f'ly. S1D<'f' ~TO' h.a.!La.Ai"l~• 4'5f"• 4S(· 9'1.- ~nd O 'T - r , 
AT • r &lld O~.A • r /z. then R • r + r"' 2 and R/ r ~ J • ,. 2. 



17. (C l Since 1' • -1 , (I• ti' , 2i and (I - 1)
1 

• 2l. Wrlhn« (I• I)'" - (I - IJ10 · ((I• ,1'1" • ((I - ll'1••. ,..~ 
hav~ (I • 1)'-a - (1 - l}l0 

t. ,21}10 - (-21}io = 0 . 

18. {DI Dy hvpothts1a wr- have 3 ,. 8P = 2>p and S ?:: 3q eo 5, (2'"),. • 2'P<1. Therefore. 

\<>1105 ::i logLo2'"'~ = 3pq 1~102 -' 3.-t l~,o ~ -

Sin<e log,, ~ • lOR,oJ0 - log,05 - I - log,. 5. we have log,o5 - Jpq( I • log,.S) and therelore . soMng 

for log1o5, ,..~ obtain (Dl. 

19. IA• Let OM - NB .1 x: then AM , AN i 1 - x. Denotlng the length of eiu:h side of tht e,quilateu,I <rian~Jt! 
C MN by y •nd U81111! the Pythagorean Theorem ,.., lte 

x.~ • 1 > :. y' anc1 t J - ,_,.- • t l • xl2 
• ;-: • 

Sub61ifutrng the- first equa.fion into the second we get 

2( J - xi • x' • J or :.:1 
- 4x • l s 0 . 

The root& of thh\ t-quation are- 2 - v'3 .and 2 + ,/3. Since 2 • "'3 , 1 \lo'e mual chooee x = 2 - -.'1 
Now, 

area ¢C MN I! ar~a J ABCD - area AANM - area .1NBC - area ~OM 
1 J } . 1 JI: ;II !i} ll 

c · zl - 11 _ 2 _2 , 2' - XI , 

Substituting ,r: ,,_ 2 - v1 we obta,n .illr~a dCMN ~ 2\1'1 -· 3. 

20. {D) By rahonah2.1ng \he deoomrn"or of ea<."h function. we see 

T •(3 • >'8) · (>8 • >7) • (,7 • >'6)-(•6 • •~) • (,1, • 2l • 3 • 2 ' ~ 

21. (8) The sum of the hrst five terms of the geometrt(' series With initial term a and common ratio r t8 

Ss :1 a + ar • ar2 
• ar.1 " ar4 

1 a(l - d. 
I - r 

By hypotht?sts ar4 
- ar 1 = S?6 and .ir -· a .:: 9. Oniding 0,e last equahon )nlo the h r&t yield$: 

r• - r' =- 6◄ .so r' ~ 64 and r ~ 4. Since ar - a = 9 and r 2 •• a = 3 and tMrefore r - I 

S -~ • 1023. ' - - 3 

22 . (E) Writing 

oin~ · ,·3 co•~ • 2U sin1 - 'f co•~] 

= 2 [cos60" s,n1- sin60' cos~] 

• 2sm(1 - w) 

we eee that lM la.et expr,eae.lon is minimum wtwn sin(~ - 00°) - • I o r wh~n 

A 
2 so· • 270' • (360 m!0

, m • o. ,! , ,2. 

Solving for A we get a m1nunum when 

A = 660" • t720 m\~. m ~ 0, ~1. 1:2, ·· 

None of (A! through {Dl S;)t1s£y 1h11 equ..i.tton. 

23. (Bl Since TP • T ' P,OT • OT" • r. a.nd . PT ' O •.PTO = so•. w• have .>OTP •· ~T' P . Sinularly 
~ 'Q >c .:>OT "Q. Uttlng x • .TOP • . POT". and y • . T OQ • .QOT' we 01>1ain 2• • 2y - lijO• 
But th1s 1mpUe6 lh.lt .t POQ ~ x • y -= 90 ·. Th..eretore ~POQ lA a J'll(hl triangle wHh altitude QT 
su,cf' tt'lf' altHude dra...vn to the hypotenuBe of a r1gh1 triangle is the mfatl vroporhon of the e.=-gmenl$. 
1t ctJts. we have 

◄ r , · 9 or r = 6 

2◄ . !A, Lei A be the event of rolling at lf'aat a f1vf': thtn the probability of A 1~ l.
6 

_
3
!. rn a1x roHs or a dl,. tht? 

I)' pro1Jab1ltt)' of ~ver1t A h.:lppemng 1,1x timee is (3 . Tht probabthty uf tt:t'thng ex:adlv (ive SU4.'ft>~S1:S and 

I)' 2 one ta1h1rie of A 1n a 1pe("1Uc order is {3 •-; S111r~ then~ are six w-...ylil110 <10 lh1s . the probab1hty or 



pttlnc fl•e ... cc .... , and one failure 0( A ID &DJ' order II e(½)' ·} • ;ii. TIie probability of getttnc 
all IUCCOHH 2! 11ft 1ucc .... , and ODO !allure ID &DJ' order I• tllUI 

12 (')' 13 
729 ♦ 3 • 7%1. 

25. (C) Since DM • AM, lQMA • LI>MC and lCDM • lQAM.,. haft .d.QAM a .u!CD. 
Similarly ABPN a ADNC. Now, 

area 4QPO • area DABCD + area .ii.DOC 

and 

1(1 ) k area 4l>OC • i 2 area OABCD • 8 , 

00 that 

area 4QPO • k + ; • i. 
H. (C) Wrltln, 30 u a product of prime tactorl, 30 • 2 · 3 • 5,.,. obtain 

(30)' • 2'·3'•5'. 

Tbe dl'1eor of (30)' are ,,...o, tbe numbere of the form 21 · :,J • ~, wbere I, J, k are non•nept\ft ln
tepra between zero and lour tnclu11"ely, eo tbere are (5)' • 125 dlllllnct d1'1eor1 M. (30)'; excludq 
1 and (SO)' tbere are 123 dlvteoro. 

27.(A)Conalder ll{:1) +41 • 13"+2+41 •31x+21. Nowwbene..,.r l:1+21 <j,tbHll{J<)+fl<a. 

Conaequently wbeneftr Ill+ 21 < b and b :s ; • .,. llave ll{ll) + 41 < •• 

28. (0) U•tns the formula for tile .,.m of a po-nc Nrlff 

2 
_, 2 D 3 

0 S II < ~ (,) • - 1 • 1. 
D■ 1- 3 

If., •0,tllen 
2 

"' (2)D J 1 o ,. JI < E s • --1 • ,. 
a■2 1 - j 

If &1 • 2., tben 

1 ♦ 0+0 ♦ ••• ,.,.<I. 

Soettber O:S ll <;or~,. JI< I. 

29. {Bl For eacb p • 1, ···, 10, 

Sp• p + p + (2p - 1) + p + 2(2p- l) + ... + p + 39(2p - 1) 

• 40p , (40~39) (2p- I) 

• (40 •40 ·39)p - 20 · 39 
•(( 40)1p - 20 · 39 

Tberefore, 

f Sp • (40)' t p - (10)(20)(39) 
p■ l p-1 

• (fO)'(lO~ll) -(10)(20)(39) 

• II0,200. 

so. (A) Coaolder tbe llDe eegment AB cut by • point D with AO • II. OB • y' J < X and ~ • • : y' 

81Dce I • R we can chooee x • 1 and therefore y = R, thu■ 0 1 
X A------♦---
1 , 1 

R • 1+R and R • R - l • O. We cu therefore write R • R • 1 10 tllat _ 

R1 + i • R1 + R + l • (R1 + R - 1) + 2 = 2t am 

f R' + .!] l [ l] 
lR R ♦ R l R'+R 1 , l 

R ♦R•R ·'i'i•R ♦ R•2 
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I 
- I 4 I. (B) 2 - - 2- -- = 3 - -

2- _I_ 

2 - .!. 
2 

2 2--
3 

2- -
4 5 

2. (D) The equations have a solution unless the lines obtained by plotting them 
are parallel (and not coincident); i.e., unless m = 2m - 1. 

3. (A) None of the inequalities are satisfied if a, b, c, x, y, z are chosen to be 
I, I, - I, 0, 0, - 10, respectively. 

4. (A) In the adjoining figure, ifs is the length of 
a side of the first square, then s/../2 is the 
length of a side of the second square. Thus 
the ratio of the areas is s2 /(sf../2)1 = 2. 

5. (B) (x + y)' =x9 + 9x8 y + 36x7 y 2 + · · • + y'\ 
9p8 q=36p7 q 1 andp+q=l; 
p=4qandp+q= l;p=4/5. 

6. (E) Grouping the terms of the difference as (2 - I}+ (4 - 3) + - · · + (160 -
159), one obtains 80. 

7. (E) I x-1 x It is -2 if xis negative and 0 if xis positive. 
X -

8. (D) II and IV are the only negations of the given statement. 

9. (C) Let d denote the common difference of the progression a 1 + b 1 , a2 + b2 , 

.... Then 99d = (a 100 + b100 ) · - ta 1 + b 1 ) = 0; Thus d = 0, and 
IOO(a 1 +bi)= 10,000 is the.desired sum. 

10. (A) Let k be any positive integer. Then IOk + 1 = 100 · · · 01, and 

100 · · ·OJ 
100 · · ·01 
100 · · · 01 

100 · · ·01 
100 · · · 0200 · · · 01. 

