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Solutions 1950 Mathematical Contest (1°)
Part 1

. Numbers proportional to 2, 4, 6 are 2z, 4z, 6z, respectively.

2z + 4z + 6z = 64; -z = 5%, 2z = 104.

.16=8 —4; ~g=2; .~ R=(24)10-4=2l

P T

-8 _ba=b _d-b b a
ab ab —a)  ab

. Denote the terms in the geometric progression by

=8, a2 =8, ..., a; = 8% = 5832.
= 729; S r=3 and as = 8 = 648.

- Solve the second equation for z, substitute into the first equation and

simplify:

2
z=-”"2'3,2(—”"2'3) +6( ”+3)+5y+1

'.y’+10y-7==0.

. Placing 1 as indicated shifts the given digits to the left, so that ¢ is

now the hundreds’ digit and u is now the tens’ digit.
< 100t + 104 + 1.

. Let r be the original radius; then
2r = new radius, =r? = original area, 4xr? = new area.
. . 4xr’ — xr
Percent increase in area = ———— -100 = 300.
xr

. Of all triangles inscribable in a semi-circle, with the diameter as base,

the one with the greatest area is the one with the largest altitude (the
radius); that is, the isosceles triangle. Thus the area is 4-2r-r = 72

V3-V2 V3+V2_ 1
V3 VB+VZ 3+ V6

c= " _ e
" R¥n (R/n)+r
denominator smaller and, consequently, the fraction C larger.

. Therefore an increase in n makes the

It is a theorem in elementary geometry that the sum of the exterior
angles of any (convex) polygon is a constant, namely two straight angles.

Set each of the factors equal to zero:
2=0,2-4=0,2-3x+2=(z-2)@~-1)=0
ST = 0, 4, 2, l.
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Solutions 1950 Mathematical Contest (1°)

Geometrically, the problem represents a pair of parallel lines, with slope
equal to 3, and hence there is no intersection point. Algebraically, if

ax + by = ¢ and axx + by = c2,

then, multiplying the first equation by bs, the second by &, and sub-
tracting, we have
_Ga by — ¢ b;

(@1bs — azb)z = €1 b2 — c2by a b, — az by’

Thus if aib: — azb, = 0 and ¢; # 0, ¢; = 0, z is undefined and no
solution exists.

It is understood that we restrict ourselves to rational coefficients and
integral powers of z. With this restriction z? + 4 is not factorable.

Part 2
The binomial expansion of (z + y)* has n + 1 terms. Thus
[(a + 3b)*(a — 3b)) = (a* — 9b*)*
has 4 + 1 = 5 terms.

To obtain a formula directly from the table involves work beyond the
indicated scope. Consequently, the answer must be found by testing the
choices offered. (A) is immediately eliminated since, for equally spaced
values of z, the values of y are not equally spaced; ..y cannot be a
linear function of z. (B) fails beyond the second set of values. (C)
satisfies the entire table. (D) fails with the first set of values.

Of the four distributive laws given in statements (1), (2), (3) and (5),
only (1) holds in the real number field. Statement (4) is not to be con-
fused with log (z/y) = log z — log y. .. (E) is the correct choice.

The job requires md man-days, so that one man can do the job in
md days. Therefore, (m + r) men can do the job in md/(m 4+ r)
days;

or

z m . md
- e X = .
m<+4r

d m+r;

. By ordinary division—in this instance a long and tedious operation—

the answer (D) is found to be correct. By the Remainder Theorem, we
have R = 1% 4+ 1 = 2. Note: The use of synthetic division shortens
the work considerably, but synthetic division itself is generally regarded
as beyond the indicated scope of this examination. The Remainder
Theorem is likewise beyond the scope of this examination.
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Solutions 1950 Mathematical Contest (1°)

lh =12, hw = 8 and lw = 6. Eliminating A we obtain ! = 3w/2.
Eliminating I, 3uw?/2 =6. ~w=2 l=3, h=4, and

V = lwh = 24;
or
V2 = (lwh)? = lh-hw-lw = 12-8-6 = 42-6. sV =46 =24,

Let P be the original price. Then a discount of 10% gives a new price
P — 1P = 9P. Following this by a discount of 20%, we have

9P — 2(9P) = .72P.
Thus the net discount is P — .72P = .28P or 28%;

or

net discount = d, + dx — d, dz = 116-(()) + l%ﬂd - % = 28%

Let R be the yearly rent. Then é3—-10000 =R — 12_53 — 325
100 100 ’

~R = $1000 and %~ $83.33.

Vi—-2=4—-1 z—2=16-8z+ 2,
0=22-9z+ 18 = (z — 6)(z — 3); szx=6,z=
A check is obtained only with z = 3.

5 -5 s _
lOgl T = 10855 = 5108}5 = §.

b = logiom + logion = logiomn; smn = 10%; sm = 10%/n;
or
logiom = log1010® — logion = logio(10°/n); sm = 10*/n.

If a car travels a distance d at rate r, and returns the same distance
at rate 72, then

total distance _ 2d - 2rry
total time d/n+d/rs n+n’
2-30-40 240
Notice that A and B both travel for the same amount of time. Since
A travels 48 miles while B travels 72 miles, we have

average speed =
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Since the first machine addresses 500 envelopes in 8 minutes, it addresses
500/8 envelopes in 1 minute and 2-500/8 in 2 minutes. If the second
machine addresses 500 envelopesin z minutes, then it addresses 2-500/z
envelopes in 2 minutes. To determine z so that both machines together
address 500 envelopes in 2 minutes we use the condition

2
8

500 +2-500 =500 or 20459 950 or 14121
z 8 z 8 z 2

If B is the original number of boys and G the original number of girls,
then
B B—-45 1 R
G_15=2’G_15=-5-, s G = 40.

Let z be the number of pairs of blue socks, and let y be the price of &
pair of blue socks. Then 2y is the price of a pair of black socks and
z-2y + 4.y = $(4-2y + z-y). Divide by y and solve for z.

sz = 16; sS4z = 4:16 = 1:4.

Before sliding, the situation is represented by a right triangle with hypo-
be.nuse 25, and horizontal arm 7, so that the vertical arm is 24. After
sliding, the situation is represented by a right triangle with hypotenuse 25,
and vertical arm 20, so that the horizontal arm is 15. 15 — 7 = 8 so
that (D) is the correct choice.

. The cross section of the pipe is =R

.~ large pipe/small pipe = 6*/12 =36.
The large pipe has the carrying capacity of 36 small pipes.

Since C = 2xr, letting r2 be the original radius, r, the final radius, we
have 25 — 20 = 2xr, — 2xr; = 2x(ry — ry); Sry = r2 = 5/2x.

For any right
triangle we have
a—r+b-~r=c <
where 7 is the radius b-r
of the inscribed circle. o
S2r=a+b-—-c¢ r b

=244+ 10 - 26 N i
8; g r r
4,

ST
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Part 3

Let C = merchant’s cost, L = list price, M = marked price,
S = selling price, and P = profit. Then
3 1

1 4

4 3 1 4 5 3 5
5M—;L+z EM' M—§ ZL_ZL'
Reference to the graph of y = log.z, a > 1, or to the equality z = av,

shows that (A), (B), (C), and (D) are all correct.

2z 1

=2rz— 12z =3; ~z= -1, 3.
z2z

This sequence is an infinite geometric progression with r = } < 1.
Thus if a is its first term.and s its sum, we have

Hence (4) and (5) are correct statements.

=1 (z+1)(z=1)
z—1 z—1

=z+1, forall z »=1;

the limit of z + 1 as z— 1 is 2, so that (D) is the correct choice.
Note: This problem is beyond the scope of the contest.

The graph of the function y = az*+ br +¢, a =0, is a parabo_la
with its axis of symmetry (the line MV extended) parallel to the y-axis.

y "
v
P IM /Q P M\Q
y:k y:k
v
>X ;X
a0>0 a<0

We wish to find the coordinates of V. Let y = k be any line parallel
to the z-axis which intersects the parabola at two points, say P and
Q. Then the abscissa (the z-coordinate) of the midpoint of the line seg-
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Solutions 1950 Mathematical Contest (1°)

ment PQ isthe abscissa of V. Since P and Q are the intersections of
the line y = k with the parabola, the abscissas of P and Q must
satisfy the equation

at+bzx+c=k or axr*+br+c—k=0.

Its roots are:

z + \/D and x—-—-ét—l——\/D

where D = b* — 4ac is the discriminant.

z+ 2 b

-, the abscissa of V = =——— = — —, and the
2 2a
: b\ b b 4ac — b
ordinate of V = a(—‘%) + b(—ﬁ)+0— —Za+c_T,

if >0, the ordinate of V is the minimum value of the function
ar? + bz + ¢ and if a < 0, it is the maximum value.

If z"'. 2, then the exponent, which is again z° *" is also 2, and
we have 22 = 2. Therefore z = VZ. Note: This problem is beyond the
scope of the contest.

Rearrange the terms:

1
1-(1/7?) 48’
2 /7" 2,

st =TT am = wm

1,1
...7+7.'+..-=

+

8 =

N

8=8l+82=T36°

Looking at y = log,z or equivalently z = bv, we see that y = 0 for
= 1. That is, the graph cuts the z-axis at z = 1.

d = n(n — 3)/2 = 100-97/2 = 4850.

In the new triangle AB = AC + BC, thatis, C lies on the line AB.
Consequently, the altitude from C is zero. Therefore, the area of the
triangle is zero.

By similar triangles, (h — z)/k = 2z/b. ..z = bh/(2h + b).
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48. Let P be an arbitrary point in A
the equilateral triangle ABC
with sides of length s, A
and denote the perpendicular @ ”
segments by ., 2, p.. ,
Then ¥
B < s >C

49.

Area ABC = Area APB + Area BPC + Area CPA
= 4 (spa + sps + 8pc) = 33(pa + Db + DL).

Also, Area ABC = 3}s-h, where h is the length of the altitude of ABC.
Therefore, ‘h = p. + p» + p. and this sum does not depend on the
location of P.

Perhaps the easiest approach to this problem is through coordinate geom-
etry.

Let the triangle be A(0, 0), B(2, 0) and C(z, y). Then A,, the
midpoint of BC, has the coordinates [(z + 2)/2, y/2|. Therefore,
using the distance formula, we have

2
vy _9
+ (2) =1

7- L o\? /.\¢ 2
z+2 y)' =3 ("’_'.*'3)
VET -3 -
This equation represents a circle with radius 3 inches and center 4 inches

or (z+2)'+4' =09
from B along BA;

or

as extreme values we may have @ — b = 2 and a — b = 0, using the
notation a, b, ¢ with its usual meaning. From the median formula, with
c=2 and m, = 3/2, we have 20 +8 =9 + a?. . 20*—a?= 1.
Using the given extreme values in succession, we have b =5 and
a=17 and b=1 and @ = 1. Therefore, the maximum distance
between the extreme positions of C is 6 inches. These facts, properly
collated, lead to the same result as that shown above.

. After the two-hour chase, at 1:45 P.M. the distance between the two

ships is 4 miles. Let ¢ be the number of hours needed for the privateer
to overtake the merchantman. Let D and D + 4 be the distances
covered in ¢ hours by the merchantman and the privateer, respectively.
Then Rate of merchantman-{ = D, and Rate of privateer-t = D + 4
or

817

8-17 . . _ -
-th—D+4, and &—D, .e (—Ts— )t 4.

~.t = 33 hours, so that the ships meet at 5:30.
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Part 1

. The pedagogic value of this extremely simple problem can be enhanced

by a discussion of necessary restrictions on the number-nature of
M and N, the permissibility of negative numbers, and so forth.

. Let the dimensions of the field be w and 2w. Then 6w = z, w = z/6,

and 2w = z/3. ~A = w2w = 1/18.

A = i&® = §(a + b))

. 8 = 1(13-10) + 2[2(13-5) + 2(10-5)] = 590.
. 8, = 10,000 + 1000 = 11,000, S; = 11,000 — 1100 = 9900,

S, — 8 = 1100. .. (B) is the correct choice.

. If the dimensions are designated by [, w, k, then the bottom, side, and

front areasare lw, wh, hl. The product of these areas is

Pw?h? = (lwh)? = the square of the volume.

. Relative error = error/measurement. Since .02/10 = .2/100, the

relative errors are the same.

. Let M be the marked price of the article. M — .1M = 9M = new

price. To restore .OM to M requires the addition of .1M. .1M = }(.9M),
and §, expressed as a percent, is 11} %.

. Let P. be the perimeter

of the kth triangle.
Then Py = §P,:.

S=P,+Py+Pi+ -

- 1, 1.3, ...
--3a-l-2 3a+2 2a+

N 1,1

—3a(l+§+z+) '60° 60°
1 e

=3a-1—__m=6a.

(C) is incorrect since doubling the radius of a given circle quadruples the
area.

The new series is a?+ a? + a¥r* + -+ ; o8 = a¥/(1 — ).

In 15 minutes the hour hand moves through an angle of % of 30° = 73°.
Therefore, the angle between the hour hand and the minute hand is
224°.
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In one day 4 can do 1/9 of the job. Since B is 50 % more efficient than
4, B cando (3/2)(1/9) = 1/6 of the job in one day. Therefore, B needs
6 days for the complete job.

(C) is incorrect since some terms (primitives) must necessarily remain
undefined.

n — n = (n — 1)(n)(n + 1), for integral values of n, represents the
product of three consecutive integers. Since in a pair of consecutive in-
tegers, there is a multiple of two, and in a triplet of consecutive integers,
there is a multiple of three, then n® — n is divisible by 6.

Part 2

The condition ¢ = b?/4a implies equal real roots of f(z) = 0 for real
coefficients, i.e., the curve touches the z-axis at exactly one point and,
therefore, the graph is tangent to the z-axis.

(A), (B), (C), and (E) are of theform y = kz or zy = k, but (D) is not.

Let the factors be Az + B and Cz + D. Then
(Az + B)(Cz + D) = ACz* + (AD + BC)z + BD
= 21x* + ax + 21.

- AC = 21, BD = 21. Since 21 is odd, all its factors are odd. There-
fore each of the numbers A and C isodd. The same is true for B and
D. Since the product of two odd numbers is odd, AD and BC are odd
numbers; ¢ = AD + BC, the sum of two odd numbers, is even.

Such a number can be written as P-10* + P = P(10* + 1) = P(1001),
where P is the block of three digits that repeats. .. (E) is the correct
choice.

cagmt g oty o ] (1 1)= 1 z+y_ 1 _ 1o
(z+y9) (" +y —z——_'_y,x—i-y — = Ty
(C) is not always correct since, if z is negative, zz < yz.

Since logi(a? — 15a) = 2, then a? — 15a = 10 = 100. The solution
set for this quadratic equation is {20, —5}.

Since V = xr*h, we must have «(r + z)%h = xr2(h + z).
oz = (12 — 2rh)/h. For r = 8 and h = 3, we have z = 5}.

22" _2"-2'-2.2" _2.2%(2-1) _7
2(2") - 9. 9n.93 2.97. 28 8’

Let s, be the side of the square, a, its apothem; then s = 4s, and
since 2a; = 8, we have 4a} = 8a, or a, = 2. Let s; be the side
of the equilateral triangle, h its altitude and a. its apothem; then
siA/3/4 = 3s,. Since h = 3a,, and 8; = 2h/+/3 = 6a:/+/3, we
have (36a3/3)v/3/4 = 3-6a://3, and a; = 2 = a,.
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After simplification, we have 2? — z — m(m + 1) = 0. For equal
roots the discriminant D =1+ 4m(m + 1) = 0 = (2m + 1)%
smo= =4
We may eliminate (A) and (D) by proving that corresponding angles are
not equal. If (A) is false, (B) is certainly false. We may eliminate (C)
by placing the point very close to one side of the triangle. Thus none of
the four statements is true.
P=kAV?, 1 =k-1-16% .k = 1/16%
36/9 = (1/16%)-(1)-(V?); <~V = 32 (mph).
Let the ratio of altitude to
base be r. The triangles in
the figure satisfy condition (D)
but have different shapes.
Hence (D) does not deter-
mine the shape of a triangle.
1 1 1
:"nt®m
<. z = 16 (inches);
or
20 =z
100"y’ y==52 80
80 z
and —=__—"
100 100 — y 20 X
S 100-y y
100 — 5z°

z = 16 (inches).

Let n be the number of people present. Single out a particular individual
P. P shakes hands with (n — 1) persons, and this is true for each of
the n persons. Since each handshake is between two persons, the total
number of handshakes is n(n — 1)/2 = 28. sn o= 8;

or
C(n,2) = n(n — 1)/2 = 28.

T!'le inscribed triangle with maximum perimeter is the isosceles right
triangle; in this case AC + BC = AB+/2. Therefore, in general,
AC + BC < ABv/2.
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#-22=0 @ =2)c(-22+1=1)
@ —-1=2z-1).
~(C) is the correct choice.

. In general, a*" = N, with suitable restrictions on ¢ and N H

or

let 1057 = N. Taking logarithms of both sides of the equation to
the base 10, we have logio7-logil0 = logioN. =N = 7.

Since ¢’ =a', c=a" nc'=a"""=4q" z=2z/;
SzY = gqa.
Part 3
To prove that a geometric figure is a locus it is essential to (1) include all

proper points, and (2) exclude all improper points. By this criterion, (B)
is msuﬂif:ient. to guarantee condition (1); i.e., (B) does not say that
every point satisfying the conditions lies on the locus.

Let N denote the number to be found; then we may write the given in-
formation as
N=10+9 =9, +8 =--- =2a,+ 1.

Hence

N+1=10a+1)=9%+1)= - =2(a + 1),
i.e., N+ 1 has factors 2,3,4, ---, 10 whose least common multiple
is 20-32-5-7 = 2520. ~N = 2519.
.03 = 600/z, and .02 = 600/z; ; <z = 20,000 and z: = 30,000;
Sz~ 2y = 10,000 (feet).
Since the distance d traveled by the stone and the sound is the same,

d = nty = ria. .. The times of travel are inversely proportional to the
rates of fall: T]/Tg = tz/tl.

L1668/t 17—t

L= -~ t="T7(seconds); .. 168 = 16-7° = 784 (feet).

"2t

.Since 2+ 1= (x+1)(z22—z+ 1) and

P-1=(@-D+z+1),

the given expression, when simplified, is 1 (with suitable restrictions on
the value of z).
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Since the y-differences are 2, 4, 6,8, a quadratic function is suggested,
thus eliminating (C). A quick check of the other choices shows that (B)
is correct;

or

Make the check with each of the choices given.

=14z =142z 22—2—-1=0, and z~ 1.62.
sl <z <2,

(E) is incorrect because, when the product of two positive quantities
is given, their sum is least when they are equal. To prove this, let one of
the numbers be z; then the other number can be written z + h (h
may be negative). Then if z(z + k) = p,

z=(=h++E+ap)/2. ~z+z+h=+VE+4p,

which has its least value when h = 0.

- Inverting each of the expressions, we have the set of equations:

1,11 1,1_1 1,1_1
§+5=5’ sta=b y 'z ¢
1.1 1.1 1,1_1  .2_1,1_1
“z z a ¢ §+;_b’ z a+b c
g 2abe
’ ac+bc—ab

Log8 =log2* =3log2; log9 =1log3d*=21log3; logl0=1
and log 5 = log (10/2) = log 10 — log2 =1 — log 2.  From these
and from the information supplied in the problem,

log2 =3%log8 log3=14log9 and log5=1-—log2

can be found; consequently, so can the logarithm of any number repre-
sentable as a product of powers of 2,3 and 5. Since 17 is the only
number in the list not representable in this way, (A) is the correct choice.
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Extend CO so that it meets

the circle at E. Since CE

is a diameter, CD 1 DE.

The bisector of angle OCD
bisects the subtended arc DE,
that is, arc DP = arc PE.
Regardless of the position of C,
the corresponding chord DE

is always parallel to AB,

and hence P always bisects

the arc AB.
. 1.1 r’+s’_(r+s)'—2rs .
Since ;+; =g = R , and since
_ b _c 1,1 % —2ac
r+s= a and "_E’ we have F+;’— o

The area of the large square is 2a?, where a is the radius of the circle.
The area of the small square is 4a?/5. The ratio is 2:5.

From the given information it follows that for the right triangle ABC,
(a/2)* + b =25 and a® 4 (b/2)* = 40. ..a* = 36 and b® = 16.
st = a? + b = 52; se = 24/13.

. Let ti, {2, ts be the number of hours, respectively, that the car travels

forward, back to pick up Dick, then forward to the destination. Then we
may write

254 — 25-t3 + 25+t = 100  for car
561+ 5t + 25-t3 =100  for Dick
25:-4+ 5L+ 5-ta = 100 for Harry.
This system of simultaneous equations is equivalent to the system
LU—t+ 4= 4
ty + ts + 5t = 20
S+t =20

whose solution is ¢ = 3, ty = 2, & = 3.
Hence ¢ + {2 + t3 = 8 = total number of hours.
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Solutions 1952 Mathematical Contest (3%)
Part 1

. Since A = »r* and « isirrational and r is rational, A is irrational.
(The product of a rational number and an irrational number is irrational.)

20-80 +30-70 _ .,
20+3 @

: a‘—a"=a’—1—,=( —1)(a’+1+1—,).
a a a

. For P — 1 pounds the charge is 3 cents per pound. For the first pound
the charge is 10 cents. ..C = 10 + 3(P — 1);

. Average =

or

The charge for each pound is 3 cents with an additional charge of 7 cents
for the first pound. .C = 3P + 7 = 3P — 3 4 10 = 10 4+ 3(P — 1).

= 5 = y' - yl = _12___+_6 - . ° E i-

.y=mx+b, m =z - 60 3; sy = 3z + b. Substi

tuting, —6 = 3-04b; ..b = —6; sy = 3z — 6. This equation
is satisfied by (3, 3).

. The roots are (7 &= /49 + 36)/2 and their difference is
748 _7-/8 -V _T+VE_ =
b) — ) = 4/85 or 3 3 = 85.

Of the given choices, (E) is correct.

1 _ Ty
U=+ 0y z+y

. Two equal circles in a plane cannot have only one common tangent

(D 0
OC

(z—l + y—l)—-l .




10.

11.

12.

13.

14.

15.

16.

Solutions 1952 Mathematical Contest (3%)

. ma — mb = cab, ma = b(m + ca); &b = ma/(m + ca).

d d 1 1
h==-13 53—2—0, t’+t’—d(ﬁ+ﬁ)'

-4

LA= 3 = 13} (mph);

2d
di(1/10) + (1/20)]

or

1
A (10 20) A""

The value z = 1 makes the denominator zero. Since division by zero is
not permitted, f(1) is undefined, so that (C) is the correct choice.

Let the first two terms be a and ar where —1 <r < 1.
~a(l +r) = 4.
Since s =a/(1 —7) =6, a = 6(1 — 7).
S6(L = r)(1 4 1) = 43, Sro= 4, sa=3o0r9.

The minimum value of the function is at the turning point of the graph
where z = —p/2. (See 1950, Problem 41.)
12,000 = H — {H; ~H = 15000, 12,000 = S + 1S;

~8 = 10,000, H + S = 25,000.
Therefore, the sale resulted in a loss of $1000.
Since 62 + 8 = 100 > 92, the triangle is acute, so that (C) is a correct
choice. A check of (D) by the Law of Sines or the Law of Cosines shows
that it is incorrect. (B) is obviously incorrect by the Law of Sines.

Note: The elimination of (B) and (D) involves trigonometry, and so,
in part, this problem is beyond the indicated scope.

Part 2
bh = )(xh) nz=3 4nd h isreducedby - or 9A%;
10 11 11 !
or
1 r 1 r
bh = (b+mb>(h— mh) = bh + 15 bh — 7 bb — or bh.

1 r r

16T 100 " 1000 0 and r = 9y (per cent).



Solutions 1952 Mathematical Contest (3%)
17. Let C be the cost, L the list price, S the selling price and M the

. 4 1 4
marked price. —51" S—C+SS, S—BM'
UL TV TR .
- 3M =3 L; M 4L’ .. (C) is the correct choice.
18. log p + log ¢ = log (pg). Thus we must have pg = p + ¢.
~p=q/(g— 1.
19. Since BD bisects angle ABE,
we have .A—_D = é_ﬁ; 1]
DE BE
since BE bisects angle DBC, E
DE BD
we have e —
EC BC B8 c
Hence

iD  DE(AB/BE) _ (4B)(BD)
EC ~— DE(BC/BD) (BE)(BC)’
20. z = %y RS- ; L. —% - (E) is incorrect.

21. Each such angle is the vertex angle of an isosceles triangle whose base
angles are each, in degrees, 180 — (n — 2)180/n = 360/n.

~.angle = 180 — (720/n) = (180n — 720)/n = 180(n — 4)/n.
2 24+4=b+1;

Sz = /-3 2 A
D
b
X
B ! ¢

23. The equation is equivalent to x’—(b m——l) m—1_
q quivalen +1n+la x+cm+1 0.

Since the coefficient of z is equal to the sum of the roots, it must be zero.
-1
We ha m =0 = —a=0;
e have b+m+la 0. bm+ b+ ma—a=0;
a-—2>

JSom = F

£~
o
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25.

26. r

27.

28.

29.

30.

Solutions 1952 Mathematical Contest (3%)

Since 4B = 20 and AC = 12, BC = 16. Since ABDE ~ ABCA,

Area ABDE 10
AreaABCA — jG: Dut Area ABCA = }-12:16 = 96.

.~ Area ABDE = 37},

and the required area is 96 — 37} = 58%.

Note: the method here shown is based on subtracting the area of ABDE
from that of ABCA. It is a worthwhile exercise to find the area of the
quadrilateral by decomposing it into two right triangles.

Since the times are inversely proportional to the rates
(see 1951, Problem 39),

t 1080/3

. 45
56—-_t=—T—45. S5 - 30 16 and

d=8= 8-30-3§~ 245,

+—=( )( -1+ ) But (r+ )=r+2+—=3

f+--l r—l+—=0

‘!.|

Let P, and P, be the
perimeters of the smaller
and larger triangles
respectively. We have

8V/3/2 and s = 2r//3. o
. Py = 2rv/3 and P; = 3r\/3;

’ S
o Pllpz = 2:3. v

(C) is shown to be the correct choice by direct check.
Note: The fact that the y-differences are 4, 6, 8, and 10 can be used tc
eliminate (A) and (B) immediately.

60* |0

i
il

T

Let KB=z and CK =y. Then y@8 — y) = z(10 — z) and
= (5 — z)* + 5. S8y — ¥t =50 — sy = 25/4.

_ 10— (15/2) _5 _ 35

=— =3 and 10 - z = T’

so that (A) is the correct choice.

Using S = g— [2a + (n — 1)d], we have -1-29(2a + 9d) = 4-;(2a + 4d)
sod = 2a; soaid = 1:2.
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32.
33.

34.

35.

36.
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Single out any one point A. Joined to the remaining 11 points, A yields
11 lines. Since a line is determined by two points, we have for the 12
points, 3-12-11 = 66 (lines);

or
C(12,2) = }-12-11 = 66.
Time = distance/rate; ot = 30/z.

For a given perimeter the circle has the largest area;

or

let P be the common perimeter, A, and A, the areas of the circle and
the square, respectively. Then

P P
P = 2xr, r=3 Ax—;»
P P
P-—48, 8—‘-‘—, Al_ml

Since 4r < 16, A, > As.
Let the original price be P. Then P, = (l + %) P.

Pr=(1-2)\p = __P_)( _r;) .
2 ( 100 P, (1 100 1+100P 1;

P 1 _ 10000
1 — (p¥/100%) 10,000 — p*°
V2 (V2+ VB +VE_2+ 6+ VIO,

(V2+v3) -v5 (V2+v3) +6 2V

2+ v6+ V10 V6 _2v6+6+2v15_3+4+ 6+ V15
26 V6 2-6 6 :

Part 3
z'+l=(z+l)(z’—z+l)=z’—z+lfr o’ —1
7—1 G+ Dz -1 z—1 7 :

3
..z +1 . z-2z4+1 3 3
i =TTy
3
For continuity at z = —1, we must define z’ i i = - -g—

Note: This problem is beyond the indicated scope.
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39.

40.

41.

42.

43.

44.
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By symmetry, the required

area is 4(T + 8). /\
A a3_\g

T = 3443 = 83, :

S = (30/360)-x8! = 5}r; — w30 3 _

o A = 324/3 + 21in.

. 1400 = %-50(8a + 8b). <~ a + b = 7. This indeterminate equation

is satisfied by the following pairs of integral values: 1, 6; 2, 5; 3, 4.
- (D) is the correct choice.

P+w=a, l+w=0p/2 (+uw)="+2w+ v =4
2w =p*/4 — @, (I — w) =0 — 2w + w* = 2d* — p*/4, and
l— w = /8¢ — p*/2.

We are told that the values of f(z) listed correspond to
f(z), fiz + h), flz + 2h), ---,f(z + Th).
Observe that the difference between successive values is given by
flx+h) — fz) =alz+ A2+ bz + k) +¢c — (ax* + bz + ¢)
2ahx + ah* + bh.

Since this difference is a linear function of z, it must change by the
same amount whenever z is increased by h. But the successive differ-
ences of the listed values

3844 3069 4096 4227 4356 4489 4624 4761
are 125 127 131 129 133 135 137
so that, if only one value is incorrect, 4227 is that value.

V4y=nr+6rh=rh+6); . (r+672=r8
-3 — 12r — 36 = 0; LT =6

D=.PQRQ--- = .ay---aby---bby--- b ---.8So (A), (B), (C) and
(E) are all correct choices. To check that (D) is incorrect, we have
10D — 10D = PQ — P. =~ 107(10° — 1)D = P(Q — 1).

]

For each semi-circle the diameter is 2r/n, and the length of its arc is
#xr/n. The sum of n such arcs is n-xr/n = xr = semi-circumference.

Given 10u 4+ ¢t = k(u + ¢). Let 10t + u = m(u + ).
SO0+ u) = (b + m)(u + t); k4 m=11; am=11 -k
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46.

47.

48.

49.
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The Arithmetic Mean is (¢ + b)/2, the Geometric Mean is +/ab, and
the Harmonic Mean is 2ab/(a + b). The proper order for decreasing
magnitude is (E);

or

Since (a — b)* > 0, we have a* + b > 2ab; oo a? + 2ab + b* > 4ab,

a+b> 2ab, and (a + b)/2 > +/ab.
Since a? + 2ab + b* > 4ab, we have

1> 4ab/(a + b); .. ab > 4a%?/(a + b)?, and \/ab > 2ab/(a + b).
Area (new) = @+ Dd - 1) =& — P = w = (C) is the correct
choice.

From equation (1) z = 32
z2—1_y—-1

From equation (2) 2' = 2¥*, z =2z + 1; LE=g— =T

2 —
From equation (3) L 5 ! + y + 3* = 16. This equation has one

integral root y = 3. wrx=4y=3 2=9

Let f and s denote the speeds of the faster and slower cyclists, respec-
tively. The distances (measured from the starting point of the faster
cyclist) at which they meet are

(1) f-r =k + s-r when they travel in the same direction, and
(2) f-t=1k— st when the slower one comes to meet the other.

From (2), f+s8=k/t; from (1), f— s =k/r.

. =lc_ E___k(r+t) =lc_k_k(r—t)
CA =TT BET o
and £=r+t.

8 r—1t

By subtracting from AABC the sum of ACBF, ABAE, and
AACD and restoring ACDN, + ABFN, + AAEN:, we have
ANN:N,.

ACBF = ABAE = AACD = §AABC.

From the assertion made in the statement of the problem, it follows that
ACDN, = ABFN; = AAEN; = $+-1AABC = #5AABC.

o ANWN:N; = AABC — 3-3AABC + 3-3¢AABC = }AABC.
. Rearrange the terms:

4 16 " ea T

s‘=1+i+1—16+--- gand §=Y2, VI, V2, l?

S~ 8 =8+ 8 =14+ V2.
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11.
12.

13.
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Solutions 1953 4" Annual Mathematical Contest
Part 1
. The profit on eachorange sold is 4 — 3} = §cent. .. $n = 100, n = 150.

.D=Dy+ Dy —D\D;, D=20+ 15— 3 = 32.

s S = 250 — (.32)(250) = (.68)(250),
that is, 68 % of 250. (See 1950, Problem 22.)

. 2* + y* has no linear factors in the real field. 22 + 2 = (z + iy)(z — )

in the complex field.
Note: This problem is probably beyond the indicated scope.

. Set each factor equal to zero, and solve the three resulting equations.

The roots are 0, —4, —4, and 4. (The factor z? 4+ 8z + 16 = (z + 4)
has the double root —4.)

.z =6"" =6"6" = 361/6.
2 MGe+1) = (48] =3 4g - ) = 106 - 1.

. Multiply numerator and denominator by +/a? + 2 and simplify.

(D) is the correct choice.

. For intersection 8/(z* + 4) = 2 — z.
L -2 44 =2(2? - 2z + 4) = 0; Sz =0
44 +z _ 7 .
.9+I—E, ..1—6.
The circumference of the wheel is 6. s N = 5280/6x = 880/x.

C, = 2xr, C, = 2x(r + 10); & Ca — C1 = 20x ~ 60 (feet).
A\/A, = 74*/x6* = 4/9.

A = }bh = }h(by + b2); o b+ by =b =18,
com o= }(by 4 bs) = 9.
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15.

16.

17.

18.

19.

20.

21.
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Each assertion is realized in the accompanying figure. Hence, none
of these statements is false. (8)

Designate a side of the original square by s. Then the radius r of the
inscribed circle is 8/2. A side of the second square (inscribed in the
circle) is rv/2 = 8/4/2. Therefore, the area of the second square is
s?/2, while that of the original square is s2. < (B) is the correct
choice.

Part 2

S = Selling price = cost + profit + expense = C + .10S + .15S;
s 8 = 4/3C; <. (D) is the correct choice.