The sum of the digits is therefore I + 2 + I = 4 . 
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11. (E) Suppose Pis the given point, 0 is the center of circle K. and Mis the 
midpoint of a chord AB passing through·P. Since '1..OMP is 90°, M lies on a 
circle having OP for the diameter. Conversely, if Mis any point on the 
circle with diameter OP, then the chord of the given circle passing through 
P and M (the chord of the given circle tang~nt to circle OP at P if M = P) is 
perpendicular to OM. Hence Mis the midpoint of this chord and therefore 
belongs to the locus. 

12. (B) lfa f.b.a3 - b3 = 19x3 and a - b = x, then 

al - bl= (a - b)la2 +ab+ b2
) =x(a2 +ab+ b2

) = l9x 3 

Dividing by x and substituting b = a - x into the last equality above. we 
obtain 

18x2 + 3ax - 3a2 = 0 
-3(a - 3x)(a + 2x) = 0. 

So a= 3x or a= -2x. 

13. (D) If, is a root, then r 6 + 8 = 3r5 + 6r3 + r; if, were negative, the left side 
of this equation would be positive and the right side would be negative. 
Also, the polynomial has a positive value at x = 0 and a negative value at 
x = I. (The fact that the polynomial has no negative roots also follows 
directly from Descartes' rule of signs.) 

14. (E) Let W, HJ and S denote whatsis, whosis, is and so, respectively. Then 
H = I and /S = 2S imply W = S. or equivalently. since S > 0, H = I = 2 
implies W = S. Now if H = S , 2S = S 2 and/= 2. or equivalently 
H= I =S = 2. then W=S.so that HW= 4 = S + S. 

I 5. (A) The first eight terms of the sequence are l , 3, 2, - 1, - 3, -2, l, 3. Since the 
seventh and eighth terms are the same as the first and second, the ninth 
term will be the same as the third, etc.; i.e .. the sequence repeats every six 
terms. Hence the sum of the first 96 terms is zero, and the sum of the 
first one hundred terms is O + l + 3 + 2 - l = 5. 



.. 
16. (C) If a is the first term of the series and 1/n is its common ratio, then 

a = 3 or a= 3 - (3/n ). Since a and n are integers and 
I -{1/n) 

0 < 1/n <I , n"' 3 and a:: 2. The sum of the first two terms is 
2 + 2(1/3):: 8/3. 

17. (D) The total number of trips is 2x, so 2x "'9 + (8 + 15) and x = 16. 

18. (D) There are 900 three digit numbers, and three of them (128, 256 and 512) 
have logarithms base two which are integral. So 3/900 = 1/300 is the 
desired probability. 

19. (D) For any fixed positive value of x distinct from one, let a"' log3X, b "'logx5 
and c = log3 S. Then x = 3°, 5 "'x" and 5 = 3c. These last equalities imply 
3°" = 3c or ab = c. Note that logx5 is not defined for x = I. 

20. (8) In the adjoining figure let h be the length of altitude AN drawn to BC, let 
x = BM and let y =NM.Then 

h2 + (x + y) 2 = 64 
hi+yl =9 
h2 + (x - y)2 

"' 16. 

A 

BX-YNYM X C 
Subtracting twice the second equation from the sum of the first and third 
equations yields 2x2 = 62. Thus x = ../3f and BC= 2v'3T . 

OR 

Applying the parallelogram law to the parallelogram having AB and AC 
as adjacent si·des yields 

42 + 82 = 2(32
) + 2x2 

x=v'TI". 

21 . (D) Lettinga:: 0 in the equation f(a)f(b) = f(a + b) (called a functional 
equation} yields f(O)f(b) = f(b ), or f(O) = I ; letting b = - a in the 
functional equation yields f(a )f(-a) = f(O), or f( - a) = 1/f(a ); and 
f(a)f(a)f(a) = f(a)f(2a) = f(3a}, or f(a) = ~f(3a). The function 
f(x) = rx satisfies the functional equation, but does not satisfy condition 
IV. 



22. (E) Since the product of the positive integral roots is the prime integer q, q 
m_ust be positive and the roots must be I and q. Since p = I + q is also 
prime, q = 2 and p = 3. Hence all four statements are true. 

23. (C) In the adjoining figure diagonals AC and DB are drawn. Since ABCD is a 
square AC and DB bisect each other at Pat 
right angles. Ifs denotes the length of a side 
of the square, then AC= DB = s.,/2. Now 0 
is the intersection of the medians of triangle 
ABC, so that OP= (l/3Xsv'2/2). Thus the 
area of MOC is s2 /6. The area of AOCD is 
then s2 /2 + s2 /6 = 2s2 /3, and the required 
ratio is 2/3. 

OR 

D 

A 

C 

N 

M B 

6 

Introduce coordinates with respect to which AB is the unit inverval on the 
positive x-axis and AD is the unit interval on the positive y-axis, and find 
the coordinates of Oby solving simultaneously the equations for the lines 
AN and MC. Calculate the area of AOCD by drawing perpendiculars from 
0 to AD and CD. 

24. (E) If 0° < 8 < 45°, then (see r 1gure I) an applkation of a theorem on 
exterior angles of triangles to MAC yields 28 = '4EAC + 8. Therefore 
'4EAC = 8 and t:.EAC is isosceles. A 
Hence EC= AE = AD. 

lf 8 =45°, then MBCisa 45°-
450 - 90° triangle and£= B. Then 
EC=BC=AB=AD. 

If 45° < 8 < 60° , then (see 
Figure 2) Figure I 

'4EAC = '4 EAB + '4BAC 
= (180° - 2(180° - '.!8)] A 

+ I 1so0 
- 38 J 

= 8. 
Thus_ 6 EA C is isosceles and EC = 
EA =AD. 

Figure 2 
C 
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25. (8) If the son is the worst player, the daughter must be his twin. The best 
player must then be the brother. This is consistent with the given informa
tion , since the brother and the son could be the same age. The assumption 
that any of the other players is worst leads to a contradiction: 
If the woman is the worst player. her brother must be her twin and her 

dauyiter must be the best player. But the woman and her daughter cannot 
be the same age. 

If the brother is the worst player. the woman must be his twin. The best 
player is then the son. But the woman and her son cannot be the same age, 
and hence the woman's twin, her brother, cannot be the same age as the 
son. 

If the daughter is the worst player, the son must be the daughter's 
twin. The best player must then be the woman. But the woman and her 
daughter cannot be the same age. 

26. (C) In the adjoining figure BD :: AB • since the bisector of an angle of a 
CD AC 

triangle divides the opposite side 
into segments which are propor• 
tional to the two adjacent sides. 
Since CN = CD and BM=· BD, we 

have : = ~: , which implies 

MN is parallel to CB. Statements 
(A), (B), (D) and (E) are false if 
lf.A = 90° - 8, "4B = 60° and "4C 
= 30° + 8, where 8 is any suffi. 
ciently small positive angle. 

27. (E) Substituting the identity 

C 

A M 

p2 +q2 +,-l =(p+q+r)2 - 2(pq+qr+rp) 

into the identity 

B 

pl+ql+rl=(p+q+r)(p~ +q2 +,2 - pq - qr - rp)+3pqr 

yields 

p 3 + q 3 + r 3 = (p + q + r) [ (p + q + r)2 
- 3(pq +qr+ rp)) + 3pqr 

= I (1 2 - 3(1)) + 3(2) =4. 



28. (A) Construct line CP parallel 
to EF and intersecting AB 
at P. By proportionality AP 
= 8. Let a,x,y,a,(3,o and 8 
be as shown in the adjoining 
diagram. Then A F p 

a 

sin a 
12 - - - _a_= 16 . sin(3 

sin 0 sin (3 sin(l 80° - 8) ' sin a 

Therefore, 

X 8 J__ 16 --
= sino; = 

sin a sin J3 sin(l 80° - <'>) ' 

and 

EG = !_ = 2 sin /3 =l 
GF X sin o: 2 

OR 

B 

3 - -
4 

In the adjoining figure side BC extended through C intersects EF 
extended through£ at H. Applying Menelaus' theorem to 6.FBH and 
6.HCE with AM as the transversal, we obtain 

GH AF MB= I 
GF AB MH ' 

GH AE MC= I 
GE AC MH ' 

C 

respectively. Since MC= MB and AE = 2AF, dividing the first equation by 
the second yields H 

GE = 2 AB = 2 • Q = ~-
GF AC 16 2 

Menelaus' theorem : The six segments 
determined by a transversal on the 
sides of a triangle are such that the 
product of three non-<:onsecutive 
segments is equal to the product of 
the remaining three. A 

29. (C) Since a6 + b 6 = (a1 + b1 )(a 4 - a 1 b 1 + b 4 ) and v'3 - ..,/2 < I , 

(v'3 + ./2)6 + (v'3 - y'2)6 = (I 0)(97) = 970, 

and 970 is the smalJest integer larger than (../3 + ./2)6. 

7 
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30. ( B) Let w = cos 36 ° and let y = cos 72°. Applying the iden ti lies 

cos 29 = 2cos2 9 - I and cos 29 = I - 2sin2 9, 

with 9 = 36 ° in I he first identity and 9 = 18° in the second identity, yields 

y = 2w2 - · 1 and w = 1 - 2y2 • 

Adding these last two equations and dividing the result by w + y yields the 
desired result . 
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I 
l.(B) 1 -

1
_~ =,~ :;, l - x - 1 = 1; x=-1. 

2. ( 8) If x + I i= 0 then - (x + 1)2 < 0 and y'- (x +1)2 is not real ; if x + I = 0 then 
v'- (x +Tr= 0. Thus x = - I is the only value of x for which the given ex
pression is real. 

3. ( E) The dista1Kc to each of the two doser midpoints is one; the dis tance to 
ead1 of the other midpoints is v'l 2• + ~2 . 