1 _1/1 1 . .
;-§(6+Z) ST =48;

or
Let y be the amount invested at 4%. Then .04y = .06(4500 — y)
and y = 2700. Therefore the total interest is
.04(2700) + .06(1800) = 216, and (216/4500)-100 = 4.8%.

d+4=(0G+4"4+4 -4

= (22 + 2)' — (22)* = (2* + 2z + 2)(z* — 2z + 2).
3 (3\' 27 . 27 37
e (Zy) = G—Zzy’, and the decrease is zy’ — 674-:4:31’ = a:cy’.
x‘+z'—-4x’+z+l=z’[(z’+i—z>+(x+i)—4]=0.
) | 1\
Since z° + - = (z 4+ =) — 2, we have

x Z

@ -2+y—4) =20 +y—-6) =0.
?—=3r+6=100=10 or 2 — 3x — 4 = 0; Sz =4o0or -1
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27'\‘/6“’“5 = 3'_31/1_32” = 325[0’ lOga 325/0 - 4%‘-

Multiply both sides of the equation by +/z + 10.
Z+10—-6=54z+10, 22 — 172 — 234 =0, z = 26 or —9.
—9 fails to check, i.e., it is an extraneous root.

100a* + 10a(b + ¢) + bc = 100a? + 100a + bc. For equality we must
have b + ¢ = 10.

ar =gt +amt 4 r=1 ~r=((/5~1)/2
Let = be the required length. Then 22/15% = 2/3.
2? =150; .~z = 5/6.
8 = f+£+1l%+ ceey S =a/[1 —(1/8)] = 4x/3.

The bisector of an angle of the triangle divides the opposite sides into
segments proportional to the other two sides, i.e., y/c = 2/b. It follows
that z/b = (z + y)/(b + ¢) = a/(b + ¢).

. (D) is the correct choice. Consult sections on approximate numbers for

the explanation.
Note: For a full understanding of the topic, a knowledge of calculus is
needed.

. B pays A 9000 — %-9000 = $8100.

A pays B 8100 + ¢4-8100 = $8910.
Thus A has lost 8910 — 8100 = $810.

30 ft. per second corresponds to 1 click per second. In miles per hour,
30-602/5280 = 225/11 mph corresponds to 1 click per second. 1 mph
corresponds to 11/225 clicks per second, which is approximately 1 click
in 20 seconds. So z miles per hour corresponds approximately to z
clicks in 20 seconds.

The diagonals of the quadrilateral formed lie along the two perpendicular
lines joining the midpoints of the opposite sides of the rectangle. These
diagonals are of different lengths, and they are perpendicular bisectors of
each other. Therefore, the figure is a rhombus;

or

the sides of the quadrilateral can be proved equal by congruent triangles.
Also it can be proved that no interior angle is a right angle.

Let z be one of the equal sides of the triangle. 2p = 2z + z1/2;

2p 1 . 1 4p' 6 -4vZ _
A= 2
5% = SRy, 6—4f P (3 -2v2).

ST =

2

+
R



34. Let the 12-inch side be AC.

36.

37.

38.

39.
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Since %B = 30°, AC = 60°.
- AC =1
+ 2r = d = 24 (inches).

f+2)=@E+2)(z+2-1)/2 and
fe+ 1) =@+ DE+1-1)/2

So (z+1)/2=f(z+ 1)/z; . flz+2)=(z+ 2)f(z + 1)/z.
Note: The symbolism here is beyond the indicated scope.

Part 3

By actual division, the remainder is found to be 18 4+ m. Since z — 3
is a factor, 18 + m = 0, and, therefore, m = —18. .. (C) is the cor-
rect choice;

or
by the Factor Theorem Converse, 36 — 18 + m = 0. .. m = —18
Let z be the distance from the center ¢
of the circle to the base and let
Then
h = r + z be the altitude of AABC.
R+ 9 = 144. .. b = 1/135.
=34 2?
=3+ kh -1
=3+ ht — 2hr + 1.
. r = (9 + h?)/2h
= (9 + 135)/2/135 A B

1444/135/270 = 84/15/5.

F[3, f(4)] means the valueof 5*+ a when a =3 and b = 2, namely, 7.
Note: This problem is beyond the indicated scope.

For permissible values of a and b, log,b-logsa = 1;

or

Let z = log.b and y = log, a. s a*=b and b¥ = a.
Soa = b = q; Sy =1; s logs belogya = 1.
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To contradict the given statement, preface it with “It is not true
that - - - 7. Therefore, the negation is (C);
or

in symbols, given F.[z ¢ M |z is honest).
S~ V., = [z e M |z is dishonest).

OB = 400 rods. . < - 8
z* = 300* + (400 — z)?,
800z = 250,000.

- z = 312} (rods); 301 &

. (E) is the correct choice. 500

G
= 41 — 9 = 402,

Let s be the price of the article, n the number of sales. Then
(1 4+ p)sl[(1 —d)n] =sn, p—d—pd =0, d=p/(1+0p)

Let the true equation be z? 4 bz + ¢ = 0, the equation obtained by
the first student be 2? + bx + ¢’ = 0, and the equation obtained by the
second student be 2* + b’z + ¢ = 0.

2+bz+c =22—10z+4+16 =0 and
24+ br+e=224+10z2+9=0.
St +bzte=22-104+9 =0.

For a = b, Arithmetic Mean > Geometric Mean. For a = b, Arith-
metic Mean = Geometric Mean. (See 1952, Problem 45.)

& (a + b)/2 > Vab.

|
i
W

VEFF =atl-f=stl, Sr-uw

Forallz >0, 1 4+ z < 10 slog(l + 2) <z
Note: This problem may be beyond the indicated scope.

2
t’=s’+<t-;s), s

58 4+ s — 38 =0=(58—3t)(s+1¢); !

o1
I
oY W
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49. The smallest possible value of AC + BC is obtained when C is the
intersection of the y-axis, with the line that leads from A to the mirror
image (the mirror being the y-axis) B’:(—2, 1) of B. This is true be-
cause CB’ = CB and a straight line is the shortest path between two
points. The line through A and B’ is given by

5—-1 4
y—mx+k—7x+k.
To find k, we use the fact that the line goes through A:
=4, 52 _15_,,.
5=z -5+k k=5-=2=2p

~. C has coordinates (0, 24).

50. Denoting the sides of the triangle by
a, b, c we observe that ¢ = 8 4 6 = 14,
b=8+4+1z ¢c=z+6.
n2=a+b+c=22+28, s=2z+ 14.
On the one hand, the area of the
triangle is half the product of the
perimeter and the radius of the
inscribed circle; on the other hand, ¢
it is given in terms of s so that

Area = r-8 = 4(z + 14) = Vs(s — a)(s — b)(s — ¢) = V48z(x + 14)

or (z + 14)* = 3z(x + 14), 2 + 14 = 3z. .. 2 = 7, and the shortest
sideis ¢ = 6 + 7 = 13;

or
- = 4 = 2 cos§=_3__
2 Vaye 113 2 13
B B

. . 12 .. . 4
sin B = 2sin 5 cosg =3’ similarly sin C = 5

Using the Law of Sines,
sin B _ sin C 12/13 _ 4/5
b c ’ 8+z 641z

sin

Thus z = 7.
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Part 1

(5 — V7 = 25) = 25 — 100/ — 25 + 3 — 25 = 3? — 100/57 — 25.

Since z = 1 is not a solution of the original equation, the solution set
of the first equation is the number 4 only;

or

2
L - 2x; T4+t _61" + 1 is the straight line

V=3""Z—7 -3 (z — 4) with the point (1, —4) deleted. Since
the graph crosses the z-axis at (4, 0), its only root is 4.

the graph of y = p

z =kl y = k2", oz = kk'z" = k;2® and (C) is the correct
choice.

. 132 = 22.3-11 and 6432 = 28.3-67. Their H.C.D. = 2!-3 = 12 and
12 -8 =4.
. 4 = lap = }-54/3-60 = 1504/3 (square inches).
. 2" = 1 for any number z (z #0) and —32 = —25,
- - 1 _ 1., 1_1_7
SISl e U el A Rt Sl T

. Let C be the original price of the dress. Then 25 = C — 2.50 or

C = 27.50. 250/2750 = 1/11 ~ 9%.

. Let s be the side of the square and h the altitude of the triangle. Then
$h-2s = s S h =28 or h/s = 1.
(134713 -1 =169 =25 r=S5.

let a =5 = 1. Then (1 4+ 1)t = 2¢ = 64;

or

1464+154+204+15+6+1 = 64.

Let S be the selling price, M the marked price and C the cost. Then
1 2 3 3 2 1

and
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12. The system is inconsistent (see 1950, Problem 14); hence, no solution;

or

graphically, we have two parallel lines;

or

lz 31 0; hence no solution.

4-6

13. Xz = ¥(a + b + ¢). Thus the sum of the four angles
S=4a+db+c+b+c+d+c+d+a+d+a+d)
=H#a+b+c+d) = §:360° = 540°.

x‘—l)’ ,‘/41:‘+1:'—2z‘+1_/‘/(x‘+1)’
14. 1/ 1 +( 2z ) 4z = 22t
©+1 2 1
=% "3t
15. log 125 = log (1000/8) = log 1000 — log 8 = 3 — log 2 = 3 —3log2.

Part 2

16. f(z+h) = f(z) =5z + h)*— 2z + h) — 1 — (522 — 2z — 1)
= 10zh + 5h* — 2h = h(10z + 5h — 2).
Note: The symbolism in this problem may be beyond the indicated
scope, but the problem itself is quite simple.

17. There are a number of ways of determining that (A) is the correct answer.
One (obvious) way is to plot a sufficient number of points.
Note: Graphs of cubics, generally, are beyond the indicated scope.

18. 2z — 3 > 7 — z. Adding z + 3 to both sides of the inequality, we

have 3z > 10 or z>?.
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19. zs.A'--;, XA = 180° — g
“a =180~ XA.

21.

22.

23.

24.

25.

26.

18 _ g — 24,
A4 =5 =900 - 25,

SO A <900 A
Similarly, X B’ < 90°, %.C’ < 90°.

Cl

. By Descartes’ Rule of Signs (B) is shown to be correct;

or

solve to find the roots —1, —2, —3;

or

graph y = z° 4+ 622 + 11z + 6.

2
2z + Vi 5. Squaring, we obtain 4z + 8 + ; = 25. Multiply
both sides of the equation by z and obtain 42?2 — 172 + 4 = 0.

Adding, we have »
2 —z—4—z 2 —-2)(z+1) _

= =2
(z+ 1)z -2 (z+ 1D(x-2)
for values of z ‘other than 2 or —1.
—c+le. o= g spm=le_l._n g__8
6—C+nC, (0] n+lS’ oM nC_n n+ls_n+l

222 — z(k — 1) + 8 = 0. For real, equal roots, the discriminant
(k—12—64 =0 and k — 1 = %8 k=9 or —7.

The product of the roots is ¢(a — b)/a(b — ¢). Since one root is 1, the
other is the fraction shown.

Let z = BD and let r be the radius of the small circle. Draw the line
from the center of each of the circles to the point of contact of the tangent
and the circle. By similar triangles,

z+r _zx+br

r 3r

. ST =T
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28. — =~ —==; somr =6k and nt = 7k.
n

. 3mr —nt 18k — 7k e _ 1
" dni — Tmr 28k — 42k —14k 147

29. In any right triangle (see
accompanying figure), we have
z.c=a* and (c — 2)c = b

Since % = -21-, it follows that

z _ zc¢ _a

c—2z (c—2z)c b

N

30. Denote by a, b, ¢ the respective number of days it would take 4, B, C
to complete the job if he were working alone; then 1/a, 1/b, 1/¢ denote
the fractions of the job done by each in one day. Since it takes 4 and
B together two days to do the whole job, they do half the job in one
day, i.e.,

1 1 .. 1,1 1 1,1 _ 5
-+-6——§, andsxmllarly,b--l-g-z, E+;—~-ﬁ.
1_1_1 2 2 . .

“a b 6 a 3

3l. XBOC = 180 — }(XB + %C). But (4B + %XC) = }-140 = 70.
. % BOC = 110 (degrees).

32. 2 4+ 64 = (z* + 1622 4 64) — 1622
= (22 + 8)* — (42)* = (2 + 4z + 8)(::’ — 4z + 8).
(See also 1953, Problem 18.)

33. The exact interest formula is complex. Approximately, he has the use
of $59 for 1 year. 6:100/59 = 10+. .. (D) is the correct choice.
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34. 1/3 is the infinite repeating decimal 0.333 - - - . Thus 1/3 is greater than
0.33333333 by the amount 0.00000000333 - - - = 1/3-10%

or

3-107'(1 - 1079

033333333 = 3:107" +3-107 + -+ +3:107" = —

3.2+ V@ + h+tai=h+d VE+ h+2)=h+td-z
@ + 1 + 2hz + 2 = h* + & + 2 + 2hd — 2hz — 2dz, 2hz + dz = hd;

oz = hd/(2h + d).
Part 3
2_1,1 _40 =z _40/3 _8
36. =% + 03 ' 3-15 ~ 9o (See also 1951, Problem 39.)

37. Xm = %p+ %d, %d = %q— Xm (there are two vertical angles each
Am). SoAdm o= Xp+ Xq— Am; Soxm o= HXp + %9).

38. 3=-3* = 135; s 3 = 5;
o zlogd = log5 = log (10/2) = log 10 — log 2.
s~z = (1 — 0.3010)/0.4771 ~ 1.47.

39. Let PA be any line segment through P such that A lies on the given
circle with center O and radius r. Let A’ be the midpoint of PA and
let O’ be the midpoint of PO. To see that the required locus is a circle
with center O’ and radius 3%r, consider the similar triangles POA
and PO’'A’. For any point A on the given circle, 0’'A’ = 304 = ir.
.. (E) is the correct choice.

3
40.a’+‘l?=(a+}z) —3<a+1)=3\/§—3\/§=0.

a
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41. S = — (-8/4) = 2;

or

find one root, —3, by trial. The reduced equation is 42? — 20z — 3 = 0,
where the sum of the roots is 5. s8=5-3=2

42. From the graphs, or from a consideration of the positions of the lowest
points, it is found that (D) is the correct answer. (See 1950, Problem 41.)

43.c=a ~r+ b — r (see 1950, Problem 35). S10=a+b—2;
SP=a+b+c=104+2+4+10 =22,

44. We seek an integer whose square is between 1800 and 1850. There is one,
and only one, such integer, namely 1849 = 432 < 1849 — 43 = 1806,
the year of birth;

or

let ¥ be an integer between 0 and 50. < 1800 + y + =z = 2. For
z to be integral, the discriminant 1 + 7200 + 4y must be an odd square.
The value y = 6 makes the discriminant 7225 = 852 The year of
birth is, therefore, 1800 + 6 = 1806.

45. Let d denote the distance from A measured along AC and let I(d)
denote the length of the segment parallel to BD and d units from A.
Then by similar triangles, we have:

For d < é2g,
(1/2)t = (1/2)B_D, or |l = 2kd where k = E_-_D— = constant.
d (1/2)AC AC
For d > _42_(1_"

(/) (1/2) BD - -
aC-d-qpac " ( ) +
The graph of I as a function of @ evidently is linear in d. Its slope
2k is positive for d < AC/2; itsslope —2k is negative for d > AC/2.
Hence (D) is the correct choice.

46. The distance from the center of the circle to the intersection point of
the tangents is 3/8.

3

NN G
: ; T =1 (inch).

DO -

D=34+3_-2_
“CD=g+G=p=*+
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47. Since MT = YE— ¢ JT = 731 + MT = EEVE 1€ 4
TB = AB — AT = 2-——\/”—’——412 . The required equation is,
therefore, z? — pz + ¢¢ = 0
48. Let z be the distance from the point of the accident to the end of the

trip and R the former rate of the train. Then the normal time for the
trip, in hours, is

z+ R
e
Considering the time for each trip, we have

_T+R 1
(3/4)R r 133

z
rtl=

L+ 3+ s

and
z - 90 z+ R
1+ 7 Py G/DE - R
= 540 and R = 60; - the trip is 540 + 60 = 600 (miles).

49. Ra+ 12— (2b+ 1) =4a’+4a+ 1 — 40> —4b -1
= 4[a(a + 1) — b(b + 1)].

Since the product of two consecutive integers is divisible by 2, the last
expression is divisible by 8.

50. 210 + z — 12z = 84; sz = 126;
~z = 126/11, 126-60/11-30 ~ 23 and 210 + z + 84 = 12z;
o 1lx = 294; Soxo=294/11, 294-60/11-30 ~ 53.
". the times are 7:23 and 7:53.

+3.
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Part 1
g = .375; 2-10'6 = 0.000000375. - (D) is the correct choice.

.0_25‘°= o _ ° ’
L 150° — =5 -30° = 137}° = 137° 30"

. Let A be the arithmetic mean of the original numbers. Then their sum

is 104 and A(new) = (104 + 200)/10 = A + 20. - (B) is the
correct choice. '

. Multiplying both sides of the equation by (z — 1)(z — 2), we have
2z —2 =12 - 2. sz=0.
.y = k/22, 16 = k/1, k = 16; sy = 16/z2, y = 16/8-8 = 1/4;
or
wn/y: = z3/z8 16/y, = 8/1%; Sy = 1/4.

. Let n be the number bought at each price, and z be the selling price

of each. 2nz = (10n/3) + 4n; sz = 11/3, that is, 3 for 11 cents.

W= W, - W,/5 = 4W,/5. & Wy = 5Wy/4. The increase needed

is Wy/4 or 25% of W,.

L2t -4yt = (z 4+ 2y)(z — 2y) = O; S“rx+2y=0and z -2y = 0.

Each of these equations represents a straight line.

. This is a right triangle. For any right triangle it can be shown (see 1950,

Problem 35) that
a—r+b-r=c S2r=a4+b—-—c=84+15-17=6

and r = 3.

The train is moving for ;—0 hours and is at rest for nm minutes or
n-m . a ,nam _ 3a+ 2mn
e R Rl v

The negation is: It is false that no slow learners attend this school. There-
fore, some slow learners attend this school.

Viz=1=2-+/z—-1,and 5z —1=4—4y/z2=-1+4z — 1.
SW4r — 4 = —4y/z — 1, z — 1 = --4/z — 1. Squaring again, we
get

2—-2r4+1=2z~-1, 22-3x4+2=0, z=1 or 2.

Since 2 does not satisfy the original equation, we have one root, z = 1.
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14.

15.

16.

17.
18.

19.

20.

21.

22.

23.

24,
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(@ +bN)(a? = b

a?: — b = a—2 + b—’.

The dimensions of R are 1.1s and 0.9s; its area is 0.99s2.
s R/S = .99s%/s* = 99/100.

Let z be the radius of the larger circle. Then #r?/xz* = 1/3, z = r/3,
rvV3 ~—r=r(+/3-1)~073r.

Part 2

When a = 4 and b = —4, a + b = 0. Therefore, the expression
becomes meaningless for these values.

logz — 5log3 = log(z/3%); .. 107 = z/3%; ..z = 243.

For real coefficients a zero discriminant implies that the roots are real
and equal.

The numbers are 7 and —1; the required equation is, therefore,

—-6z4+7=0.

The expression /25 — £# 4+ 5 can never equal zero, since it is the sum
of 5 and a non-negative number. (By +/25 — ## we mean the positive
square root.) .~ (A) is the correct choice.

Since 3hc = 4, h = 24/c.

Since a single discount D, equal to three successive discounts Dy, D,
and D,, is D = D, + Dy + D; — D\Dy — D.Dy — D,Dy + D:\D:D;
(see also 1950, Problem 22), then the_ choices are:-

20+ 204 .10 — .04 — 02 — 02 + .004 = 424 and
40 + .05 + .05 — .02 — .02 — .0025 + .001 = .4585.

The saving is .0345-10,000 = 345 (dollars).

The counted amount in cents is 25¢ 4+ 10d + 52 + c¢. The correct
amount is 25(¢ — z) + 10(d + z) + 5(n + z) + (¢ — z). The dif-
ference is —25z + 10z + 5z — z = —1lz. .~ 11z cents should be
subtracted.

The graph of y = 4z — 12z — 1 is a vertical parabola opening upward
with the turning point (a minimum) at (3/2, —10). (See 1950, Problem
41.);
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or
algebraically, the turning point occurs at
z = —b/2a = —(—12/8) = 3/2.
For this value of z, y = 42 - 12z — 1 = —10.
25. 2t + 222 4+ 9 = (z* + 62° + 9) — (42?)

= (2t + 3)* — (22)* = (2 — 2z + 3)(2? + 2z + 3).
~. (E) is the correct choice.

26. See 1951, Problem 5.
27. 0+ =(r+8)?—2rs = p* — 2q.

28. For z # 0, ax* + bz + ¢ # ax®* — bz + c;
for z=0,ax2?+ bz +c=az*—- bz +c
.. There is one intersection point (0, c); .~ (E) is the correct choice.

29. First, draw the line connecting P and R and denote its other inter-
sections with the circles by M and N; see accompanying figure. The
arcs MR and NR contain the same number of degrees; so we may
denote each arc by z. To verify this, note that we have two isosceles
triangles with a base angle of one equal to a base angle of the other.
~. 4 NOR = X MO'R.

2$.APR=%{(c+a+c—x)—al =-;-{2c-z|

zs.BPR==%lb+d+d—(b—z)} =%{2d+z}

and the sum of angles APR and BPR is
XBPA =c¢+d.



30.

31.

33.

34.

35.
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The desired angle is

360° — X BPA = 360° — (c + d)
= (180° — ¢) + (180° — d)
=a++b.

The real roots are, respectively: =+£3; 0 and 2/3; and 3. < (B)is
the correct choice.

Let A, and A, denote the areas of the small and the original triangle,
respectively. The median m of the trapezoid is the arithmetic mean of
the parallel sides, that is, m = 4(b + 2), where b denotes the shorter
parallel sid’e of the trapezoid. To find b, observe that

A4 b 1 T _1

:4—’=2—2—§, --b—‘\/-2- and m—2(‘\/§+2)-

. D = 4b* - 4ac = 0; &b —ac = 0; s b =ae a/b=b/c.

Let z be the number of degrees the hour hand moves in the time in-
terval between 8 a.m. and the beginning of the trip, and let y be the
number of degrees it moves between 2 p.m. and the end of the trip. The
number of degrees traversed by the minute hand during these intervals
is 240 + z and 60 4+ y + 180, respectively. Since the minute hand
traverses 12 times as many degrees as the hour hand in any given interval,
we have

12z = 240 + z, .‘,z=2lilo and 12y =60+ y + 180, ..y = 2—1419;
that is, the hour hand is just as many degrees past the 8 at the beginning
as it is past the 2 at the end of the trip. Since the 8 and the 2 are 180°
apart, the initial and final positions of the hour hand differ also by 180°,
so that (A) is the correct choice.

The shortest length consists of the two external tangents ¢ and the two
circular arcs [, and l,.

120 240
t=6‘\/§, 2 = 12‘\/5, ll-ga-() 21"3—2‘!’, lz—g—sT)'

2r-9 = 12x.

-~ length = 124/3 + l4x

The first boy takes g + 1 marbles, leaving g — 1 marbles. The second
3\2

have g(g - l), so that n is indeterminate; i.e. » may be any even

boy takes 1 (1l - l). The third hoy, with twice as many, must necessarily

integer of the form 2 + 6a, with a =0,1,2, .-,
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The area of the
rectangular surface

is 10-2x = 40.
~z=2and y =1/5;
- the depth is 3 — /5,
or 3 + /5.

The original number is 100k + 10t 4+ u. The number with digits re-
versed is 100u + 10t + A.
(Since h > u, to subtract we must add 10 to u, etc.)
<100k = 1) + 10(¢t + 9) + u + 10

100u + 10¢ + h

100(h — 1 —u)+90 + 104 u — h.
Since 10+ u — h =4, h — 1 — u = 5 and therefore, the digits from
right to left are 9 and 5.

L/ /2~

. Solving the system:
a+b+ec)+d=29
b+c+d)+a=23
dc+d+a)+b=21
d+a+d)+c=17,

we obtain @ = 12, b =9, ¢ = 3, d = 21. Thus (B) is the correct
choice.

The least value occurs when z = —p/2. For z = —p/2,
y=(-p/9) +q=0; ~ ¢ = p*/4 (See 1950, Problem 41.)

A non-unit fraction b/d is changed in value by the addition of the same

non-zero quantity x to the numerator and denominator. < (A) is the
correct choice.
1, d-R _ 8 ,1,d—R-80 .

(See also 1954, Problem 48.)

If 1/a+g=aV§ then a+%-—=a’g.

soac = b(at — 1); S = o(at — 1)/a.

y=(x+1? and yz+ 1) = 1; Sz 412 =1/(z 4+ 1); and
< (z 4+ 1) = 1. This last equation has one real and two imaginary
roots. <. (E) is the correct choice.

%X OBA = 2y; < % 04AB = 2y; and ..z = % 04B + y = 3y.
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47.

48.

49.

50.
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Let the two series be a, ar, ar?, --- and 0,d,2d,---. a4+ 0 = 1;
Lsa=1land r+d=1 2+ 2d = 2. Lr=2d= -1.

_e( -1 _1(2°-1)

S r—1  2-1

= 1023,

§ =30+ (n — 1)d] = ‘2—°[o+9(-1)1 = —45.

<8 = 1023 — 45 = 978.

. We are required to solve the system of equations:

2z + 3y =6
4z - 3y = 6
z =2

v=1.

Solve the first two simultaneously, obtaining z = 2, y = 2/3. Since
these results are consistent with the last two equations, the solution is
(2, 2/3) and (B) is the correct choice.

For the equality a + bc = a* + ab + ac + bc to hold, we must have
a=a"+ab+acorl=a+bdb+ec

(A) is true because FH is parallel and equal to AE. (C) is true be-
cause when HE, which is parallel to CA, is extended, it meets AB
in D; DC and BH are corresponding sides of congruent triangles
ACD and HDB. (D) is true because

FG = FE + EG = AD + i1DB = 14B.
(E) is true because G is the midpoint of HB. (FE is parallel to AB
and E is the midpoint of CB.) (B) cannot be proved from the given

information. Challenge: What additional information is needed to prove
(B)?

Since y = (22 — 4)/(z — 2) = (z — 2)(z + 2)/(z — 2) = z + 2 (for
z#2 ie y#4), then y = (22 — 4)/(z — 2) is a straight line with
the point (2, 4) deleted. The straight line y = 2z crosses the first line
in the deleted point. < (C) is the correct choice.

Let r be the increase in the rate of A and d be the distance (in miles)
A travels to pass B safely. The times traveled by 4, B and C are
equal:

d _ d— (30/5280) d — (30/5280) _ (210/5280) — d
50 +r 40 ! 40 - 50 :

Solve the second equation for d. oo d = 110/5280 miles.
Solve the first equation for r. s r =5 mph.
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Part 1

.2422)=24+8=10.
. S| = Cn + §C; and Sz = 01 C §C,. oo Cl - %S[ = 1.00 and

Cz = '}Sz = 1.50. o S1 + Sz = 2.40 and Cl + C) = 2.50, o (D)
is the correct choice.

. 5,870,000,000,000 = 587-10', (587-10'°)100 = 587-10%.
1 1 z _
.27.--4000+-2-5-3500+I0—0—2500-—500, 25z = 160, z = 64.

. Around a given circle can be placed exactly six circles each equal to the

given circle, tangent to it, and tangent to two others. The arc between
two successive points of contact of the given circle and the outside circles
is one-sixth of the circumference.

. Let a be the number of cows and b the number of chickens. Then

4a + 2b is the total number of legs and
4a +2b =144 2(a 4+ b), 2a =14, a = 7 (cows).

Note: The number of chickens is indeterminate.

. For reciprocal roots, the product of the roots c/a = 1. sCco= g,

. 8:2¢ = 5% S22 = 5 =, ~34+z=0 and z = 3.

Note: 2° = 5% but, otherwise, 22 = 5°.

JVOWI samaren o2 o 4

%X ADB = }% ACB = 30°.
LA+VAA -V -1 -V +1:U0+V8) _, _ z
1+ v3)(1 - 3) ‘

1 1-z 11—z 1 1

I—l—l=-—— = ’ ——

z z z—-1 z°

8

y — z is the excess of y over z. The basis of comparison is the ratio
of the excess to y, namely, (y — z)/y. Therefore, the per cent required
is 100(y — z)/y.

PB-PC = PA*. PB(PB + 20) =300; .. PB = 10.
Multiply both sides of the equation by 2 — 4 = (z + 2)(z — 2).
15 — 2(x + 2) = a? — 4; S22 — 15 = 0

and sz = —5 or z = 3. Each of these roots satisfies the original
equation.
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Let 10m, 15m, 24m be the three numbers. Then
10m + 15m + 24m = 98, som=2 and 15m = 30.
A2z -3)+B(z+2) _ 5z—11
(z + 2)(2z — 3) 222 4+z—6"
A2z —3) + B(z + 2) = 5z — 11.

Equating the coefficients of like powers of z, we obtain24 + B = 5,
—-34+2B=-11; .~ A=3 B=—l
10% = 52, 10v = 5, 10~ = 1/10v» = 1/5.

Let the height in each case be 1. 1 — ¥t = 2(1 — 4); .~ ¢ = 2.

2Y\* . 2\ _ 2 _ _
(1_6) =2; = log (1—0) =2z logm = z(log 2 — log 10) = log 2.
03010
*=gz00-1 " 04
Each line has 1 or 2 intersection points. Therefore, for both lines, there

may be 2, 3, or 4 intersection points.
t = 50/r, t = 300/3r = 100/r = 2{,; .~ (B) is the correct choice.

Each of the roots is 1/2/a. Since a is real, (C) is necessarily the
correct choice.

Let XDAE = a. Then XBCA = 3(180 — 30 — a) = 75 — (a/2)
and %DEA = §(180 — a) = 90 — (a/2) = X ADE.

a+ %X ADE + z + X BCA = 180; sz = 15 (degrees).
s=3+5+T+ 4+ @+ 1)=3@+2+1) =nk+2).

Combination (A) determines the shape of the triangle, but not its size.
All the other combinations determine both the size and the shape of the
triangle.

The two triangles are similar and hence A(new)/A(old) = (25)?/s* = 4.
= (C) is the correct choice.

Let 4z be the daughter’s share, 3z the son’s share. Then
4z + 3z = } estate and 6z + 500 = } estate. s 7z = 6z + 500;
sz =500; and ~ 13z + 500 = 7000 (dollars).
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2? + 3? = 25 isa circle with center at the origin. zy = 12 is a hyperbola,
symmetric with respect to the line z = y. . points of intersection
are symmetric with respect to z = y. There are either no intersections,
two intersections (if the hyperbola is tangent to the circle) or four inter-
sections. Simultaneous solution of the equations reveals that there are
four points of intersection, and that they determine a rectangle.

s . 2k &V 4 /3 643 _
h=§‘\/§, --8—\/:;,11—'—4—‘———3— —4———3——2‘\/5.

20 = 1-4* + 1-4' 4+ 0-4°% .. the required number is 110,;

or

20 + 4 yields 5 and remainder 0;

5 + 4 yields 1 and remainder 1;
s 20,0 becomes 110,.

After 1} minutes each was in the center of the pool. After 3 minutes they
were at opposite ends of the pool. After 4} minutes each was again in
the center of the pool.

It can be shownt that +/2 is not a rational number. It can also be
shownt that repeating non-terminating decimals represent rational num-
bers, and terminating decimals clearly represent rational numbers with a
power of 10 in the denominator. Hence a non-terminating, non-repeating
decimal is the only possibility for representing +/2.

. By considering the special case n = 2 we immediately rule out choices

(B), (C), (D), and (E). We now show that (A) holds.
n(n? = 1) = n{(n — Dn(n + 1)} = =k,

where k is a product of three consecutive integers, hence always divisible
by 3. If n iseven, k is divisible also by 2 (since n is a factor of k),
hence by 6, and nk by 12;if n is odd, k is divisible also by 4 (since
the even numbers n — 1 and n + 1 are factors of k), hence by 12.

A =16-84/3 =128 /3.
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36. 8 = K(K + 1)/2 = N*. The possible values for N* are

12, 22 32, ..., 992, For K to be integral, the discriminant 1 + 8N?
of the equation K* + K — 2N* = 0 must be a perfect square. This
fact reduces the possible values for N* to 12, 62, and 352 Hence the
values of K are 1, 8, and 49.

Note: There are ways of shortening the number of trials for N? still
further, but these involve a knowledge of number-theoretic theorems.
The shortest way to do this problem is by testing the choices given.

37. The diagonal divides the rhombus into ’two equilateral triangles.
A (rhombus) = 2-s2. —4‘/—5- =2. (i/-l%)—ﬁ Since the map scale is 400

miles to 14 inches, 1 inch represents %-400 miles and 1 square inch

represents G- 400)’ square miles. The area of the estate is thus
28 122{ 83? = 1250 1/3 (square miiles).

t See, e.g., Ivan Niven, Numbers: Rational and Irrational, also in this series.

38. The segments of the hypotenuse are ‘-:-’ and % (see 1954, Problem 29).
Using similar triangles, 3 = b_:{_c’ 13: = fg.
9. B=c-a=¢~(c—-12=2~-1=c+c—-1=c+ a;
or

B=c-a=@+1)—-a=2a+1=a+14+a=c+a;

or

BP=c—-a=(c+a)c—a)=c+a since c—a=1.

40. 2S = gi' +2Vot; Vi=gt' + Vot; .. 28 — Vi = Vot;and
=28 .
I 2
or
V =V, V-V

A S |
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40. 2S = gi' +2Vot; Vi=gt' + Vot; .. 28 — Vi = Vot;and
=28 .

I 2

or

V=Ve o 1V =V, , _ .1 1
g=—7— S=3— t+Vot-t(2V+2V.,).
= 28

b=y

41. Since y = 2z, 3+ y + 4 = 1222 + 2z + 4.
L1220 4 22 4+ 4 = 122 + 4z + 4 s 2z = 4x; sz=0.

2. \V/z+4=+1-3-1, T4+ 4=z-3-2Vz-3+1;
~. 3 = —+/z — 3. Thisisimpossible since the left side is positive while
the right side is negative.