4. (C) The sum of the terms in the new progression is 

I t I 
r 

+ .. - + -- = 
r" · I 

r" · I + , n .. 1 + ... + I s 
,n- 1 

5. (Cl Let I and II be the tens· digit and units' digit. respectively. of a number 
whidt is increased by nine when its digits are reversed. Then 9 = ( I Ou+ t) 
·· ( I Ot + u) = '->(u - t) and u = t + I. The eight solutions are { 12. 23 .... , 89}. 

6. (C) Let r be a solution of x 2 
- 3x + c = 0 such that - , is a solution of x 2 + Jx - c 

= 0. Then 

r2 
- Jr+ C = 0 

r 2 
- Jr- C = 0. 

which i mplics 2c = 0. The solutions of x 2 - Jx = 0 arc O and 3. 

7. ( E) The quanti ty ( I - lxl)( I + x) is positive if and only if either both factors are 
positive or hoth fa..:tors are negative. Both factors are positive if and only if 
- I < x < I. while both factors are negative if and only if x < - I. 

8. (/\) The points whose coDrdinatcs arc integers with absolute value less than or 
equal ,., four form a 9 X 9 array. and I J of these points are at distance less 
th;in or cqu;il to two units from the origin. 

'>. ( D) Since F b the midpoint of BC. the altitude of 6.AEF from F to AE (extended 
if necessary) is one half the altitude of 6.ABC from C to AB (extended if 
ncccs~a 1y ). liase A/:· uf 6A/:F is J /4 of base AB of 6ABC. Therefore, the 
Jrca ul 6 A/:F is ( I /2 )( J/4 )(96) = 36. 



10. (D) Fur any real number x. lht- following equations are equivalent: 

f(g(x)) = g(f(x)) 
m(px + q) + 11 = p (mx + n) + q 
mpx + mq + n = mpx + np + q 

11(! -p) =q(l-m). 

3 

11 . ( B) Tht> sta tcm<..'nts ··p implies Q," "Not Q implies not P" and "Not P or Q" 
arc equiv.ilc111. The given statement. statement Ill and statement IV are of 
these forms, respectively. 

12. (C) There are 25 different possibilities for the number of apples a <.'rate can 
contain . If there were no more than five crates containing any given num
ber of apples. there couh.l be at most 25(5) = 125 crates. Since there are 
128 crates. 11 ;;i, 6. But also. n ..;;; 6, since it is possible that there are six 
crates con tainjng k apples fork= 120, 121 , 122 and five crates containing 
k apples for 123..;;; k ~ 144. 

13. (A) A cow gives \x: 1)) cans per day. Hence (x + 3) cows give (x + 1 Xx+ 3) 
x x - x(x + 2) 

x(x + 2) 
cans per day, and (x + 3) cows give milk at the rate of _ __;__ days 

(x + I )(x + 3) 

x(x + 2)(x + 5) 
per can. To fi ll (x + 5) cans takes ......:.---'--'--- days. 

(x+ l )(x+3) 

14. (A) Let n be the number of sides the polygon has. The sum of the interior 
angles of a ~·on vex polygon with II sides is (n - 2) 180°. and the sum of 
n terms of an arithmetk progression is n/2 times the sum uf the first and 
last terms. Therefore 

(n - 2) 180 = ~(JOO+ 140). 

Solving this equation for n yields n = 6. 

IS. (B) Sinccd <livides231 2 - 1417 = (5)17l)and 1417 - I0S9=(2)179(and 179 
is prime).d= 179.r = 164andd- r = IS. 
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I 6. (E) Let G and H be the points at which the altitudes from C and F intersect 
sides AB and DE, respectively. Right triangles AGC and DHF are congruent, 
since side AG and side DH have the same length, and hypotenuse AC and 
hypotenuse DF have the same length. Therefore, 

"l'i.ACB + "l'i.DFE = 17'i.ACG + 27'i.DFH = 180° 

and 

(area MBC) = 2(arca MCG) = 2(area MFH) = (area MtF). 

17. (A) By virtue of the trigonometric identities, . 

(sin 0 + cos 0)2 = sin2 0 + cos2 0 + 2sin 0 cos 0 
= I + sin 20 
= I +a. 

Since fJ is acute, sin fJ + cos 8 > 0 and sin 0 + cos 0 = vri-+a. 
18. (E) In the adjoining figure, Eis the point of intersection of the circle and the 

extension of DB. and FG is the diameter passing through D. Let r denote 
the radius of the circle. 
Then 

(BC)(BE) = (AB )2 
3(D£+ 6) = 36 

DE=6. 

Also 
(DE)(DC) = (DF)(DG) 

l8=r2 -4 
r=v'IT,. 

0 

19. (B) Let ax+ b be the remainder when p(x) is divided by (x- l)(x - 3), and 
let q(x), r(x) and t(x) be the quotients when p(x) is divided by (x - 1 ). 
(x - 3) and (x - I )(x - 3), respectively . Then 

p(x)=(x- l)q(x)+J 
p(x) = (x - 3)r(x) + S 
p(x) = (x - 1 )(x - 3)t(x) +ax+ b. 

Substitutingx = 1 into the first and third equations and then substituting 
x = 3 into the second and third equations yields 

3=a+b 
S = 3a + b. 

Therefore, ax+ b = x + 2. 
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20. (E) The given equation may be written in the form 

4(1og0 x)2 - 8(log
0

x)(logbx) + 3(1ogbx)2 = 0; 

(21og0 x - \ogbx)(2log
0

x - 3\ogbx) = 0; 

log0 x 2 = logb x or log0 x 2 = logbx3
• 

Let r = log0 x2
• Then 

a' = x 2 and b' = x, or a' = x 2 and b' = x3; 

a'= bu or a3
' = bu; 

a=b2 ora3 =b2
• 

21.(B) Since 2 1/7 ... 2<2'1+ 1)/7 = 2<n + l)'/7 and 210 = 1024, we consider values 
of n for which (n + I)' /7 is approximately I 0: 

2<7 + l)'/7 = 29 + ½ < 2~2½ < I 000 < 210< 2<9 + l)'/7, 

andn = 9. 

22. (A) Let point P have coordinates (x, y) in the coordinate system in which the 
vertices of the equilateral triangle are (0, 0), (s, 0) and (s/2, s../3/2). Then P 
belongs to the locus if and only if 

a= x2 + y 2 + (x - s)2 + y2 + (x - s/2)2 + (y- s../3/2)2, 

or, equivalently, if and only if 

a= (3x2 
- 3sx) + (3y2 

- s../3y) + 2s2 

a-2~ -
- 3- = (x - s/2)2 + (y - s../3/6)2 - s2 /3 

a-s2 -
-

3
- = (x - s/2)2 + (y - s./3/6 )2. 

Thus the locus is the empty set if a< s2
; the locus is {(s/2. s./i/6)} if a= s2

; 

and the locus is a circle if a> s2
• 

23. (A) Sim:e e; is always an integer the quantity 

t- 2k- !)en= (n - k _ l)en 
k+I k k+I k 

= n!(n - k) -en 
k!{n-k)!(k+I) k 

I 
= n . - e n 

(k + l)!(n -k- I)! k 
- en -en - k + t k 

is always an integer. 
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24. (C) In the adjoining figure, MF is parallel to AB and intersects KL al F. Let r. 
s(= r/2) and t be the radii of the circles with centers K, Land M. respec
tively. Applying the Pythagorean theorem to t.FLM and 6.FKM yields 

, r 2 r 2 
(MF)·=(2+r) -(:f-r) 

(MF)2 = (r - t)2 - ,~. 

Equating the right members of 
tht'Sl' equalities yields r/t = 4. 
Therefore the desired ratio is 16. 

25. (D) For all positive integers n , 

6.1 (u11 ) = (11 + I )3 + (n + I) - ,r1 
- n = 3n2 + 3n + 2 

6 1 (u,,) = 3(11 + 1 )2 + 3(n + 1) + 2 - 3n2 - 3n - 2 = 6n + 6 

6 3 (u,,)=6 

6 4
(1111) = 0. 

26. (C) In the adjoining figure, X. Y. V and Ware the points of tangency of the 
external common tangents; and R and Sare the points of tangency of the 
internal common tangent. 
From the fact that the 
tangents to a circle from 
an external point are 
equal. we obtain: 

PR =PX 
PS=PY 
QS=QW 
QR= QV. 

So PR +PS+ QS + QR =PX+ PY 
+ QW + QV. and thus Y'Q = XY + VW. 
Since XY = VW. PQ = XY= VW. 

~7. (A) A direct calculation shows that 

0 

(.JTs.T• Y_-JS ~ 2)' • 2, 

\ .,/-/5+1 

and 

Since a radical sign denotes the positive square root. 

N = ,./2 - (../'f - I)= I. 
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28. (8) One hundred lines intersect at most at ctJO = !..20?9
) = 4950 points. But 

lines L4, l 8 , ••• , L 100 are parallel; hence c;5 = 300 intersections are lost. 
Also, lines l 1 , ls, . .. , L97 intersect only at point A , so that C;5 -I = 299 
more intersections are lost. The maximum number of points of intersection 
is 4950- 300 - 299 = 4351. 

29. (8) Let A be Ann's present age. and let B be Barbara's present age. Then B 
= A - t fort such that "B -1 = A - T for Tsuch that B - T = f A ." Since, 
also, A + B = 44, the quantities A, B, t and Tare solutions to the equations 

A +B =44 
A - B-t =O 
A - B+t-T=O 
A - 2B + 2T = 0. 

These equations may be conveniently solved by using the first two equations 
to find Bandt in terms of A and substituting the results into the third and 
fourth equations; A = 24. 

30. (E) Let u = x/2, v = y and w = 2z. Then 

u+v+w=6 
UV + vw + uw = I I 

uvw=6. 

Consider the polynomial p(t) = (t - u)(t - v)(t - w), where (u, v, w) is a 
solution to the simultaneous equations above. Then p(t) = 13 - 612 + 11 t 
- 6 and (u, v, w) arc the solutions of p(t) = 0. Conversely if the solutions 
of p(t) = 0 are listed as a triple in any order, this t riplc is a solution to the 
simultaneous equations above. Since p(t) = (I - I )(t - 2)(t - 3), the six 
permutations of (I , 2, 3) are the solutions to the simultaneous equations 
in u, v and w. Therefore. the given equations in x, y and z have six solutions. 
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I. (D) x + y + z = x + 2x + 2y = x + 2x + 4x = 1 x . 

2. (D) 

3. (E) If n is the number of coins the man has of each type, then 91n = 273 and 
n = 3; three each of five types of coins is 15 coins. 

4. (C) '4B = '4C = S0°; "4CDE = '4FDB = 6S
0

; '4EDF = 180° - 2( 65°) = 50°. 
Note: The measure of '1+EDF is 50° even if AB -:I= AC: 

'4EDF = 180° - '4CDE - '4FDB 
= 180° - ½(180° -~ ..:.. ½(180° - '4B) 
= ½('4B +~ = ½(180° - '4A) = S0° . 

S. (A) If Pis on line segment AB, then AP+ PB= AB; otherwise AP+ PB> AB. 

( y)-• ~ -1 (J'J'] l ( l l ) 6.(D) 2x+ - (2xJ + - - =-- - +-
2 2 2x + E_ 2x y/2 

2 

=-1_ (f + 2x) = _1 = (xyr' . 
2x+~ xy xy 

2 

8. (B) If a, band care all positive (negative), then 4 (respectively, -4) is fonned; 
otherwise O is formed. 

9 . (8) .Let AB= x0 
and AD= y 0

• Then 

3x + y = 360 
½(x - y)= 40. 

Doubling both sides of the second equation and adding the resulting equa
tion to the first equation yields x = l IO and "4C = 15°. 



10. (E) The sum of the coefficients of a polynomial p(x) is equal top( I); 
(3 · I - I) 7 = 128. 

3 

11. (B) If n os;;;x < n + I , then n + I os;;;x + 1 < n + 2. Choosing x = y = 2.5 shows that 
II and Ill are false. 

12. (D) I.et a, band c denote Al's age, Bob's age and Carl's age, respectively. Then 

b 
_(a+b+cXa-(b+c)) 

a+ +c- (b ) a - +c 

- a2 
- (b + c)2 1632 

= -16 = 102. - a - (b +c) 

I 3. (E) The second through the fifth terms of l an I are a2 , a .a 2, a 1al, a1
2 a2 

3
• If 

these terms are in ge.ometric progression, then the ratios of successive terms 
must be equal: a 1 = a2 =a1a2• Since a 1 anda2 are positive, it is necessary 
that a 1 = a2 = I. Conversely, if a 1 = a2 = I, then I an J is the geometric 
progression 1, 1, I , .... 

14. (B) If m + n = mn, then 

m+n-mn=O 

m + 11(1 -m)= 0 

m n=-
m - 1 ' 

for m -4= I. There are no solutions for which m = I. The solutions 

( m, m : 1) are pairs of integers only if m is O or 2. 

15. (D) In the adjoining figure, PB and QC 
are radii drawn to common tangent 
AD of circle P and circle Q. Since 
'4PAB = "4QDC = 30°, AB= CD= 
'3v3 and AD = 6 + 6../3. Therefore 
the perimeter is 18 + 18y3. 
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16. (D) Since 
v'2 - 2- ,n even 

;n cos(45 + 90n)° = 
- iy'2 
- 2-,nodd, 

the sum is 1 (21 - 20i). 

17. (8) The successful outcomes of the toss are the permutations of ( 1, 2, 3), 
(2,3,4),(3,4,5),(4,5,6). The probability that one of these outcomes 

·11 . 6 ·4 _ 1 
WI occur 1s v- 9. 

18. (B) Let y be the desired product. By definition of logarithm, 210&, 3 = 3. 
Raising both sides of this equation to the log34 power yields 
2(1og, 3)(1og3 4):: 4. Continuing in this fashion, one obtains :zY= 32. 
thusy = 5. 

19. (A) The center of a circle circumscribing a triangle is the point of intersection 
of the perpendicular bisectors of the sides of the triangle . Therefore,P, Q, 
Rand Sare the intersections of the perpendicular bisectors ofline seg
ments AE, BE, CE and DE. Since line segments perpendicular to the same 
line are parallel (and since lines AE and CE coincide and lines BE and DE 
coincide), PQRS is a parallelogram. 

20. (E) All admissible paths must end at the bottom "T" of the diagram. Proceed
ing backwards from this point and considering only those paths which in
clude the central column and that are to the left of the central column, 
there are two possible paths which lead to the bottom "T" in each row 
(excluding the first row at the top from which there is one admissible 
path which was already counted). Thus there are 26 possible paths. Simi• 
larly, there are 26 possible paths including the central column to the right 
of the central column. Therefore, since the central column was counted 
twice there are 26 + 26 - l or 2 7 - 1 possible paths. 
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21. (B) Subtracting the second given equation from the first yields 

ax+x+(l +a)=0 

or, equivalently, 

(a+ I)(x+ I) =0. 

Hence, a= -l or x = -1. If a= -1, then the given equations are identical 
and have (two complex but) no real solutions;x = - I is a common solu
tion to the given equations if and only if a= 2. Therefore, two is the only 
value of a for which the given equations have a common real solution. 

22. (C) Choosing a = b = 0 yields 

2/(0) = 4/(0) 

/(0)= 0. 

Choosing a = 0 and b = -x YKllds 

f(x) + /(-x) = 2/(0) + 2/(-x) 

/(x) = /(- x). 

Note: A continuous function f satisfies the functional equation if and only 
if /(x) = cx2 for some fixed number c and for all x. 

23. (B) Let a and b be the solutions of x2 + mx + n = O; then 

Since 

we obtain 

-m =a+ b 

n =ab 

-p =al+ bl 

q =a3b3. 

a 3 + b3 = (a + b )3 
- 3ab(a + b ) , 

- p = -m3 + 3mn. 
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24. (D) Since 
1 

= .!..(.!.. - - 1
- ) the desired sum is 

· n(n + 2) 2 n n + 2 ' 

_)_ (1 - _)_ + .!_ - _l_ + •.. + _I_ - _l_) 
2 3 3 5 2N-l 2N+l 

= ½( l - 2N ~ 1) = 2N: I ' 

withN= 128. 

OR 

S. I I 2 th d . d . 
mce n(n _ k) + n(n +k) = (n _ kXn + k) , e esue sum 1s 

( 
I I I ) 2 1(5) + 5(9) + ... + 253(257) = 

4 (1:9) + 9(!7) + · · · + 249(
1
257))= 

128
(1(2~1))-

0R 
The result obtained in the first solution may also be obtained by ma the• 
matical induction. 

25. (E) Jf2k315"' · · · is the factorization of 1005! into powers of distinct primes, 
then n is the minimum of k and m. Now 201 of the integers between 5 and 
1005 are divisible by 5; forty of these 201 integers are divisible by 52

; eight 
of these forty integers are divisible by 53

; and one of these eight integers is 
divisible by 54

• Since k > 502, n = m = 201 + 40 + 8 + I = 250. 

26. (B) Since A is the sum of the areas of the triangles into which MNPQ is divided 
by diagonal MP, 

A= ½ab sinN + ½cd sin Q. 

Similarly, 

A= ½.ad sinM + ½be sinP. 

Therefore 

, (a + c)(b + d) A ~ ~4(ab + cd +ad+ be) = -
2
- 2 - . 

The inequality is an equality if and only if sinM = sinN = sinP = sin Q = I, 
i.e., if and only if MNPQ is a rectangle. 
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27. (C) In a coordinate system having comers of the room as the positive axes, a 
sphere with radius a tangent to all three coordinate planes has an equation 
of the form 

(x - a)2 + (y - a)2 + (z - a)2 = a 2
• 

If the point (5, 5, 10) lies on such a sphere, then 

2(5-a)2 +(10-a)2 =a2 

2a2 
- 40, + 150 = 0 

2(a - 15Xa - 5) = 0. 

Therefore the radii of the balls are 5 and 15, and the sum of the diameters 
is 40. 

28. (A) Replacingx by x6 in the equation 

(x - l)(x" +xn-• + ... + l)=x"• 1 - t 

yields 

Thus 

(x6 _ IXx6n + x6(n-1)+ ... + 1) = x6(n+I) _ 1. 

g(x'2)=x60 + ... + x12 + 1 

= (x6o - I)+ .•. + (x12 - l) + 6 

= (x6 
- l)(x54+ ... ) + ••. +(x6 - l)(x6 + l) + 6 

=g(x)(x ,- l)[(x54+ ... )+ . •• +(x6 + 1)) +6 

g(x12)/g(x) = (x - l){(x54 + .•. ) + .. • +(x6 
- I)] + gtx), 

and the remainder is 6. 

29. (B) let a= x2, b = y 2 and c = z2• Then 

o,s;;;(a ,... b)2 +(b - c)2 +(c - a)2; 

ab+ be +ca 
~--- ,s,;;1-
al +bl+ c2 • 

a2 + b2 + c2 + 2(ab + be+ ca) 
----a--.2,_+-b...:;2,...+- c2~ __:_= ,s;;; 3; 

(a+ b + c)2 ,s;;; 3(a2 + b2 + c2 ) . 