43. Let the largest side be ¢. Then a + b+ ¢ < 12. But ¢ < a + b.
.2 < 12 or ¢ < 6. Now try integral combinations such that the
triangle is scalene. Since ¢ is the largest side, it cannot be less than 4.
.. there are 3 combinations:

wnu
N e on
>R o
wnn
N W

5
4
3

oa o
[
oe o

44. Since z < a and a <0, 22 > az and az > a® S22 > ar > al

_ 1 mile 1 mile _ n. o 1 mile 1/2
45 N1 - ‘I’D , N: W,N! Nl L = D[D — (1/2)].

LNa=N_ 12 121

N. " D-=1/2 24 " 19’

.. the percent increase is 100 - % ~2%.
46. Solving for z we have z = 1/(2N + 1). Since N is positive,
1/(2N + 1) is positive and less than 1. .~ (A) is the correct choice.

47. In 1 day, z machines can do % of the job and z + 3 machines } of
the job. . 3 machines cando 4 — % =} of the job in 1 day, and
1 machine can do ¢ of the job in 1 day. Hence, 18 days are needed for
1 machine to complete the job;

or

(x + 3)/z = 3/2; <.z = 6, that is, 6 machines can do 1/3 of the
job in 1 day, ete. ‘
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48. Let (3p + 25)/(2p — 5) = n, a positive integer. Then, 3p + 25 = kn,
2p — 5=k, S k(2n — 3) =65 =165 = 5-13.
k=1, 65 5, or 13 and 2n — 3 =65, 1, 13, or 5 correspondingly.
~2p=5+1 5465 54+ 5, or 54 13; Sp=3, 35 5, or 9.
.. choice (B) is correct.

49. 4P = 40°; .. %PAB + XPBA = 180° — 40° = 140°.
% TAS = 180° — % PAB;
% RBS = 180° — % PBA;

X TAS + %RBS = 360° — 140°
= 220°.

Since 0A and OB bisect

angles TAS and RBS, respectively,
X 0AS + X O0BS = 4(220°) = 110°. A
5 %AOB = 180° — 110° = 70°. " AT

The number of degrees in X AOB is independent of the position of
tangent ASB.

50. % ACB = 180° — 24. Since CA = CD, A-as*S D
%CAD = }[180° — (% ACB + 90°)
= }{180° — (180° — 24 + 90°)] c
= A — 45° 180°-2A
=4-X
~X = 45°
A-45°
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Part 1

. The altitudes, the medians, and the angle-bisectors are distinct for the

legs but coincident for the base. Hence, 7 lines.

L h/2=4, h=8, 2/2=-3, k= —3.
.1 —(1~-a)/(l—a+a)=1—-14a=a, provided a = 1.

.Inthiscase a =3z + 2, b=z ¢ = -5.

s ab+ ac = (3z + 2)x + (3z + 2)(—5).

.loga — logb + logb — log ¢ 4 logc — logd

— loga — logy + log d + log z = log (z/¥).
. The dimensions are z, 10 — 2z, 14 — 2z. oV = 140z — 4822 + 423
. For the inscribed circle

r=h/3 =33/6. p=3s=63r = (64/3)4V3) = 72.
(A=, r= V48 = 44/3.)

. The numbers are easily found to be 20, 30 and 50. < 30 = 20a — 10;

sLa =2

2= (=2¢=2—-16= —14.

For a low or high point z = —4/4 = —1 (see 1950, Problem 41). When
z = —1, y = 1. The point (~1, 1) is a low point since the coefficient
of x? is positive.

90 — (60° + £-30)° = 22§°;
.. (E) is correct. (See also 1951, Problem 12.)

107 = 10-10-%; .~ 10~ — 2.10~% = 10-%(10 — 2) = 8-10-%.

(A) and (B) are irrational. Of the remaining choices only (C) is between

V2 and V3.

Since V2 — 2t + 1 =|z~—1| and vVz+ 22+ 1= |z 4+ 1],
(D) is correct.

The formula satisfying the table is s = 102, When ¢ = 2.5, 8 = 62.5.
Part 2

Since the number of goldfish = is a positive integer from 1 to 12, the
graph is a finite set of distinct points.

The longest path covers 8 edges, and 8-3 = 24 (inches).
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ABM is a right triangle. By similar triangles, AP/4AB = A0/4AM.
-~ AP-AM = 40-4B.

10011, =1-2¢4+0-224+0-22 4+ 1-21 +1.2°= 16 + 2+ 1 = 19,
(See also 1956, Problem 31.)

1_1/1 1\, ., .7
i=3 (50 + E) ; LA = 47ﬁ' (See 1950, Problem 27.)
(1) is the inverse, (2) is the converse, (3) is the contrapositive, and (4)
is an alternative way of stating the theorem. .. the combination
(3), (4) is correct.

Vi=14+1=+7z+1; STz =142/2-141=12z+ 1.
~2¢/z—1=1; ~4z—4=1; and . 4z = 5. (This value
of z satisfies the original equation.)

The intersection points are (0, 10) and (1,9). d = /(=1 + 1 = V72

(10t + u)* — (10w + ¢)* = 99(® — u*). This is divisible by 9, 11,
t+u,t — u .~ (B) is the correct choice.
From R:(c, d), draw line segment RA perpendicular to the z-axis.

Let O denote the origin (0, 0).

y N y\
R3(C.d) R=(c,d)
|
|
P:(0,0) : P:(0,0)
o I
1 > 1 X
o b Q:bb,o) A 3 [0} A Q:(b,0}
Ifc > b,

26.

area APQR = area trapezoid OPRA — area AQAR — area AOPQ

= }c(a + d) — 4d(c — b) — 4ab = }(ac + bd — ab).
If ¢ <b,
area APQR = area trapezoid OPRA + area AQAR — area AOPQ

= c(a + d) + 4d(b — ¢) — 4ab = }(ac + bd — abd).
Let d be the distance from the point P to any side, say ¢, of the
triangle. Then we want Area AAPB = } Area AABC, orif h is the
altitude to the side ¢, 3dc = }-3ch. ~.d = 3h. For this to hold
for each side of the triangle, the required point must be the intersection
of the medians.
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Let z = b'®**; ~ logpz = logsa-logs b = logs a; sz =a; and
.~ (B) is correct.

First note that the equality z?(2? — 1) = 0 issatisfied by 0, 0, +1, —1.
Since 2? is non-negative, then z*(2* — 1) > 0 implies 2* — 1 > 0.
> B s |z|>1, thatis, z> lorz < —1. Combining these,
wehave 2 =0, z2< -1, z 2 1.

The formulais S = n(n + 1)(2n + 1)/6;

or
first let S = 12 and then let S = 12 4+ 22,

_1d+e)2+ k)

2
1 6

and
2(2 + ¢)(4 + k)
6 .

Solving for ¢ and k, we have ¢ = k = 1.

'+ 2" =

Let z be the length of one of the legs of the isosceles triangle. Then a
side of the square is given by 1 — 2z and this side must equal the hy-
potenuse of the triangle (to form a regular octagon).

nzV2=1-2z s~z = (2 - V2)/2.

Since n* —n = (n — n(n + 1)(n? + 1) = k(n* 4+ 1), where k is
a product of 3 consecutive integers, k is always divisible by 6 at least
(see 1951, Problem 15). We show next that in addition, n® — n is always
divisible by 5. If we divide n by 5, we get a remainder whose value is
either 0, 1, 2, 3, or 4;i.e,,

n=2=5q+r, r=20,1,2,3 or 4.
By the binomial theorem,

nt —n = (5¢ + )" — (5¢ + 7)
= (59)° + 5(59)'r + 10(5¢)** + 10(59)*r* + 5(5¢)r* + r*

-5¢q—r.

=5N+rt -1, where N is an integer.
If r=0, n*—n=25N is divisible by 5.
Ifr=1 nt—=n=5N is divisible by 5.

Ifr=2 n*~n=5N+30 =5N+6) isdivisible by 5.
If r=3  n*—n=>5N+240 =5(N + 48) is divisible by 5.
If r=4, n%—n=5N+ 1020 = 5(N + 204) is divisible by 5.
Thus, for all integers n, #* — n isdivisible by 5 and by 6 hence by 30;
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or

n® — n = n(n* — 1) is divisible by 5 since n** = 1 (mod p) where

P is a prime. = n® — n is divisible by 30.

9=+ — 9= = 240; < 9%(81 — 1) = 240; s3E =3 s2z=1;
and ..z = }.

z* + 3 < 25 is the set of points interior to the circle z? + 32 = 25.

Let the straight line z + y = 1 intersect the circlein A and B. Then
all the points of the straight line segment AB, except A and B, are

also interior to the circle. < (C) is correct.
All the triangles so formed with A as one vertex are similar. Let h;
be the side parallel to BC at a distance (k/8)-AC from 4,k = 1,2, ---,7.
o __i— = -l_q . h = }2,.0 ‘

(k/8)-AC  AC’ 8’

S=hith+ - +h=(108)(1+2+ - +7) =35

Part 3

If 2+ y =1, then P=1zy = z(1 — z) = —2* + 2. The largest value
of P occurs when z = 1/2 (see 1950, Problem 41).
~. P (maximum) = 1/4.

By similar triangles MN/z = 5/12, or MN = 5z/12. Also,
NP=MC=12—-z . y=12—z+ 52/12 = (144 — 72)/12.

10t + w — (10u + t) = 9(t — u). Since both ¢ and u lie between 0
and 9, { — u cannot exceed 9. ~ 9(t — u) cannot exceed 81. The
possible cubes are, therefore, 1, 8, 27, and 64, of which only 27 is divisible
by 9. SO — w) = 27; &t = u + 3 so that the possibilities
for N = 10t 4+ u are 96, 85, 74, 63, 52, 41, 30, seven in all.

Let ¢t be the time each man walked. Then the distance the second man
walked is given by S =2 4+ 2} + .- + 2+t'2' l) =7‘+"_

4
u :- 5 + 4t = 72; st =09; and .. each man walks 36 miles,

so that they meet midway between M and N.

When the vertex is on the z-axis, ¥ = 0 and the roots of
—z? + bz — 8 = 0 are equal since this parabola touches the z-axi
at only one point. .. B — 32 = 0 and b ="+4/32.



41.

42.

43.

44.

45.

46.

47.

Solutions 1957 8" Annual Mathematical Contest

There is no solution when a(—a) — (a — 1)(a + 1) = 0, that is, whe!
a = +=1/2/2 (see 1950, Problem 14);

or

solve for z, obtaining z = (2a — 1)/(2a? — 1), which is undefined whe
2a? — 1 = 0, thatis, when a = £+/2/2.

For integral values of n, #* equals either 7, —1, —i or +1. Whe
" =14, then i = 1/t = —¢/1. < 8 canbe 0, —2, or +2.

On the line z = 4 the integral ordinates are 0, 1,2, ---, 16; on th
line z = 3 theyare 0,1,2,---,9; on z = 2 theyare 0,1, --,4
on z =1 theyare0, 1;and on z = 0 the integral ordinate is 0.

~. The number of lattice pointsis 17 + 10+ 5+ 24+ 1 =

%BAD = %CAB — %CAD = %CAB — %CDA
= XCAB — (%BAD + %B).
- 2%BAD = %XCAB — 5B = 30° .. XBAD = 15°,

Solving for z, we have z = y?/(y — 1), y # 1. Solving for y, w
have y = (z £ V/2* — 41)/2. sz(z — 4) >0, sothat z > -
or z < 0 and (A) is the answer. Note that choice (B) was quickly elimi
nated. The values z = 4, ¥y = 2 rule out choices (D) and (C). Th

values z = 5, y = (5 = 1/5)/2 rule out (E).

The center of the circle

is the point of intersection
of the perpendicular
bisectors of the given
chords. Draw the radius
to the endpoint of

one of the chords and

use Pythagoras' Theorem.

= 4! + (1/2)* = 65/4,

r= \/_ 65/2,
= \/_
XY is the perpendicular bisector of AB. & MB = MA. XBM:

is inscribed in a semi-circle and thus is a right angle.
. ABM = 45°; . AD = 90°% and .. 4D = r/2.
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Consider first the special case where M coincides with C. Then
AM = AC and BM + MC = BM = BC= AC.
~AM = BM + MC.

To prove this in general, lay of MN (on MA) equal to MC. Since
X CMA = 60°, AMCN is equilateral. We can show that
AACN = AMCB because AC = CB, CN = CM, and
X ACN = X ACM — 60° = X MCB. .. BM = AN and
AM = AN + MN = BM + MC.
Let z and y be the two upper segments of the non-parallel sides.
Then 3+ y+2z=9+6—-y+4—=z sz 4+ y = 8. Since
ziy = 4:6 = 2:3, 2y/3+ y = 8. y = 24/5, and
y:(6 — y) = 24/5:6/5 = 24:6 = 4:1.

A’ABB'’ is a trapezoid. Its median OO’ is perpendicular to AB.
00 = 5 (AX' + BB) = 5 (4G + BG) = 3 4B.

.~ O’ is a fixed distance from O on the perpendicular to A B, and therefore
the point O’ is stationary.
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USE OF KEY

Since it is established policy of our Committee to invite your considered
comments on every phase of our contest, we make a brief prefatory expla-
nation of this first attempt to provide a solution key to the 1958 contest prob-

lems,

1. The Key is for the exclusive use of the teachers locally in charge of the
contest.

2. Some of the solutions are intentionally incomplete; crucial steps are
shown.

3. The solutions shown here are by no means the only ones possible, nor are
they necessarily superior to all alternatives.

4. Even where a “high-powered” method is used, there is also shown a more
elementary procedure.

5. This solution Key validates our statement, at least for the 1958 examina-
tion, that no mathematics beyond intermediate algebra is needed to solve
the problems posed.



1,

2.

_[ l
2-3(-107Y =5-1= =

. 30 M.

Xy z ¥y=-x

a"lpt al a?b?

a-b? A%  b-a
x+1,

x=1 _x+1+(x-—1}w__x
Tx+1 T ox+1-(x-1)
x=1-1

10.

11.

12,

@+ VHVE-2)+ VZ -242+4VE _ -4 _
Z+VZHVE-2) T -2

2

1(x+a  x-a} _1(2x)_
* 2 x ‘" Tx 'zx‘l

. y = mx+b is satisfied by (~1,1) and (3,9)

m=2
b=3

wheny =0, x= -

1==-m+Db

9=3m+b y=2x+3

. JF =7, irrational

5=} Y= '5;2'1'6 , irrational

450018 = Y16x 10 =2 10 Y107, irrational
¥=1 - Y091 = —1.%. rational

2+b? = a? —2ax + x?
P
X = 2a
_ k= i - ai?
2
For X to be real, k?— 4k? = 0, an impossibility

Replace v3—-x =xv5—x by
5-x =x}(5-x)

X

The solution set for this equation is {5, 1, - 1} but
the solution set for the original equation is {5, 1} .

or
VE=x = x\5—x
If 5-x # 0, divide by v5—x and obtain x = 1
5 £=0,thenx =5

log P = log 8 —n log (1+k)

nelogs=logP _ logs/P
log (1+k) log (1+k)

1, 1_y+x 10 1

X'y xy 20 " 2

14, Set up the following table, a one-to-one cuirespond-
ence between the elements of the boy set and the girl
set:

Boy number 1
Girls danced with 5 6 7
LE=b+4;,b=g-4

3 .. b
e b+ 4

3

or

5,6, 7 ... €
l=a+ (n-1)d
g=5+({b-1){1); b=g—-4

15. Take a special case, the square, where all the in-
scribed angles are equal; and each inscribed angle
1
X = '2'(2‘?()’); 4x = 540°
or

Let the angles be a, b, ¢, d, and the corresponding
arcs A, B, C, D. Then a = !4 (B + C+D), etc, Then
a+b+c+d = %(A+B+C+D) = ¥% 360 = 540°

16. xrf= 100x; r= 10 10
A-l/zap-:;gs;a:r: 10;8-2.ﬁ

. 20 _
LA=3-10 73 200v3

17, Y log x = log 2 or log x = log 2VX
log x = log 4 x = 2Vx
x=4 Vx=2
xz 4
18. A= zr?
2A = x(r+n)?
221} = x(cl+ 2rn+nd
r = n(l+ vZ); the value 1 -2 is not used
19. a’ = cr b? = cs
p_al _1
s“ b "9

20, 47 -4".4"1= 24
Yo 4t =24
4 =32
@h* = 28
2x=5;x="Y%; (29" = s - 2545
21. Consider the special case with A on C, The answer is

obvious
or

A(ACED) = r?; A(AAOB) = Y/ ; ratio 2:1

22, When y = 6 x=4 or =3
y==-6 x=0 or 1
Because of symmetry the particle may roll from
(4, 6) to (1, —6) or from (-3, 6) to (0, —6). In either
case the horizontal distance is 3.



23.

25.

217,

28,

29,

30.

yy=x*-3
Y2 = (x+a) -3
Yi-Yi = +2ax + a?

Let a = rate north = 30 mph
b = rate south = 120 mph

average rate for round trip is _2ab

a+bh
2ab__ 2+30-120
a+b - 30+ 120 - 48 mph
Aﬂlogkx B =loggk
x= Kk i o

(log, X)(logy k) = AB = 3
x= (B = 5 = 125

By =8+ 83+ ...+ 2,
8; = 52, + 80+ 58, + 80+ ... + 5ap + 80
= 5(a; + a3 + ... 4+ ap) + 80n

= 58 + 80n

) I5(a; + 20) = 20] =
= ﬁiai +i80 = 58 + 80n

Ay - 343 _k/2-8
mEEx~4-2 s-a =¥
where Ay = y; -y, etc.
Anti-
Water  Water freeze Antifreeze

Removals drawn left drawn left

First 4 12 0 4

Second 3 ] 1 3+4=17

Third 2% 6% 1% sYta=9Y

Fourth 1Y, sV 2V 6%+ 4=10,
5% = 81 10'%, _ 175

16 256 16 256
From triangle AEC x+n+y+w = 180°
From triangle BED m+a+w+b = 180°

SLX+y+n=a+b+m

1. 1. et
TR TEE R
.‘.a=x’—;zﬁorx'+y’=nb’

(x+y)? =x*+ 2xy + y?
= ab*+ 2b = hiah+ 2)

31.

82,

33.

35.

31,

38,

39,

Let base be 2b 2a+2b=32; a+b= 16
al-b* = (a—b)(a+b) = 64

a-b=4 _ e

a+b = 16 b=¢6 area = B+ 6 = 48

258 + 26c = 1000

8= 40 - u/&;c

The only solution in positive integers is C = 25,
8= 14

roots p, q wherep = 2q
-b hl

& =_;93=

p+q=3q 2 od a3

c c
pa=2q'=,; 2q'=7
%-—— or 2b*=9ac
6x+ 1>7-4x

x>’/;

L Yexs2

There is no loss of generality by placing one vertex
at the origin, O, Let the other two vertices be A(a, ¢)
and B(b,d). Let D and C be the projections of A and
B, respectively, on the x-axis,
area OBA = area OCBA - area OCB
=area ODA + area DCBA —area OCB
=Yac+ Y Mm-a)c+d) -Y%bd
=Y (be —ad)
This may be integral or fractional

Let h be the altitude and x, the smaller segment
301~ = 70°-(80-x)% x = 15; 80 -x = 65

s=5(2a+m-1d] a=ki+Ln=2k+1,d=1

8= (2k+)Ai+k+1) = 2k3+3k¥+ 3k + 1
=k + 3k I+ 8k+ 14k = (kK+ )P+ kP

g? — o _YL;!ﬁ

2
max, val, = %f(whenx =0) = %- 1

min. val, =_—I_x;(\lvl1eﬂ;|r = 0)=‘T1= -1

or
Sing= s Let s?—c? = |a|
Cos §=c¢  Bince 8*+c?=1

2s? = 1+ |a]; |a] = 2s®-1
Since max. value of s is 1, max |a] = 1

x>0 x+x-6=0

x-2x+g =0 X+3£0  x=23
IHx<0 x*-x-6=0
GsnEsg g F¥H0 X« =8
or
(Ix]+3)(Ix]=21=0 [x|+3#0

& x] =2, ke, x=20r -2



40,

41,

42,

43,

45,

48,

Whenn =1
Whenn= 2 a,"-n,a,: (—l)’; a;= 33

al-ag8y = (-1!; 8, = 10

r+a=-—§’ rs-g
A A

2
r’+2rs+s'=%{

> |8

2rs =

iy B?-2AC
5 T
2AC - B?
Lp=—(l+sl) = e

AAEB ~ AABD
AD 12

12 8 AD = 18

b?

16 = -
6 8+
83 F]
43-‘ +b

65 = % (a? + bY)

at+bi=c? =52; c=2/13
Let p be the proposition “a is greater than b”
q" " . “c is greater than 4"
“e is greater than {”
From the given p —q and ~q—r
From the Rule of therContrapositive ~q —~p and
~r—q.
Therefore, (A), (B), (C), (D) are not valid conclusions

r. L L

dollars
centa

Letx = 10a+b
y = 10c+d
face value of check 1000a + 100b + 10c¢ +d cents
cashed value of check 1000c + 100d + 10a + b cents
difference 990c + 99d — (990a + 99b) = 1786
(10c+d) ~(10a+b) = 18
¥y - x = 18
Therefore, y can equal 2x

L-2x+2 _ 1 .
x=1 2 x-1

The sum of a number and its reciprocal is numeri-
cally least when the number is + 1.

For x—1= 1, x = 2 which is excluded
Lx-1=-landys=~1

All other values of x in the interval given yield
values of y less than -1,

e
Y=2

or
dy _ (2x=2)(2x-2) - (A =2x+2)(2) _
dx 2x—2)?

x = 0, x = 2 (excluded)

dy
Atx=1Y% ax is pegative

Atx= =% gi is positive

Therefore y i8 2 maximum when x = 0

47.

49.

PR _PT

AQ " AT

PT = AT (/PAT = /PBS = /APT)
PR = AQ; PS = QF

PR+ PS = AQ+QF = AF

APTR ~ AATQ;

or

/SBP = /TPA = [TAP
A, Q, R, P are concyclic
arc PR = arc AQ

PR = AQ

PS = QF; PR+RS = AF

Let P’ be the intersection of AB and a perpendicular
from P to AB and let B = x. Then (PP*)? =

= x(10 - x)
Ix(10 - x) +(4 - x)?

CP=vVx(10-x)+(6-x DP=
CP+DP = Y36 -2x + V16 + 2x

This sum is greatest when v36 — 2x = v16 + 2x,
that is when x = 5. Hence (E)

or

An ellipse through A and B with C and D as foci is
the locus of points such that CP* + P’D = 10 where
P’ is on the ellipse

(A) is untrue since CP+ PD>CP + P'D = 10

(B) When P is at B, CP+ PD = 10

(C) When Pisnotat Bor A, CP+PD > 10

(D) When PD | AB, CP+ PD > 10

(E) is correct

(a+b)" has 11 terms

(a+d)'" has 11 terms, 10 containing d if d=b+ ¢
There are 2 terms each containing d'
There are 3 terms each containing d?
There are 1%4(2+ 11) = 65 terms with d
. total number of terms is 65+ 1 = 66

etc.

PB 1

= =
DP=x=a2a D’P'=y PR - 4
y=D'B’+B'P = 1+BP’ = 1+4PB
PB=4-x=4-a
y=1+4(4-2) = 17-4a
x+y=17-3a

or

(3.

Ay _1-5 _ x 3 4
m-Ax—4_3— 4 since y 5 1
b=17
X+y=17-3a

5=-12+b
When x = a

y-—4X+b
y=—4x+17
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1.

4.

10.

11.

14.

.t t(a+di=(a+2d? L a-3d

. Arith, mean =

S (old) = 6x* S (new) = 6(1.5xf = 13.50x?
Increase = 7.5x% = %(ﬁx’;
Increase (%)= 125

Let x be the distance from P to AB. By similar
triangles

1_a-x!, i, _2-VF
2-L—1;9-..1-x-4-ﬂ SLx= 2

8q. root rejected)

(negative

There are a variety of figures satisfying the given
conditions, and not falling within the classifications
{A), (B}, (C), (D), For example, the “‘kite’’,

1 1 1
X+ox4ex= 8. 9x=468. §x=1?'4

1
{256y ¥ (256y® = (256)%F = (256) Aoy

The converse is: If a quadrilateral is a rectangle,
then it is a square.

The inverse is: If a quadrilateral is not a square,
then it {8 not a rectangle.

Both statements are talse.

or
Use Venn diagrams to picture the sets mentioned.
a_3

d 1

x!—6x + 13 = (x—3)* + 4. The smallest value for this
expression, 4, is obtained when x = 3.

or

Graph y = x! - 6x + 3. The turning point, whose ordi-
nate is 4, is a minimum point.
1

n-—n+-!'n+-l-n+7.

2 3 5 n =140

Let the altitude from B to AC be h. Then the altitude
from D to AE is % h. Let AE = x. Then

g ode deco

3 ghx=3h(3.6) - x=108

Let log; .0625 = x .-.z"-.oszsa;‘ Lx=—4
Let a = the constant

20+a 50+a | __ ]

50+a - 100+s 23 LT3

sum of numbers
number of numbers

_1900 — 4555

=315
48

L.8=50x%38=1900 . x

Addition, subtraction, and waultiplication with even
integers always yield even integers.

Note: This is a good opportunity to underscore vper-
ational restrictions imposed by the available domain.

15.

186.

17.

18.

18,

20.

31

24.

ct=2ap s al+b¥=2ab . {a-bPP=0 a=b
Since the right triangle is 13csceles, one of the acute
angles is 45°.

(x=2)(x=1)  (x-3){x—4) -
(x-3){x=-2) (x—-4}{x-1)
b 1=a-b

YIRS 1

5=a-—§b b=5anda=8§
(l‘—l _c+ l]—[anl!) G 100(r ~8)

8 8+1 a(s+1)
No. of weighings
We used possible
1. Singly 3
2. two at a time (same pan) 3
3. three at a time (same pan) 1
4. two at a time (diff. pans) 3
5. three at a time (diff. pans) 3
Total 13

or
111, = 1.3 + 1.3 + 1 = 13,4, 8o that the number of
weighings equals the sum of the weights, when the
weights are related in this manner.

K K@) . 1014

.14
1014 o
4
.’.l'_"f—_‘v = 160
]
2 2.1 P I I 4
R=7altitude = - 5 s‘@'aﬁ A=

The median of a trapezold goes through the
midpoints of the diagonals. Let x be the
length of the shorter base.

.. length of median = g +3+

X
2

_'_%(xd-snﬂ‘gi-ﬂi-g Sox=01

log(a®-5a) =2 ., 10*=a? - 15a

s a=200ra=-5

m!

100" 2m | m?
T D R e e e TR e
m+x 100 100 - 2m

Let AB be a straight line segment with its midpoint
at 3, and its right end at B. Each of the two intervals
from A to 3 and from 3 to B is leas than 4. Hence B
18 to the left of 7 and A is to the right of -1.

13-x]<4 e

L3-x<d S=x<1 SHx»-1

-4 <3-x =T e<=X Lx<?
=le<x<T



27.

28,

29

30,

31.

a2,

33.

34.

Hexl=2 x=1 .'.DF-'%- ¢
AD 2 _ DF_2
BRYAE"S “EG"3
£G =22 . aititude cOF = 22
4 2
32 3
L A==V2 2 =3
or
d+xd=2 nx=1
.'.y‘=10% :,y=f-' L~ BC=v5 etc,

Sum of roots is -:- = =i

The blaector of an angle of a triangle divides the op-
posite sides into segments proportional to the other
two sides

.AM b CL_ b
"MB=n and _LB.C
Sinceg'-hr‘!. k==
a ¢ a a
1
15+ (x=20)
3 1
— . = x.su
x 2

Let x = B's time In seconds. Letting 1 represent the
1

length of the track, we have -4-16115) + ;{15} =1

LoX=24

Let 28 be the side of the smaller square.

r—s 28

28 T+8
Let S be the side of the larger square
S=r/2=10 o A =100

Then o =50

The point A, the point of tangency, and the ter of
the circle, determine a right triangle with one side 1,
another side r, and the hypotenuse x + r, where x is
the shortest distance from A to the circle.

4\ : .21
(51.') +=(x+1)? x 3T 21
111 1 - i
3'4'-16'12'0"'“1"’ 12

.. the terma of the H.P. are 3,4 &, 12 only .5, =25

X=3x+1=0 .rs=landr+s=3
sfr+ef=rd+2ra+8¥=9 . rest=7

36, (x=m)? = (x=n)! = (m—n)?

38.

3T.

39,

40.

m>0 n<?0
Since (m—-n)? > 0 (x-m)? > (x=n)?

S lx=m| > (x-n)
X=m>X-0n
not usable

Z2x <m+n
m+n
2

X <

or

Solving for x we have x(-m+n)=-mn+n® x=n

Let the triangle be ABC, with AB = 80, BC = a,
CA =b=90-3a, /B =60° Let CD be the altitude to
AB. Let x=BD

L CD=43x a=2x b=90-2x
o 3xt s (80-x)7 = (90 -2x)?

,.% ~a=17 ba=T3
Iy X _1) ( 1)

( a)\‘"a)(" s) \'"a

2. 34 A= a1 2

S &8 a1t n n
dx+VIX = 1 SoAx = 1= =7
162 -10x + 1= 0 .'.x--:-

1

x=3 does not satiefy the original equation.
or

Let y=yX .. 4y'+yIy=1=0

2 —42

y--gz. . xe -%.%Re}ect
x+xtexds .. e x

= _xl-t’ o X-x

1 1=-x x=1
a+2a+3a+..+9

S=3me90)=dSa  S=5+%

Let G be a point on EC so that FE = EG. Connect D
with G. Then FDGB is a parallelogram.

~DG=5 AF=10 AB=15
x x
A x=-4
\\ N
\gq
Fig. 2
Ra(x-4=(x+4' x=16,0



42.

43,

44.

45,

48.

47

Represent a, b, ¢ in terms of their prime factors.
Then D is the product of all the common prime fac-
tors, each factor taken as often as it appears the
least number of times in 2 or b or ¢. M is the
product of all the non-common prime factors, each
factor taken as often as it appears the greatest num-
ber of times in & or b or ¢.

Therefore, MD may be less than abc, but it cannot
exceed abc,

Obviously, MD equals abc when there are no com-
mon factors.

2R _ 40

Let h be the altitude to side 39, Then 55 = -—E-

But -%h +39 = Area = Va(s —a){e —b)(s — )

2 125
- r— . . . = > -—
h 39 VE2 1512 27 = 24 2R

3

Let the roots be 1+ m and 1+ n with m and n both
positive. .1+m+1+n=-b and(l+m)(l+n)-c
'.l=b+c+l=mn>o

loge b
. We have, with base x,
logg a

logx log2x logy _
log3 logx log2x

logy=2log3=1log9

Since logg b=

Ly=9

rainy mornings non-rainy mornings
rainy
afternoons o b
pon-rainy c e
afternoons
d=a+b+c+e a+b+c=7 a=0
c+e=5 b+e=6 SLemd SLd=9

H

Ce

48, For h=3 we can have 1x?, 1x' + 1, 1x* =1, 2x!, 3x°

49. Combine the terms in threes, as follows,

1
1,11 g legd
4 327 256° ) 117

T8

Since there is absolute convergence, the terms may
be re-arranged to yleld the three series

1 1 T D L !
I+gtaat 2”16 128 '
1_1 1
4732 " ose
1
1 8 ——  _4
Arral e mR TR
8
_1
1 2 2
- — = — *_s._
ek 7 1

0. This problem may be interpreted as a miniature
finite geometry of 4 lines and 6 points, so that each
pair of lines has only 1 point in common, and each
pair of points has only 1 line in common.

Py
Py
Py
Py Py P
Fig. 3
or
C(4,2) = 2121 = §, displayed as follows
Committees
A B c D
Members a b d f
c e a e
b d f c
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[

o~

o<

10.

11,

Tat+cet -

Substitating 2 for x, we have 2* + h.2 + 10 =0
S h=-9

For the six strokes there are five equal intervals so
that the time interval between successive strokes is
one second. For twelve strokes, then, eleven sec-
onds are required,

40% of $10,000 is $4,000

36% of $10,000 is $3,600; 4% of ($10,000 — $3,600) is

$256.

$3,600 + $256 = $3,856 .. Difference is 4000 — 3856 = 144
or

Two successive discounts of 36% and 4% are equivalent

to one discount of 38.56% (.36 + .04 ~(.36)(.04) = .3856)

The triangle is equiangular with side 4.

2 2,
svi 443 o
1 a4 = 43

Substitute y* - 9 into x? + y? = 9 (o obtain x* + 9 = 9,
so that x = 0. Therefore, the common solutions, and,
hence, the intersection points are (0, 3) and (0, -3)
or

P yz = 9 represents a circle with radius 3 and cen-
tered at the origin. y? = 9 represents the pair of
lines ¥y =+3 and y = =3, tangent to the circle at (0, 3)
and (0, =3)

o

Since 100 - nd, d = % Let s be the side of the

inscribed square.

d _100 502

V2 = aZ w
2 2
Areall #R° _ (2r)°
Areal ~ w0 = £ 4

SoAreall =4 Areal=4.4=16

Let N =252525... 100N = 252,52525... Subtract-
ing the first equality from the second, we obtain

S N= %%;—J Since this fraction is already

99N = 250
in lowest terms, we have 250 + 99 = 349

a+bi-ct+2ab _ (a+h)? - ¢! (a+b+c)atb-g)
+2ac (a+¢)* —b* (atc+bjla+tc—-b)

=a+b—0 . H 3
a—~——-—+c_bw1th(a+c) b

To negate the given statement we say: It is false
that all men are good drivers, that is, at least one
man is a bad driver.

The product of the roots, here, is equal to 2k? - 1,
L2k —-1=7,kK =4,

Discriminant = (-3k)2 —4.1. (2K = 1) =K* +4 = &
the roots are irrational.

12,

13.

14,

15.

16.

117,

18.

19.

20,

The locus is a cirele, centered at the given point,
having a radius equal to that of the given circles.

The given lines intersect in the three points A(0, 2),
4 4

B(E' —2) and C(_E' —2). These three points are

the vertices of a triangle with AC = AB, each of

length %ﬁ'ﬁ, and BC = %. so that (B) is the correct

choice,

6—a
3x-5+4a =bx+1, 3x-bx=6—a, K=3-h"
b#3
" . . A
Since the triangles are similar, we have a p

- R
r

always, so that (B) is the correct choice.