Therefore n ,s;;; 3. Choosing a= b = c > 0 shows n is not less than three. 
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30. (A) In the adjoining figure, P1P2 • • • P9 

is a regular nonagon;P1P2 = a; 
P2P• = b; P, Ps = d, Q and R lie 
onP,P5 ; P2Q lP,Ps; R.R l P,P5• 

Since P2 P3 = P3P4 and the interior 
angles of a regular nonagon are 
each 

"4P3 P2 P4 = 20°. Hence "4P1 P2 Q = 30° and P1 Q = ; . Similarly, Ps R = ; . 

Thusd=a+b. 
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I . (B) I -· ~ + 
4

2 = (1 -.?)
2 

: 0; ? = I . 
X X X X 

2. (C) If rand A are the radius and area of the circle, respectively. then 

4 
hr"' 2r 

4 == 4,rr2 

I = rrr2 :: A. 

4. (8) (a + b + c - d) +(a+ b -- c + d) + (a - b + c + d) +(- a+ b + c + d) 

= 2(a -t b + c + d) = 2222. 

5. (C) lei w , x, y and 1 he the amounts paid by the first , second, third and 
fourth boy, respective!:,, Then since 

w+x+y+z=60 

I I 
w= 2(x-ty+z):;.i6Q-w), w:.20:. 

I I x = 3(w+y+z)= j<60 - x), x =- IS; 

I I 
y=:.(w+x+z)= 4(60 -y), y= 12; 

and z = 13. 

6 . (E) II y =!- 0, the second equation implies x = ½, and the first equation then 

implies_v = !: i· If y = 0 , the first equation implies x = 0 or I . 

7. ( E) Suppose A,. A 2, A 3, A 4 , A 5 , A 6 arc 1he vrrtices of the hexagon listed 
consecutively. and A I and AJ lie on the parallel sides twel~e ind,cs apart. 
If Mis the midpoint of A 1A:,. ~A 1A 2M is a 30° -60° -90° triangle. Therefore 

A1A2_ 2 
""i,"' - - J :,· 

A,A 2 "' 4✓'3. 



8_ (D) a2 - a1 .. (y - x)/J = :! 
b1 - b1 (y - x)/4 3. 

9. (B) Ix - -./{x ·- I )21: 1.x - l.r - 111 • 1x - ( I - .r)I: 1-1 + lxl = I - 2x. 

10. (B) For etch point A other Ihm P, the point of mtersect;on or circle C with 
the ray beginning 1t P •nd passing through A is the point on circle C 

3 

clos.=s: tlJ •t. Therefore the ny beginning 11 P .ind passing through B ii the se: 
or lJl points .◄ such th.1t B ls the point on circle C which is closest 10 point A 

11. (C} If the line with equ it ion t + y = r b tangent to ,he circle wl th equation 

a: 1 t .,a•,, then the dhtance between the point of tangency (t -~) and 

the origin is ../r. Therefore, G-)1 + (fJ = rand r= 2. - -

12. (E) I.et .r • 4BAC • ~BCA ~ y • -.CBD • -.CDB anJ z = '4DCE = Y+DEC. 
Applying :he theorem on exterior angles to 11ABC and .11ACD and the 
theorem on the sum of the interior angles of a triangle to .11ADE yields 

y = 2x 

z•x+ y= 3.r 

..r + "4ADE t z = 180 

140+ 4..r = 180 

X'" 10. 

D 

E 

13. (B) Since the constant term .,f .a quadratic e1.1uat1on is the product or its roots, 

b"' ed. d = ab 

Since the coefficient of the x term of a quadratic equation whose x l coef
flcient is one is the negative uf the sum of 11s roots. •a= c + d. c =a+ b. 
a+ c + d .. 0 =a ♦ b + c:. and b = d. But the equations b-= cd and d = ab 
imply, since b =d * 0 . that I •a• c Therefore. b = d= - 2, and a+ b +c + 
d .. - ~ -· 



' 
14. (C) b =an - n1 = (18)11n - n 2 = (n + 8)n - n2 = (80)11• 

IS. (A) If sin x + cos .r = } • then 

16.(E) 

\7. (D) 

I - sin2x = cos2.r c: {¼ - sin x)2 

25 sin2.r - S sin.r - 12 • 0. 

Similarly. cos .r satisfies the equation 2St2 
- 5t - 12 = 0, whose solu lion~ 

4 d 3 s· . ..,, 0 . 4 d . I . are 5 an - 5. mce sm x , • sm x = ·f an since cos .r = 5 - sm .r, 

3 4 
cos .r = - 5. Hence, tan x = - 3. 

Label the people as A 1, A 2, ••• , AN in such a way that A I and A, were a 
pair that did not shake hands with each other. Possibly every other pair of 
people shook hands, so that only A I and A 2 did not shake with everyone 
else. Therefore. at most N - 2 people shook hands with everyone else. 

I 
18. {C) ./n - ..;,,::y < 100; 

.../n + ✓n-:1 = .../n Ci > 100; 
n - n - I 

-./2500 + -./2499 < I 00; 

v'2501 + -./2500 > 100; 

n = 2501. 

19. (C) Since 50p + 50(3p) = l.p = .00S; and, since there are seven perfect squares 
not exceeding SO and three between 51 and I 00, the probability of 
choosing a perfect square is 7p + 3(3p):: .08. 
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20. (A) Observe that 

a+b - c a-b+c 
2 

-a+b+c 
2 '--...C.....-C.+2= + =-- -+ 

c b a 

a+b+c a+b+c a+b+c 
c = b = a 

These equaJitics arc satisfied if a + b + c = 0. If a+ b + c * 0, then dividing 
each member of the second set of equali ties by a+ b + c and taking the 
reciprocals of the results yields a= b = c. If a + b + c = 0, then x • -l; If 
a= b = c, then x = 8. 

21. (A) If y = log..b, then a>' = band a= b11>'. Thus 

Therefore, 

I I 
log a• - = -·-

b y log.,b 

J J I 
- - + -

1
-- + -

1 
- a: log.3 + log,,4 + log.S 

log>X og..x ogsx 

i 
=log,,60= - -. 

log.ox 

22 (D) Since each pair ohtatements on the card is contradictory, at most one of 
them is true. Th,: assumption that none of the statements is true Implies 
the fourth state1,1-:nt is true. Hence, there must be exactly one true 
statement on the ,:ard. In fact, it is easy to verify that the third statement 
is true. 

23. (C) Ltt FG be an altitude or fl.AFB, and let 
x denote the length ofAG. From the 
adjoining figure it may be seen that 

../1 + ../3 =AB= x(l + ../3). 
I + ../3 = x2(1 + y3)2. 

I = x2(1 + .,/3). 

The area of tl.ABF is 

1-<ABXFG) = -2
1 x\ I+ v'J) ./3 = ~v'J 

2 



• 
24. (A) Let a• x(y - z) and observe that the i_dentity 

25. (D) 

x(y - z) t y(z - x) + z(x - y) = O 

Implies 

The boundary of the 
set of points qtis• 
fying the conditions 
is :.hown in the 
1djoining figure. 

a+ar+a,2 =0 

I + r + ,l-. 0. 

y 

I / 
/ 

/ , y•i+a 
/ 

- _, _____ ,,. _________ _ 

' / 

I 
I 
I 

y=].a 
/ 

/ 
/ 

x+y•a, / ' / 

/ 
, y•x -a 

/ a 
/ ., 

/ 

a/2-

I 
' ' I y •a/2 .,., ____ ..,_ - --l- - - - -

' // I 
' / I -+-----t __ ,.._ ____ ..._ _ __,~ :JC 

(0,0) a/2 " 

26. (B) Let N be the cenler of circle P. If T II the point of tangency of tangent AB 
and CH ii the altitude to side AB of c1ABC, then CN + NT> CT> CH. 
Since radius CN is minimal, T 2 Hand N Is the midpoint of CH; ie.., CH is 
a diameter of circle P. Since inscribed 1'- QCR is 90°, QR is also a diameter. 
Finally, since 6CBH ~ 6ABC, 

CH 8 
6 = IO 

QR• C.'1•4.8. 

27. (C) A positive integer has a remainder of I when divided by any of the 
integers from 2 th rough I I if and only if the integer is of the form mt + I, 
where tis a nonnegative integer and m = 23• 32• 5• 7• 11 = 27,720 is the 
least common multiple of 2, 3, .. . • 11 . Thtrefore, .:onsecutive integel's 
with the desired property differ by 27,720. 



28. (E) 

29. (D) 

T riangle A2A,,44 has 
verte-x illlglcs 60" . .10°. 
90°, respcc lively. Since 
21.A 1A2A3=60°, and 
A2A• and A 2A shave the 
same length,AA 2A,.As 
is equilateral. Therefore, 
AA>-4.As has vertex 
angles 30°. 30°. 120°. 
respectively. Then 

AA.A sA6 has vertex 
angles 30°. 60°, 90°. re

7 

spectively. Finally. since 2S.A4 A 5A 6 = (>()v and A ~A 6 and A sA 7 have the 
same length, AA 5A<,A 1 is again equilateral. Therefore AAnAn + 1 A,.+ 2 
~ AAn+ 4 An1 s An+ 6 with An and A,.+,. as co11csponding vertices. Thus 
21.A~•sAo= 21.A~s,43= 120°. 

Since the length ,,f ba~ AA' of AAA'B' is the same as the length of base 
AD of !:i.ABD, ;md the corresponding alt11,u.lc uf CJ.AA'LJ' has twice the 
length of the corresponding altitude of CJ.AB!>, 

Area AAA'B' :: :? Arca !lADB. 

(Alternately, we could let O be the mca~u rc of •\DAB, and observe 

Area !:i.AA'B' = ½<AD)(2AB) siu( 180° · 0) 

Similarly 

Therefore 

) 
= 22 (AD)(AB) sin = 2 Area AABD.) 