==

69 =2.52 43.5 +4:1 = 234 (that is, 234 in the
base 5 system). The correct choice is, therefore,
(C).

We have N =8 - 10°- x-* with N = 800; to find x

-3 A 3
L B00=8-10% x 7, 1=10°.x '}.x* - 10‘.x%= 102,
x =10%

3%=81=3' xay-4

1
81" "-=3=81" " x-y-1
The correct choice is (E)

For (A) we have n+n+l+n+2 = 3n+ 3 = 46,
an impossibility for integral n.
2n +2n+2 +2n+4 = 6n + 6 = 46,
an impossibility for integral n.
n+n+l +n+2+n+3=4n_46=-46.
solvable for integral n.
2n +2n+2 + 2n+4 + 2n+6
=8n + 12 = 46,
an impossibility for integral n,
2n+1 +2n+3 +2n+5 + 2n+7
=8n+ 16 = 46,
an impossibility for integral n.

For (B) we have
For (C) we have

For (D} we have

For (E) we have

2 g\ 1 1
(x? - i) prl e [ AR G

8-7 =7
+ I_—?'{x:)‘(—i)’ + '?'—_"2':—2(:‘3]5(—4)3 L ]

8-7-6
1-2.3

The required term is ?l? . ()’(=4)%; the

required coefficient is —14
or



21.

22,

23.

24,

25.

28.

27.

1 B-7-6
F3 CE 0 =5 153

(=475 = —14x";

the required coefficient is =14,

Let 5 be a side of square I 5, a side of sguare I1.

Areal = 52_ Areall = 8. Since § =2s° 5 =352
d asb a+hb

‘Buts—@- B =Sy “vZ3 =aas+b

", Perimeter of 1l = 45 = 4(a+h)

(x+m)? — {x+m)? = {m —n)?

Factor the left side of the equation as the difference

of two squares.

{(x+m-—x—n){x+m+x+n) = (m—n}2
(m=—n}{2x+m+n) = (m=n)?

Sincem#n 2x+m+n=m=—n, x=-n, so that

{A) is the correct choice.

V = 7R, 7(R+%)°%H = ﬂRz(H+x}

R*H + 2RxH + x’H = R?H + R¥x
2Rxh + x*H = R%

3 I —2RH
sincex ¥ 0 2ZRH+xH = R%, x = i

ForR=%H-=3 x- ?6 s0 that §C) is the cor-

rect choice.

log, 216 = x, (2% =216, 2" . x* = 2% 3

An obvious solution to this equation is x = 3, so
that {A) is the correct choice,

m=2r+1 wherer=0, #1,22, |
n=25+1 wheres=0, +1, +2, ...
monf-4rf +4r+1-ds® —das—1
= 4{r—s){r+s+ 1), a number certainly
divisible by 4.
If rand s are both even or both odd, r—s5 is divis-
ible by 2.
If r and s are one even and one odd, then r+s -1
is divisible by 2.
Thus m? - n? is divisible by 4.2 = 8

The numerical value of [5 — x| must be less than 6
for the inequality to hold. Therefore, x must be
greater than =1, and less than 11,

or
S—x| _5-—x
‘3 < 2, =2 < 3<2, 6<5-x<86
=6 ch=-x and 5—x <6
x <11 x> -1 =lcx <11

Since each interior angle is T times its associated
exterior angle, S = T4 (sum of the exterior angles)

=E + 360 = 2700

Since 8= (n—2)180, (n—2)180 = 2700, n = 17
A 17-sided polygon that is equiangular may or may
not be equilateral, and, hence, regular.

28,

29,

a0,

31,

T
A formal solutionof x ——— =3 —

7 .
— —3 yields a

repeated value of 3 for x. But x = 3 makes the ex-
: 7 .
pression -3 meaningless., The correct choice is,

therefore, (B).

5a +b >51
3a-b =21
Since b = 3a - 21,

. 8a »72, a>9, 3a>27
b=>6

The locus of points equidistant from the coordinate
axes is the pair of lines y = x and y = =x.
Solve simultancously 3x + 5y = 15 and ¥y = x to

15

. 15 15 .
obtain x =y = g The point (—,—8) in guadrant I,

B

atisfies the required condition,
15 and y = —=x

therefore, s
Solve simultaneously 3x + 5y =

. 15 15 (1515
to obtain x = = g1 ¥ 2.Tht‘.‘1.\()1nt (—- 2,2)

in quadrant 11, therefore, satisfles the required
condition,

There are no other solutions to these pairs of
equations, and, therefore, no other points salislying
the required condition.

Let the other factor be x* + ax +b. Then
(C+2x 45 +ax+b) = x4 32 4a) + (5 +b+2)
+ x(n+2b) + 5h = ){"'-1»[))(2 +q
Match the coefficients of like powers of x

For X' we have 2 +a =0 Soa==2
X S52a+2b=0 S b=35
x* 5+b+2a=p Lp=6
x° 5b = q ngERs

or

Let y =5 so that x! + px? +q ¥ +py+q Let
the roots of y* +py+q -0 be r?and s®. Since
y=x* therootsof x + px* +q =0 mustbe 2r, +5,
Now x? +2x + 5 is a factor of x! + px? + q; conse-
quently, ene pair of roots, say r and s, must satis-
fy the equation X + 2x + 5 = 0_ It follows that —r
and —s must satisly the equation K —2x+5=0.
Therefore, the other factor must be x2 — 2x + 5.

Ll +exes)x—2x+5)= x4 B6x%+25 = xV4pxd 4q
. p=6,q=25
ar
x? - 2x +{p—1})
Zaox+5[xt + pd g
e 4 5x2
—2x¢ +(p-5)xX
—2 - 4x - 10x
(p-1 =+ 10x + q

1) +2(p-x+5(p-1)
(12=2p)x + (q=5p +5)

since the remainder must be zero (why? 12 -2p = 0,
p=6and q—-5p+5=0, q=25,



Since
But AE = AD + 2r = AD + AB .. AB’ = AIXAD+ AB)
= AD’ + AD - AB

.. AD! = AB*~ AD - AB = AB(AB -
Since AP = AD, AP’ = AB(AB - AP) = AB - PB

When n is prime cach member of the sequence is
divisible by n. When n is composite each member
of the sequence is divisible by all the prime num-
bers that divide n.

It follows that each member of the sequence is
composite, so that (A) is the correc: choice.

Graph the position of each swimmer with respect to
time [this graph ends with t = 3(minutes)]

time

] 30 60 90 120 150 180

At the end of 3 minutes they are back to their
original positions, so that in 12 minutes this cycle
is repeated four times, Since there are five meet-
ings in this cycle, the total number of meetings is
4 %5 =20,

The problem may be viewed as one in periodic
phenomena; the period for the faster swimmer is 60
secends, while the period for the slower swimmer is
90 seconds {the period is the time-interval neces-
sary for ti2 swimmer to return to his starting
point}. The common period is 180 secods or 3
minutes,

% =tﬁ. mn = t5, Since m +n =10, £ = m(10=m)

st =vm{10—-m)

Since m, 10—=m, and t are integers, we have
t=3when m=1 and t = 4 when m = 2. The re-
maining integral values of m, namely m = 3, 4,6, 7,
vield non-integral values of t. The value m =5 can-
not be used, since m and n are unequal.

s1=%i2a +(n=-1)d], 5 =%‘|2a +(2n-1)d),
Sy = g—é'lza + {3n-1)d]

R=s3—85,—5; = £{6a+9nd-3d-4a—4nd+2d-2a

—nd+d] = 2n’d, so that (B) is the correct choice.

(seconds)

317.

38.

39,

40.

Designate the base of the rectangle by y. Then, be-

h b
B gy =X

o : h-
cause of similar triangles,

b;
“Area = xy = 4 (h—%)

b+60=a+B _ sy
2460=c+C .b-—a=a-c¢c+B-C Since
b+c
B=C,wehave b+c - 23, a= P
2:—b=—-b .nz+2nb1'r,\7~:|b, a?+ab+b? -0

a a+b

_=b+ VBT —dET b inVd
i 2 : 2

If b is real, a is not real. Il b is not real,
a may be real or not real.

Since CD trisects right angle C, /BCD = 30° and
LDCA =60° and /CDE = 30°, so that ADEC is a
30°-60°-90° triangle. Let EC - x

. DE = x¥3 and DC = 2x

i-x 4 12 24 32V3-24
xv3 3" T T 3+4V3" x43+4\/3— ; 13
or
1
Arcaof;\.Bcuzg.3.2x.si"30o=§2£

Arca of AACD ;—% + 4 - 2x " sin 60° = 2V3x

Area of ABCD + Area of 5 ACD = Area of AACB

3 o 12 16V3 - 12
..2x+2\-‘3x = 6, x=3_¢4\@ =—————-—m i
b 32V3 - 24
XN = 13
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Note: The letter following the problem number refers to the correct cholce of the five listed in the examination,

1.
i

10.

11,

12

(c)
(E)

. (E)

. (B)

. (€)

. (E)

. (A)

. (B)

. Q)

@)

{c)

(A)

(-t ¥ = (-125)" = ((-125)¥%)" = (-5p = 25
D (yards) = R (yards per minute) X T (minutes)

1,
-3 6 510
D= 3=2

; be the slope of the line 2y +x + 3 =0,
5, the slope of the line 3y +ax +2 =0
rpendlculm-lty m,m, ==1

(_%)(— %) =-1 ~a=-6

u |8 not closed under addition since, for ex-
ample, 1 +4 =5 and 5§, not being a perfect
square of an Integer, is not a member of u.
Similarly for division and positive integral
root extraction, u Is closed under multiplica-
tion because, if m? and n® are elements of u,
m? + n? = {mn) I8 a member of u (u contalns
the squares of all positive integers and mn is
an Integer.

Consider the binomlal expanslon, (a + 1)
=a‘+4a’+6a*+4a+1, Let x~ 1=a, Then
S=(x—1+1y¥=x*

log 8 + log #.= log 8 + (log 1 — log B)
= log B +(—log B) = -1

Since (r + 8)* = r* + 6r's + 15r's* + ..., we have,

letting r = :‘;m\d lﬂ—-:r—:?i.nthe third term,
al'_vx\_ 15
() (-3 - 8

Use the formula for the general term of
{r + 8)*, n positive integer: (k + 1) th term

=ble- Doz ke D pekiap

SECE -2

Since B+C, =90" and A +C, = 90°, B+ C,
=A+C, ~C~C,=B-A

or

For k = 2 we have

r=(2a)p" = ((2a)')b = (42%)®; also r =a® - x*
= (ax}* . (ax)® =(4a?)® . ax=4a* . x=4a

BE*=BD*+DE", BD=6,DE=4DA =1 :6/3
=3/F - BE'=36+27 - BE = V63

p (perimeter of triangle APR) = AP + PQ + RQ
+ RA, and PQ = PB and RQ = RC

S Pp=AP+PB+RC+RA=AB+AC=20+20
= 40.

I=ar*-, r=%¥2+V2 . the 4thterm I8
ZY _v2.2 _
”(72')" 2yt =1
or

Since V3, ¥3, ¥ can be written as 27/ 2%, 2"
the fourth term Is 2° = 1.

13, (E) v+ 0 =@+ ) =vBVEO + 1 =1t IVT + OF
14. (E) Let the diagonals be d and 2d. Then 4d - 2d = K
K_5K
or d* = K. Since s‘-d‘+() K+-i---4—
s =+/5K

1. (B) Since x men working x' hours produce x arti-
cles, one man, working x* hours, produces one

article, Therefore, one man produces ili

part of one article in one hour,
Let n be the number of articles produced by y
men working y hours a day for each of y days.

1 )
Then nsy.,.,.;’.-iﬁ!
or

T= m where T I8 the time required for 1
article, A, the number of articles, M, the num-
ber of men, D, the number of days, H, the num-

x 1
ber of hours per day, T T
i . 1
AATSTMID'H =k ey-yey=d

16, (E) Let d be the amount taken from the base . Then
4(b-d)h+m)=4+ $bh

b{2m +h
Solving for d, we obtain d %‘FE))

17, (D) We are given that 1000 m.u, = 340 m.u,
= 440 m.u, (base r)
H1er?+0-r'+0-r+0-(3c244r+0)
=4ri+4r+0 -T2 —-8r=0
S=Tr—=8=0 ~r=8

or
440
More simply, we have + 340, Since 4 + 4
1000

terminates in 0 in the system being used, the
system has modulus §, that is, r = 4,

18. (A) Let P be the original population. Then,
after 1 year the population ia 1.25P
after 2 years the population is (1.25)(1.25)P
after 3 years the population is (1.25){1.25){.75)P
after 4 years the population is

(1.25)(1.25)(.TS)(.75)P = §}P
The net percent change Is iﬁ-_l;-_? % 100

=088P ~ P 14012,
P

19. (B) Writing 2log x as log x?, we obtain the abscissas
of the intersectlon points by solving the equation
x? = 2x, Since the possible values of x are re-
stricted to positive numbers, there L8 but one
root, namely 2. Hence, the graphs intersect only
in (2, log 4).



0. (A)

a1, €D}

1.

23. (B)

24, (A)

25. (A)

26. (C)

a1, (D}

28, (D)

The set of points satisiying the inequalities
¥ > 2x and y > 4 = x is the hatched area
shown,

y:‘..

»X

~

&QMNE) + Area (.r:\ MAE

Area (A CAE) = Area (A ABC)

Since 3x* — 9x* + kx — 12 is divisible by x — 3,
3:F-9+3+k-3-12=0 k=4
Divide 3x* — 9x* + 4x — 12 by x — 3 and obtaln
3x? + 4,

or

3x*— O 4+ kx — 12 m (x — 3}(Ax* + Bx + C)
= Ax® + (B — 3A)* + (C — 3Bx — 3C
~A=3,C=4and B-3A=-9 -~ B=0,
The other factor is, therefore, 3x* + 4.

Since P divides AB In the ratio 2: 3, AP:AB
: : 7 - AQ-AP_ 1
=2:5 and AQ:AB=3:7 . AQTAP . L

Since PQ=AQ — AP =2, AB=1T0.

Let the prices, arranged in order from left to
right, be P, P+ 2, P +4, +»», P+ 58, P + 60,
The price of the middle book is P + 30, Then
either P+ 30+ P+32=P+60or
P+30+P+28 =P+60. The first equation
ylelds a negative value for P, an impossibility.
The second equation leads to P = 2, so that (A)
is the correct choice.

Represent the magnitude of angle B by m.
Then, In order, we obtaln angle QPB = m,
angle AQP =2m, angle QAP = 2m, angle
QPA = 180 — 4m, angle APC = 3m, angle
ACP = 3m, and angle PAC = 160 — 6m.

Since angle BAC = angle BCA, 180 — 6m + 2m
=3m . m=25¢

200 = 4 (a + a + 49d) and

2700 = 4 ((a + 50d) + (a + 98d))

Solve these equations simultaneously to obtain
a=-20,5,

The smallest value for x is 60°. - lox = 120°
If k=2 and lox = 180° {f k = 3. Since each
angle of a {convex) polygon must be less than
180°, the second possibility Is ruled out, It
follows that there is only one permissible
value for k, and, hence, only one for the pair
(x, k), namely (80°, 2).

The final digits for (2137)" are respectively
1Un=0,7Tdn=1,08ifn=2,and 3 n=3.
For larger values of n these digits repeat In
cycles of four, .. (2137)™* = (2137)-10a+t

29. (B)

30. (D}

3. @)

4. (C)

33. (B)

36. (D)

= {21374\ . (2137). The final digit of (21374)'*
is 1 and the final digit of (2137)' is 7. The
product yields a final digitof 1 + 7=17.

We have r+a=—l:ma re =S, The equation

with roots ar +b and as +b Is
(x = {ar +b))}{(x — {as + b)) =0
Lxd—(alr+8)+Dx+a'rs+ablr+8) +b? =0

el b)+3h)x+:'()+:b( D)rr=o

Lx2—bx+ac=0

Letlog,12=x . 5" =12 . xlog,d =log,,12
l_osn_ 2logy,2 +10g,,3 _ 22 +b
log,,5 log,o10 — log,,2 1-a

or
Use the formula log, N = log, N + log, a
PA__PA __ 3m _3
AB PB-PA 4m-3m 1
Area of the regular polygon = tap where

a-ReoaL"-J and p=ns =n - mm@

20 . 20R sin 120

=am¥ where n is a

s IR? = *Rcon

-8 180 g 180
o 28in a €08 o
positive integer equal to or greater than 3. Of
the possible angles the only one whose sine is a
rational number is 30°. . n =12, To check, note
that & = 4 = sin 4 = sin 30

or

Area of the polygon = n times the area of one tri-
angle whose vertices are the center of the circle
and two consecutive vertices of the polygon

& ‘-!R‘-nd-n'mﬂur.asbdore,!=umw.
n n n

237 — 3% = (2*+ JT)2* — 3¥) = 11.5 = 55.1

A2+ 3 =11 2%+ 3" =55
2x =3 =5 22— 3T =1
2.2*=16 This system does not yield
=3 integral values for x and y.
y=1
_2x+3 _&x+4a—-1_20x+2)-1
Let y =332 x+2 x+2
=z—x12. From the form y = 2 — _— 5 we 8ee

that y increases as x increases for all x 2 0.