Area !:i.BB'C' :: 2 A1ca ABAC 

Area ACC'D' = 2 Area tlCBD 

Arca ADD'A' = 2 A11.•a IHX'A . 

Area tl'B'C'D' = (Are~ AAA'll' + Area ABB'C') 

+ (Arca 6.CC' l>' + Arc;1 ADD'A') 

+ Arca A HCD 

= 2 (Arca !:i.AIID + Arca tJ.RAC) 

+ 2 (Arca t:,.('J,n, ,\1ca ~DCA) 

• Arca Al/Cf) 
= 5 Ar<'a A /IC!> ·· '.,O. 



• 
30. ( E) Let k denote the number of matches in which women defca1cd men, and 

let Wand M denote rhc tolal number of matches won by women and by 
men, respectively. The total number of matches. the number of matches 
between a man and a woman, the number of matches between two men 
and the number of matches between two women arc 

3n(3f!--=--.!l 2112 2n(2n - I) and ~n....::....!! 
2 ' ' 2 ' 2 ' 

~espcctively. Then. since k ,r;; 2n2
, one has 

311( 311 - ..!) _ z 2(M + 1.-') _ M + I _ 12 
2k + n(n - I) 2W W 1 

63n2 
- 21n = 24k + 12n2

- 12n 

! 7n2 - 1'!. = k < 2n2 
8 

I 7n2 
- 311 < 16n2 

n <:3. 

Substituting n = I, 2. 3 yields k = 14/8, 62/8, 144/8. Since k must be an 
.integer, n"' 3. 
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I. (D) Rectangle DEFG has area I 8. one quarter of th~ area of reclangle ABCfJ. 

I I .I' x -xy 
1.(0) --------= --- = -1. 

)C y X)' .Y.)I XY 

3. (Cl Since <f.DAE = •10° + 60° = 150° and DA =AB= A£, <f.A£D = 

cso;1so)° = 150. 

4. (E) x Ix {x ( 2 - x) - 4} + IO l + I = x Ix ( 2x - x 1 
- 4} + IO J + I = 

xJ:i.t" 2 -x3 -4x+ IOI+ I= -x~ +2.\'·'-4x 1 + IOx+ I. 

5. (0) The numhers who~c unit's and hundred's digits are equa1 are !he ones not 
chanj!ed when these digits arc interchanged. The 1arge~t such even three digil 
number is 898. The ~um of the d1g1ts is 25. 

6. (A) Ail<l and suhtracl directly or note that 

! + 1 + • • • + f.S - 7 = ( I + !) + { I + !) + · • • + ( I + J_) - 7 
24 64 2 4 64 

=!+l+ .. . +..!...-1=-..l 
2 4 64 64 

7. (E) Let x = n 2 , n ;i, 0; (n ..- I )1 = n 2 + '.!n + I = x + "!../i + I. 

8. ({') The area of the ~mallest region 
bounded by y = Ix I and x 2 + 
y 2 = 4 is shown m the ad-
JDi nin~ figure. 1 ts att·a is 

I 1 I? 

9 {E) lf<i {18" ~ oi?-r2 1 { .. 1 .r = 2wn: 

_v 

-y=lxl 

X 
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IQ. (I>) If C is the anter of the hexagon. then the area of Q1 Q2 Q3 Q4 is the sum of 
of lhl· ;,rca, ,1f lhc lhree equilah.:rnl lrian!!,ks A{J I Qi C, li.Qz Q3 C. li.Q J Q4 C 
ekh , ,f whose sides have length 2. TI1erefore. area Q, Qi Q3 Q4 = 

2= ✓3 -
3(-- -- - ) "' .h/.1. 

4 

11. (B) Summing the arithmetic progressions yields 

115 l+.l+-··•+-(2,1-1) 
116 = -2+-4 + • • • + 2n 

ni 115 n 
-----~ · -- = - -- · n = 115 
n(n + I) ' I lb n + I ' . 

12. t B) Draw line !'Cgmen I RU, and lei x and y denote I he measures of <EOD and 
<BAO, respcclivdy. Omervc lhal AR "' 00 = OH = OR, and apply lhe 
theorem on cxle rior .ingles of I rianglcs to ti.A 80 and MEO to obtain 
<EBO= <8£.0 "' 2y ;md 

Thus 45° = Jy 
15° = y. 

X = Jy. 

OR 0 

Since the measure of an angle fanned by two secants is half the difference 
of the inlerccptcd an:s. 

I ) :rc 45° o 
J' := 2 (X - y . _v = J : 3 = 15 . 

I J. ( ,\ l Consider two cases: 

Ctue I. If x;.. 0 lheny-x < v'x1 if amJ only if y-x <x. or equivalcnliy, 
y<'.!x. 

Ca.ff' 2: If x < 0 then y - x < ,/ii if and only if y - x < -x. or equivalently, 
y<O. 

ll1c pain (x, y) satisfying lhc 
,:omlilinns described in citht.-r 
C:1s1· I or C,sc 2 are cxadly 
1hc p;1irs Ix. y I sui:h lhat 
y < OtJt,Y < 2x(scc ad
j11i11i•1r di:,gram for J!!?Omctric 
i1tll'tp1rt:ition !. 

_v 

X 
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14. (C) If an denotes the nth number in the sequence, then 

a = 
a 1a 2 • ··a _ n 1 

n a1a1···an-l -(n-1) 2 

for" :> 2. Thus, the firsl five numbers in the sequence are 1, 4, ~. 1;. 7~ , 
d h d . d . 9 25 61 an t e esue sum 1s 4 + 16 "' 16. 

15. ( f) If each jar con1ains a total of .x liters of solution, then one jar contains 
p.\ . X f dh -- liters of alcohol and --1 liters o water. an I e other jar con-

p + I p+ 

tains _'l!.._ liters of alcohol and __!_I liters of water. 'fhe ratio•of the 
q ... I q+ 

volume of alcohol to the volume of water in the mixture is then 

( p + -.!L.)x 
p+ I q+ I ~ p(q+ l)+q(p+ I) : p+q+2pq 

( I I ) - (q+ l)+(p+ I) p+q+2 -+-x 
p+ 1 q + I 

16. (E) Since A 1, A1, A, + A1 are in arithmetic progression, 

If r is the radius of the smaller circle, then 

9,r=A1 +A 2 =3A 1 ,.,3,,,.: ; r=,.,/3. 

17. (C) Since the length of any side of a triangle is less than the sum of the 
lengths of the other sides, 

x < v - x + z - v = z - x which implies x < !. · - . ' 2. 

y - :c < x + z - _v. which implies y < x + ½ ; 

z - y < x + y- x, which impliesy > f. 
Therefore, only statements I and II are true. 

18. {f') Since logb a= 10,}_ b . lugs 10 = --1-
~ log,o 5 

I JO 
lo!!,o 10 - log 10 2 ::::: .<,99 ::::: 1· (The value of log 10 3 was nnt used.) 



19. (A) SiriCl' 

Xl56 - 25632 = X(2a) -(2')H = i28) - i(2') 

= (x<Z 71 + it2 '1) (x<26
J + i 26l} · · (x + 2) (x -2), 

the sum llr the squares or the 'real roots is 8. 

20. (C) Let x = Arctan a and y .. Arctan b: 

(a+l)(b+1)=2 

(tanx+ l)(tany+ 1).,2 

tan x + tan .v ,.. I - tan x tan y 

· tan x + tan y 
1 tan(x+y)= J-tanxtany"' 

,, 
x+y:4. 

21. (B) In the adjoining 
figure. x and y 
are the lengths of 
the legs or the 
triangle, so that 

h = (y - , ) + ( X - , ) 

=x + y-2r, 
x + .v = h + 2r; 
x2+y'=h2. 

A 

------X------
The area of the triangle ABC _is 

!xy = ! [<x+ y)2 -(x2 + y2)7 
2 2 2 J 

. . . "'1 "' Thus the desired r:1110 1s 7:::-:-rh = h--. 
r+ r + r 

22. (A) Since m3 + 6m2 +Sm= m(m + I) (m + 5), this quantity is divisible by 3 
for all inlcgerK m. To see this, observe that m. m + 5 or m + I is divisible 
by.3 ifm leaves a reniainder of 0, I or 2, respectively. However, · 
27n

3 
+ 9n

2 + 9n + I always has a remainder of I when divided by J. 
Therc.-fore, 1here are no solutions tCl the p.iven equation. 

5 
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1J. (C) Since lhe shortcsl r,,th helwccn a rolnt and a line i! the line segmenl 
drawn pcrpcndi(:ularly from the point lo lhe line. the desir..-d minimum 
disl:mcc is nhtaincd hy symmetry by ,:housing P and Q to .;c lhe midpoints 
of All and lV, respcclivcl) . 

Since PC and f'D are al liludcli or equilateral t rianglcs ABC and A RD. 

respectively. PC"' Pf) = -If. Since Q is the midpoint of 5.idc DC. QC = i . 
Applying the Pylhagurcan theorem to ti.CPQ yields 

~-------.,- 111 vi 
PQ =../(PC)" -(QCl = V 4 - ~ = 1· 

24. (E) Let J-: be 1hr inteneclion of lines AB and CD, and lei fJ and O be the 
measures or <f.1JC and <I::CB, respectively. Since 

cos fJ = -cos B = sin C = sin O. 

fJ + 0 = 'HJ0
• < BF.C is a ri~ 1 anglr. and 

BEsBCsintJ=J; CE=BCsinfJ=4. 

Therefore, AE = 1. DE= 24 and AD, which is the hypotenUK or right 
triangle ADE. is 2.S. 

2S . (B) Let a= - i . Applying the remainder theorem yields,, = 11", and solving 

the equality x 11 = (x - a)q 1 (x) + r 1 for q 1 (x) yields 

x• -a• 
Q1(X) = ---=x7 +ax•+• • • + a7 

x-11 

lur. by factoring a difference of squares three times, 

q 1(x)=(x" +a")(x1 +a2 )(x ♦ a)J. 

Applying the remainder theorem lo determine: 1he remainder wfaen 
q 1 ( x) is divided by x - a yields 

, I 
,,=q1(a)"'8a "'-16 . 

26. (R) Suhs1itule x = I inlo the functional equation 3nd solV<" for 1hr lir~I term 
on lhc 1ig.tu ~,de to ol-ot ai11 /f y ♦ I) '° /( y) -t .'I + ~- Smee JI I): I. one see~ 
by successively substi1u1ing 'I = 2. J. 4 •... lhill /( y) > O ror every 

po~ilivc inle~r. Therefore, for y a po~ilivc in kvt•r. f(Y + I J > )' ♦ 2 > y t I • 
and f( 11) .. n has no solutions for inlc~n n > I. Solving the above eqnatiu11 
for /(y) yield-. 



IU·) "'J"(y + I l - ly + 2J . 

Successively sut'tstituting_v "'0, -1. -2, ... into this equation yields 
/Wl = - I ,f(-1)"' -2,/(-2) = -2.[(-3) = - J .[(-4) = I. Now /(-4) > 0 
and. for y < -4. -(y + 2) > 0. Thus, for y < -4,f(y) > 0. Therefore. 
/(n) if: 11 for n < -4; and the solutions n = I. -2 are the only ones . 

27 . ( E) Tht"~ t· ~ix slatemen·ts arc equivalen I: 

(I) the ,·yuation x 1 + hx + c"' 0 has positive roots : 
(2) the cqua lion x 1 + bx + c· = 0 has real roots, the smaller of which is 

p,,~ilivc: 

( 3) Ji; - 4c is real and -b - Jb 2 - 4 c > 0; 

(4) 0 ,r;;; h1 - 4c < b2 and b < O; 
bl 

(5) 0 < ,. ~ 4 and b < 0: 

( 6) b = - 2 and c = I ; or b = - 3 and £' = I or 2; or 
h = -4 and c· = I, 2. 3 or 4: or h = -:'i and c = I, 2, J. 4 or 5. 

The roots corresponding to the pairs ( h, c) described in (6) will be 
distinct unless b 2 = 4c. Thus, deleting ( h, c)"' (-2. I) and (-4 , 4) from 
the list in (6) yields the ten pairs resulting in distinct positive roots . 

The desired probability is then I - / ~1 = Hi . 
2R. (0) I .ct D ;rnd F. be the points of intersection of B'C' with AB and AC. 

respec;t ivc!y, and let B'F he the perpendicular drawn from B' to AC 
Then F:D IICB by symmetry, which implies <f.AED. and hence <IJ'EF, 
is 60° . 

Applying the Pythagorean theorem to 
t::.B' FC yields the equality B'F = 

..,r,:r:"T . Now B' C' = 8' E + En -t /JC' "' 
2(8'£) +ED== 2(B'EJ + FA. 
Therefore , 

JJ'C'=1(i)s'F ♦ (l -t:F1=::(i).Jr2-=-T + (1 -1✓,,-::-i-) 

= I + Jr ✓rr:; = I + V.l(r2 - I) . 

7 
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29. (E) By observing thal [ .r 3 + ;1-J 2 = .r6 + 2 + ~, 

one sees 1 hat 

f(X) :[(x + ¼)']' - [xl + ;> r 
( x + ~)3 + { x3 + xll ) 

Since 

I 2...-;.x+-.r. 

and/Ix)= J(x +;) has a minimum value of 6, which is taken on at x :s. I . 

.10. (8) Le I F he the paint on the ex tension of side AB past B for which AF• I. 
Since AF= AC and --tFAC = 60°, 6ACF is equilateral. Let G be the point 
on line segment BF for which <BCG = 20°. Then !J.BCG is similar to !J.OCE 
and BC= 2(EC). Also !J.FGC is congruent to aA.BC. Therefore, 

Area AA.CF= ( Area 6ABC + Area 6GCF) + Area !J.BCG 

v1 
4 = 2 Area 11ABC + 4 Arca t:.CDE 

..rs 
8 = Area6ABC+ 2 Area 6CDE. 

F 
/' I \ 

, \ 
' \ , \ 

G_J.. ' ' \ '- \ 
I '- \ 

I .._ ' 
/ ..... , \ 

BI ' \ 
J.../' ·•. , . ~- ... , ...... '\ 

/ 100° "-....__ £ '- ' 
/ 1·----- ioo \ , • so·· --- '· 

A ,~6~-- --- - ----~ 
D C 
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1. (C) Since 
1
~ = 14 +~'the number is 14. 

2. (D) The highest powers of x in the factors (x2 + 1)4 and (x3 + 1)3 are 8 and 9, 
respectively. Hence the highest power of x in the product is 8 + 9 = 17. 

2x -y 2 
3. (E) If--=- then 

x+y 3' 

6x - 3y = 2x + 2y 
4x = Sy 

X _ 5 
_:v-4· 

4. (C) The measures of angles ~ADC, -Z..CDE and "4EDG are 90°, 60° and 90°, 
respectively. Hence the measure of ~DA is 

360° - (90° + 60° + 90°) = 120°. 

5. (B) Triangle PQC is a 30° -60° -90° right triangle. Since AQ = CQ 

PQ _PQ_ 1 _../3 
AQ - CQ - ,J3 -3 

6. (A) Since x is positive the following are equivalent: 

vx<2x 
x<4x2 

1 <4x 
1 
4<x 

1 
x>4-

7. (B) By the Pythagorean theorem, diagonal AC has length 5. Since 5 2 + 12 2 = 131
, 

WAC is a right triangle by the converse of the Pythagorean theorem. The 

area of ABCD is ( ½)<3)(4) + (½)(5)(12) = 36. 



8. (A) The given equation is equivalent to each of these equations 

a+b 
-;;;;- =a+ b 

(a+ b)2 =ab 
a1 + ab + b1 = 0. 

Since the last equation is satisfied by the pairs (a, b) such that 

-b ± .,r--w h · f 1 b . f . th . . al a = 
2 

, t ere are no pairs o rea num ers satis ymg e ongm 

equation. 

9. (E) As shown in the adjoining 
figure, there are two possible 
starting points; therefore, x Possible starting points. 

3 

---is not uniquely determined. ---1 s-o-=o,.........._oe-:--_~;.--_..,, F>3d1t•,--~,•:-= ,.,,3:e---
---- y.:, \ /VJ 

·------ / :!::,1 

10. (D) Since the teeth are all the same size, equally spacdl and are mesli'td, they 
all move with the same absolute speed v (vis the distance a point on the 
circumference moves per unit of time). Let a, P, 'Y be the angular speeds of 
A, B, C, respectively. If a, b, c represent the lengths of the circumferences 
of A, B, C, respectively, then 

V V V 
a= a' ~ = Ii ' 1 = c · 

Therefore, aa = {3b = "fC or, equivalently, 

a - ~ - 'Y .-1 - 1· 
a b c 

Thus the angular speeds are in the proportion 

1 1 I 
ii : o : c · 

Since a, b, c, are proportional to x, y, z, respectively, the angular speeds 
are in the proportion 

1 1 
X y Z 

Multiplying each term by xyz gives the proportion 

yz:xz:xy. 
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11. (D) The formula for the sum Sn of n terms of an arithmetic progression, whose 
first term is a and whose common difference is d, is 2Sn = n(2a + (n - I)d). 
Therefore, 

200"' 10(2a + 9d) 
20 = I00(2a + 99d) 

'2Suo= II0(2a + 109d). 

Subtracting the first equation from the second and dividing by 90 yields 
2a + l09d = -2. Hence, 2S110 = 110(-2), so Suo = - 110. 

12. (C) In the adjoining figure,L 1 and 
L2 intersect the line x = l at B 
and A, respectively; C is the 
intersection of the line x = l 
with the x-axis. Since OC = I , 
AC is the slope of L 1 and BC 
is the slope of L 1• Therefore, 
AC= n,BC = m, and AB= 3n. 
Since OA is an angle bisector 

OC _AC 
OB - AB . 

This yields 

1 n 
OB = 3n and OB=3. 

y 

X:;: I 

By the Pythagorean theorem I + (4n}2 = 9, son= 1- Since m = 4n, 

mn =4n2 = 2. 

OR 

Let 8 1 and 02 be the angles of inclination of lines L I and L2 , respectively. 
Then m = tan 01 and n = tan 92 • Since 81 = 201 and m = 4n, 4n = m = tan 8 1 = 

tan 20 = 2 tan82 2n 
2 1 - tan2 92 = I - n2 • 

Thus 4n(1 - n1
) = 2n. Since n #: 0 , 2n2 = I , and mn, which equals 4n2

, is 2. 



13. (B) If the bug travels indefinitely, the alge.braic sum of the horizontal com• 

ponents of its moves approaches ;, the limit of the geometric series 

I I I 
I - 4 + 16 - ... = -

1
-_-(_-

4
-l )- . 

Similarly, the algebraic sum of the vertical components of its moves 

approaches } = ½ - } + 
3
1
2 

• • • • Therefore, the bug will get arbitrarily 

close to (;, }) . 

OR 

The line segments may be regarded as a complex geometric sequence with 
0 1 = I and r = i/2. Thus 

'f Q. = ~= _2_ = 4+2i 
i= 1 ' I - r 2 - i 5 

In coordinate language, the limit is the point ( ;, }) . 

3 
14. {A) For all x "F' - 2 , 

x=f(f(x))= c(-dh) 
2(_E_) + 3 

2x+ 3 
2cx + 6x + 9' 

which implies (2c + 6)x + (9 - c2
) = 0. Therefore, 2c + 6 = 0 and 9 - c2 = 

0. Thus, c = -3. 

15. (B) Let m be the price of the item in cents. Then (I .04)m = 100n. Thus 

(8X13)m = (100)2n , so m = (2)(5)4 
1
~ . Thus mis an integer if and only if 

13 divides n. 

5 
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16. (B) The edges of the tetrahedron are face diagonals of the cube. Therefore, if 
sis the length of an edge of the cube, the area of each face of the tetra
hedron is 

and the desired ratio is 

17. (D) Sincei2 =-1, 

(sy'2)2../3 - s2,J3 
4 --2-

(n + ,)4 = n4 - 6n 2 + 1 + i(4n3 - 4n). 

This is real if and only if 4n 3 - 4n = 0. Since 4n(n2 - 1) = 0 if and only if 
n = 0, 1, -1, there are only three values of n for which (n + i)4 is real; 
(n + i)4 is an integer in all three cases. 

18. (D) logb sinx = a; sin x = ba; 
sin2 x=b 2a;cosx=(I -b2a) 112 ; 

logb cosx = ½ logb (1 - b2a). 

19. (D) The adjoining figure is constructed from the given data. We let, be the 
radius, x the distance from the center of the circle to the closest chord, 
and y the common distance between the chords. The Pythagorean theorem 
provides three equations in r, x, andy: 

,2 = x2 + 102 
,2 = (x + y)2 + 82 
,2 = (x + 2y)2 + 42. 

Subtracting the first equation 
from the second yields O = 2xy + 
y 2 - 36, and subtracting the second 
equation from the third yields O = 
1xy + 3y2 - 48. Equating the right 
sides of these last two equations and 
collecting like terms yields 2y2 = 12. 
Thus,y = ../6; and by repeated sub- Sy'22 
stitutions into the equations above, r = - 2-. 

X y y 



20. (C) The number of ways of choosing 6 coins from 12 is ( 1l) = 924. "Having 

at least SO cents" will occur if one of the following cases occurs: 

(I) Six dimes are drawn. 
(2) Five dimes and any other coin are drawn. 
(3) Four dimes and two nickels are drawn. 

The numbers of ways (1), (2) and (3) can occur are(:), (~)(f) and 

(:)(i), respectively. The desired probability is, therefore, 

<:)+(~)<i)+(~)(n _ 127 
924 - 924 . 

21. (A) In the adjoining figure the line segment from E to C, the midpoint of DC, 
is drawn. Then 

area t£BC =(})(area t£BC) 

area !:::..BDF= (¼)(area t£BC) = (¼)(area !J.EBC). 

(Note that since EC connects the midpoints of sides AC and DC in M CD, 

EC is parallel to AD). Therefore, area FDCE = (¾)(area t£BC) and 

(area MDF) _ I 
(area FDCE) - s· 

The measure of 1CBA was not needed. 

A 

B D C 

7 
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22. (E) In the adjoining figure, 
the graphs of y = 4x + 1, 
y = x + 2 and y = -2x + 4 
are drawn. The solid line 
represents the graph of the 
function[ Its maximum 
occurs at the intersection 
of the lines y = x + 2 and 
y= -2x+4. 

Thus x = f and t(j) = i· 
23. (C) Applying the Pythagorean 

theorem to il.CDF and 
t:J.CEG in the adjoining 
figure yields 

and 

4a2 + b2 = sin2 x 
a1 + 4b2 = cos2 x 
S(a2 + b1

) = l , 

----1----------.....c...-x 

B 

a 
D 

24. (D) Since the given polynomial is divisible by (x - r)2 the remainders when it 
is divided by (x - r) and {x - r)2 must be zero. Using long division the 
quotient when 8x3 

- 4x2 
- 42x + 45 is divided by (x - r) is 8x2 + 

(8r - 4)x + {8r2 
- 4r - 42), the remainder 8r3 - 4r2 - 42r + 45 ·being 

zero. Since (x - r) also divides the above quadratic polynomial its re
mainder must be zero. Thus 

24r2 
- 8r - 42 = 0. 

The roots of the last equation are ½ and -i- Since r = -i does not make 

the first remainder vanish, r =} = 1.5. 



25. (C) Letting n = 1, · · •, 5 in the given equation yields 

1 = b (yl+c) + d 
3 = b [v'f+c] + d 
3 = b [v3+c] + d 
3 = b [v4+c] + d 
5 = b [VS+c) + d 

Thus, subtracting the first equation from the second 

2 = b([~] - [vf+c)). 

9 

Since the quantity in parentheses is at most one, b = 2. Then by subtractions, 

1 + [vf+c) = [-y'l+c] = [vJ+c] = [v'4+°c] = [v'S+c] - 1. 

Therefore, for some integers m and k, 2 + c = k2 and 5 + c = m2 . Since the 
only perfect squares that differ by 3 are 1 and 4, k = 1 and m = 2. Therefore 
c = -1 and d = 1. These are necessary (and as it turns out also, sufficient) 
conditions. 
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26. (E) A smaller regular tetrahedron 
circumscribing just one of the 
balls may be formed by in
troducing a plane parallel to 
the horizontal face as shown 
in Figure 1. Let the edge of 
this tetrahedron be t. Next 
construct the quadrilateral 
C1B1/JzC,,, where C1 and 
C2 are centers of two 
of the balls. By the sym
metry of the ball tetrahedron 
configuration the sides 
C1B1 = C2B2 are 
parallel and equal. 
It follows that 

B1B2 = C1C2 = 1 + 1 = 2. 

Figure 1 

Thus, s = t + 2, and our problem reduces to that of determining t. 
In MBC 1 , in Figure 2, AC I has a length of one radius less than the 

length b of altitudes DB and AE of the smaller tetrahedron; and AB has length 

} ( ./[ 1, since B is the center 

of a face. Applying the Pythag
orean theorem to MBC1 , yields 

(b - 1)2= 1
2 + [½~'7 ~]2. 

and applying the Pythagorean 
theorem to MDB yields 

t
2 

= b
2 

+ [}(f r)J2 
Solving the second equation 
for b, substituting this value 
for b in the first equation, and 
solving the resulting equation 
for the positive value oft yields 

Figure 2 D 

A 



t = 2...,/6. Thuss = 2 + t = 2 + 2../6. 

27. (E) Let a = ~I 5 + 2v'I3, b = -?/ 5 - 2y'l3 and x = a + b. Then 

x3 = a3 + 3a2b + 3ab2 + b 3 

X
3 = a3 + b3 + 3ab(a + b) 

X 3 = 10 + 3.y=r; X. 

11 

The last equation is equivalent to x 3 + 9x - 10 = 0, or (x - I )(x2 + x + 10) = 
0, whose only real solution is x = l. 

28. (C) Let f(x) =x2 + x + I. Let Kn(x) = x 2n + 1 + (x + 1)2n ,[(x) = (x - r)(x - r'), 
where 

-1+\f-3 , -1-\/-3 
r = ---=

2
-- and r = --

2
-=---

are the roots of f(x) = 0. Thus f(x) divides gn(x) if and only if both x - r 
and x - r' divide Kn(x). That is, if Kn(r) = gn(r') = 0. Since rand r' are com
plex conjugates, it suffices to determine those n for whichgn(r): 0. 

Note that g11(x) = [x2 f + [(x + 1)2 f + 1. Also note that rand r + I = 
1 + F are both 6th roots of I . (It's easy to see this with Argand dia

grams.) Thus r2 and (r + 1 )2 are both cube roots of I. Thus the value of 
Kn(r) depends only on the remainder when n is divided by 3. A direct com
putation (again easiest with Argand diagrams) shows that 

g0(r) = 3, g1(r) = 0, g?.(r) = 0. 

Thusf(x) does not divide g11(x) if and only if n is divisible by 3. 

29. (A) Adding the given equations and rearranging the terms of the resulting equa
tion yields 

(x2 - 2.zy + y 2
) + (y2 + 6yz + 9z2

) = I 75 

or 

(x- y)2 + (y + 3z)2 = 175. 

Since a perfect square can only have 0 or 1 as a remainder when divided by 
4, the sum of two perfect squares can only have 0, 1 or 2 as a remainder 
when divided by 4, and hence the ieft and right sides of the above equation 
cannot be equaJ. There are no solutions. 
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30. (B) If N is squarish, then there exist single digit positive integers A, B, C, a, b, c 
such that 

N = 10~2 + 102B2 + C2 = (102a+ lOb + c)2
• 

The quantity d = 1 Ob + c is less than or equal to 99. Thus A = a, for other
wise 

N=(102 a+d)2 ~ 104 a2 +2(100)99a+(99}2 < 104 a2 +2(10)4a+ 104 

= l04(a + 1)2 ~N. 

Thus 

8181 ~ 102B2 + C2 = (102a + 10b + c)2 - I04a2 

= 103(2ab) + 102(b2 + 2ac) + 10(2bc) + c2• 

In particular, 2ab ~ 8. Since no digit of N is zero, a~ 4 . Thus either b = 0 
or a= 4 and b = l. In the latter case, 

N = (410 + c)2 = 168100 + 820c + c 2
• 

Since N has no digit zero, c ~ l. But then either the middle two digits or 
the leftmost two digits are not a square. Thus the latter case is impossible 
and b = 0. Therefore, 

N = (102a + c)2 = 104a2 + 102{2ac) + c2
• 

Thus a~ 4, c ~ 4 and 2ac is an even two-digit perfect square. It is now 
easy to check that either a= 8, c = 4,N = 646416, or else a= 4, c = 8, 
N= 166464. 
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