Thus the smallest value of y ia obtained when
2=0, ~m=% and m is in 5,

As x continues to increase y 8 2 but
never becomes equalto 2. /. M=2and M is

not in S.

695 a,+a,(2-1)+a,(3+2+1)+a,(4+3-2-1)
a5-4-3-2-1)

895-: +2a, + 6a, + 24a, + 120a, with 0 S a, Sk.

Since a. must equal § {in order to obtain 695),

a, # 4 because 5= 120 +4 - 24 > 695, Also a,



3. (B)

37, (C)

cannot be less than 3, since, for a, = 2, we
have 2+24+3+8+2+2+1<95 a,=3
Check: 5+120+3+24+3+6+2+2+1=695

From the diagram we have 4a® +b? =9 and
L Ba?+502 =4 - ar+pi=Af
~ AB= 17T

ad + 4b? =
AR = 4a* + 4b* = 17

A I E I ¢

Let va, va, ¥c be the respective speeds of
A, B, C.

pd-d4-20 ,,d _d—10

g =ty O =T

d _d—-28 , ,,d—20_d—28
(3);-"— e © (4) % T e . Divide

equation (4) by equation (2) and obtain

86. (A)

39. (B)

40. (A)

d=20 _d—28 , ,_
T =§—T1p -~ d=100

Let AC=h and BC =1, Then h? + 13 = 413
Since s =h +1, 8 =h*+ 1" + 2hl = 4r® + 2hl
=4r? + 4 times the area of A ABC. The max-
imum area of A ABC occurs when h=1=rvZ,
o B3 452 & 4(r?) = 823,

The greatest diatance between two points P,
and P, is the length of a diagonal, v2, Place
Py, P;, Py, P, at the four corners. For the
fifth point P, to be as far as poasible from the
other four points, it must be located at the cen-
ter of the aquare, The distance from P, to any
of the other four points ts 4 v2.

Location of the points inside the square will
yield distances between pairs of points, the
smallest of which 1 less than 442, *

The minimum value of X% + y* is given by the
perpendicular OC from O to the line
5x + 12y = 60.

ocC _12

=12 . 5080
From similar triangles % i3 oC = 13°
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Note: The letter following the problem nuraier refers to the correct choice of the five listed in the examination.

1. (D)

2. (A)

3. (B

4. (B

5. (C

6. (D

7. (C)

8. (D}

9. (B)

10. (A)

11. (B

12. (C

The numerator becomes 1, the denominator be-
comesi+d=®N, and1:%5=4

vi_V3_43-3/3 V3
V4V3z 351363_?

Let d be the common difference

d={x+1) =(x=-1)=2, and
d=(2x+3) - (x+1)=x+2
x+2:2 5.x=0

or
2x + 1) = (x = 1)} + (2x + 3)
2x+2=3x+2
x~0
8"=32, (2" =2° 2*" - 2¢
=5 xe}

The ratio of the circumference of any circle o
its diameter is a conslanl represented by the
symbol 7.

93 = s:‘ Jos=8

P {triangle) = 18 = P (square)
*, side of the square, x = 3 ."

A (triangle) =

diagonal of

5
the square = ¥2x* = —92% ;N
b 7 \ .
L3 L)
24b=180° - /B - e

24c=180° - £LC
Soéb v Le = 1B0° = 5 (4B + £C)
But £B +£C=180° = £A
b+ Le = 180° = £ (180° - £A)
£BDC=180° - {(¢b+ £¢)
180° - [180° - % (180° - 24|
=4 (180° = ¢£A)

L]

Let s be the sum and M(-—- 'rfl)be the arithmetic

mean of the given numbers. Since the number of

l’sisn—I‘S*(n-l””*l—?l“—'n-;ll

1
M=z oL
- x-xx®=-1) x(x*s 1D(x*-1)

=x(x*+ DO Dlx+ Dix=-1)

Let R be the average rate for the trip going

Then R = l:? = 45 (miles per hour)
I= 3,?? = 40 {miles per hour)
R - r =45 - 40 = 5{(miles per hour)

+ as
The roots are —»i-l— 1 . The difference

between the larger and the smaller root is 1.

The last threc terms of the expansion of

]
(l - é) correspond in inverse order to the

L]
first three terms in the expansion of (- §+ 1) :

13.

14.

15.

16.

(B)

(B)

(D)

)

17. (B}

18.

(A

. o)

2
These are 1 - 6-1 + 15 (— 1) and the sum of
these coefficients is 1 - 6 + 15 = 10
ar
Expanding completely we have 1 = g + 5’ = %’

-t 15-641210

The relation belween R, S, and T ¢an be repre-
sented in several ways, to wit,
s RT
(1R = k?. k a constant (2) == = k, k a constant
yRITy _ReTs

S, S:
$.8% V48T
Using form 3 we have —i,-u s,

(3

S, 30

1
Since 1 +a+a’+...= = when [a! < 1, the

1

4
required limiting sum equals i-(=5H" 2.4
-{=-£

Lel the vertex C move along the straight line 1,
to position C;. Let G be the location of the
centroid (the intersection point of the three
medians) of A CAB; let G, be the location of the
centroid of & C,AB. o

Since CG =¥ CM and C, G, = § C, M, the line
GG, is par:a.llel to line CC,. (If a line divides
two sides of a triangle proportionally, it is
parallel to the third side.) Therefore, as C
moves along 1,, G moves along Iz which is
parallel to 1.

The sides of R, are 2 inches and 6 inches and
the square of its diagonal, d%, equals 6%+ 2%(=40)
Since the rectangles are similar, we have

224 0198
2

eaR, _D*
area %z _ L . area Rz =740

area R, d? A2 =
Since a = logs 225, 87 = 225, 2°* = 15%
b = log, 15, 2% = 15, 2%° = |57
2% =2 3a=2b,a=-3

The dodecagon can be decomposed into 12
congruent Lriangles like triangle OAB shown.
(AB is a side of thc polygen).

a
area (AOAB) = rh—l £t

r'= s—

2 32 4
‘. area (dodecagon) = 12--3- = 3r®

——ad e

o v

By substituting into the given equation the three
sels of x.y-values given, we obtain three
equations in a, b, and ¢, namely, a - b + ¢ = 12,



20.

21,

22,

23.

24.

(A}

(E

(D)

—

(E

(A)

{c}

(E}

¢ =5 and 4a + 2 b + ¢ = -3, Solve the first and
third equations for a and b, using for ¢ the
value 5. from the second equation. The values
obtained are a = 1, b = =6, ¢ = 5, and the sum
of these is zery.

Let the degree measurement of the angles be
represenled by a = 2d, a - d, a,a +d, a + 2d.
Then 5a = 540° and a = 108°

Since the given equation has coefficients which
are real numbers, the second root must be
3 - 2i. Therefore, the product of the roots,

S=(B+20@-20 55=26
or
Substitute 3 + 2i for x in the given equation.
2(3+20*+r{3420)+5=0
10 +3r +8+i(24 +2r) =0 + 01
o244 2r=0,r==-12and 10+ 3r +5=0, S = 26

12, =1:b*+2'b+1=b*+2b+1=(b+ 1)

The expression (b + 1) is, of course, a square
number for any value of b. Since, however Lthe
largest possible digit appearing in a number
wrilten In the integral base b is b - 1, the
possible values for b do not include 1 and 2.
Therefore, b > 2 is the correct answer.

When angles A and B are acute and angle C is
either acule, obluse, or right, triangles ABE
and CBD are similar. Since AB, CD, and AE
are known, CB can be found. Now, by applying
the Pythagorean theorem to triangle CBD, where
CB and CD are known, we can find DB.

When angle A Is obtuse the same analysis
holds.

When angle B is obtuse, triangles ABE and
ADC are similar. From this fact and the given
lengths, CA can be found. Next AD can be found
with the aid of the Pythagorean theorem. Finally,

B = AD -

When elther angle A or angle B is right, the
problem Is trivial. In the former case DB = AB
in the latter, DB = 0.

Since i represents the fractional part of the job

done in 1 hour when the three machines operate
together, and so forth,

SR TP i
x+6 x+1 x+x'x°r'm0“5‘ml’3"
1 1 1

x+6'xe1"2:2"0

So2alx+ 1) 4 2x(x+6) - (x+B)(x+1)=0
L3P Tx =620, x=F ,

B

=4t e (8- P AN\
16r = B0 4[8-rO

r=5 /

D C

Transform the expression 8x — 3x% into

(b5l 2030 )

(E)

28. (D)

29. (A)

30. (D)

31. (C)

32. (E)

The maximum value of this last expression
2
occurs when the term - 3(:: - %) is zero.

Therefore, the maximum value of 8x - 3x® is %

ar

Let y = -3x® + 8x. When graphed this equation
represents a parabola with a highest point at
(3, ). Therefore, the maximum value of

- 3x* + 8x is 2.

The correctness of rule (1) is obvious. To
establish rule (2) take three numbers n;, na. n,
such that m; > nz > ns. First select the larger
of nz and ny, which is ng; then select the larger
of n; and nz, which is n;. We thus obtain n, from
the left side of the rule. From the right side of
the rule we also obtain n, as follows: First
select the larger of n, and nz, which is n,, then
select the larger of m, and ny, which is n,.

For rule 3 we proceed as [ollows: For the
left side we first select the larger of ng and ns
(this is np). then select the smaller of n, and nz
(this 15 ag.in nz), For the right sude, select the
smaller of n- and ng (this is n;' hen seleat the
smaller of n, and ny (thiz is ny), and. finally,
select the larger of nz and ny (this is ng).

Take logarithms of both sides to the base 10.
(logyox) (log,ex) = 3 logyex = log, 4100 or
(log;ox)* = 3 logex + 2= 0

Solve this equation as a quadaratic
letting ¥ = log,ox.

Y -3y +2=0,y=20r1 .. g
Jox =107 = 100 or x = 10" = 10

squatic |

2url

; 1
<3+—=

2x* +x<ﬁx+—<3x Tl

+ .
2 ?
49
(o i) <s, e

1
X‘;}—z

ml"'

: ey |
,that ls.xi-:’-(z and

.'Jt(.'%andx)-l.

Form I. Since ~ (pA g) =~ pVv ~ q, statements
(2), (3), and (4) are each correct.

Form II. The negation of the statement '‘p and
q are both true'’ means that either p is true and
q is false, or p Is false and q Is true, or p is
false and q is false. Therefore, the statements
(2), (3), and (4) are each correct.

Let N and n, respectively, represent the
numbers of the sides of the two polygons. Then

(N-2)130 _3(n~ 2180 _n_
N T2 n 6-n
To find N we need try for n only the values

3, 4, 5(Why?) We thus obtain n=3, N=4; n=4.
N =8;n=5 N-=20, three pairs in all.

S N=

¢ 1 1 3
Since x;,, =x,+Eandx. =1, %= % t5=3.

= -g, and so forth with

Xy =Xz 45 =5, Xg=Xg +

(1N

LI
B3



33. (A)

34,

38.

(E}

. (B)

(c)

. (D)

n+1

The inequality 2 € Ix - 1| £ 5 means that,
when x = 1 is positive, thenx -1 £ 5 and

X = 1 = 2, and that, when x = 1 is negative,
thenx=12 -5 and x - 1 £ = 2, Solve each
of these four inequalities.

x<6and x=23or 3sx<6, and
x2dandxs-lor -4sxs-1

Since x = K*(* - 3x + 2), K*x* - x 3K*+ 1)
+2K* =0,

For x 1o be a real number the discriminant
must be greater than or equal to zero

S K'+ 6K% + 1 = 0. This is true for all values
of K.

During the interval the large hand has moved
220 + x degrees while the small hand has moved
x degrees.

Vo220 +x=12x, x =20
.. the Interval equals §§ x 60 = 40 (minutes)

After

Before

(x=-8(x-10=2", x*=18x+80-2"=0
z— -
_18 £ ¥(18) 24(80 2" _ 9:V1 727

K

For x to be an integer, 1 + 2' must be the
square of an integer. This ls true only for
y=3,andfory=3,x=12or 6.

There are, therefore, two solutions, namely,
(12, 3) and (8. 3).
Letl x be the common length of AE and AF
Area (EGC) =3 (1 = x) (1)

Area (DFEG) = x [(—1;;];1]= x (1 - ’—2‘)

. Area (CDFE) =3 (1 + x - x)
(el

2
1
2
.5._.1.( -l)‘
82 32

The maximum value of this expression is g
See problem 26.

>
E
™
=

38. (B) Let N be the original population. Then N = x?,
N+100=y*+1, and N + 200 = 2%,

Subtract the first equation from the second to
obtain 100 =y* = x*+ 1 or y* - x* =09
Soly+x){y-x)=99+1 or 33-3 or 119,
Tryy+x=99and y - x = 1; to satisfy these
equations y = 50, x = 49. .. N = 49* = 2401, a
multiple of 7. Furthermore, N + 100 = 2501
=50+ 1 and N + 200 = 2601 = 51°.

With either of the other two sets of factors you
obtain a value of N which satisfies the first and
second conditions of the problem, but not the
third.

39. (C) Figure ADBG is a parallelogram, so that
AD =GB = 4 and triangle ADM = triangle BGM
Area 4 ADG = area & AMG + area A MGB

=area A ABG = % area A ABC

LV =B 0B -0+ D - D),

15=(0-x)(x*~- 1), x* - 10 +24 =0
x*=4or 6, x=2 or V6. The value x = 2 makes
CM = 6 and must be rejected since the given
triangle is scalene. .. CM = 3V6.

40, (B) Write the given series as:

1.1 .1 1
nrictio it
1 1 1
+W+TU1'IW+”'

1 1
ettt and so forth,

Let s, be the limiting sum of the first-row
series, s;, that of the second-row series, and

so forth.
1 _1} P
o B0 o oo B o HF e L o101,
5 l_i-gysz-l_l—goaﬁs-l _1'90
10 i0 T 10
and so forth.

Therefore, the required limiting sum equals

11 _
*otsoo T 1781

U= B
(=]
L=
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Note: The letter following the problem number refers to the correct choice of the five listed in the
examination.

1. (D) Since —=
X+

zero when x = -1, any point whose abscissa is —1, such as {(-1,1) can not be on the graph.

lis not defined when the denominator is zero, and since the denominator x + | equals

2. (A) n=2-(-20"""P =2-(-2)"=2-16=-14

3. (E) Since — =x-1,x*-1=1.2%=2,x=++2or -2
x+1

20

4. (D) For x* = 3x + k to have two equal roots, the discriminant 9 + 4k must equal zero. .~ k = -

5. (E) Choices (A), (B), and (D) must be rejected since the logarithm of a negative real number is not
defined (on this level of mathematical study). Choice (C) must be rejected since log 1 = 0. Choice
(E) is the correct one since log x for 0< x < 1 exists, and is a negative real number.
or
Since it is given that logiox < 0, then x < 10°(=1). This result, together with the fact that {on this
level) log x is defined only for x>0, leads to choice (E).

6. (B) BC is the median to the hypotenuse AD, and is, therefore, equal to one-half the hypotenuse.
- AB = BC = AC, and, consequently, the magnitude of angle DAB is 60°.

7. (A) Two lines are perpendicular when the product of their slopes is —1. Since the slopes are, respec-
tively, 3, -2, -}, -1, and, since (}) (-3) = -1, lines (1) and (4) are perpendicular,
or
Two lines, a;x + by = ¢; and a;x * by = ¢,. are perpendicular if a,a; * bybz = 0. In (1) a, = -2,
=3and in (4 a; = 3. bz = 2, so that a;a2 + bybz = -6 + 6 = 0.

8. (D

1260x = (2:2-3-3-5-7)x. For the smallest integer cube the exponent of each different prime fac-
tor must be 3. Therefore, x = 2-3.5%. 7% = 7350.

7
9. (C) ( __I') =a’=7a'V? . 21a'-21a¥%+ 352 - 212"V 4 T2t - 52

Vi
or
(r+ 1th term = (:‘:)aT ( W 2) : ‘(:)ahl- " Weneeda' '"*/?=a"V? 7- 3_; =-4,r=5
.~ Bth term =': g g at(—a)™*? = —21a"V2.
d d a-d
10. (B) (g)a¢(a_d)l=d:.d=5a/8 Y

11. (B} Since the arithmetic mean of the 50 numbers is 38, the total of the 50 numbers is 50 x 38 = 1900,
Removing the two numbers 45 and 55 leaves 48 numbers with a total of 1800, Therefore, the new
arithmetic mean = %9 =37.5

or
a +az+...+ a5+ 100=50-38=50(36 - 2) =50-36+50-2.
50-36

LB vAz+---+ a6 =5036=48 A M.(new). . A M.(new) = = T 37.5

12. (E) The sum of the x-coordinates of P and R equals the sum of the x-coordinates of @ and S, and,
similarly, for the y-coordinates. X+ 1=6 x=5andy-5=-1,y=4 - x+y=9
or
Let S, be the x-coordinate of S and S, the y-coordinate of S, and, similarly, for P, Q, and R.
Then, by congruent triangles. Q, -R,= P, -8,,1-9 = -3-5,, §,=5. Similarly §, = 4.
~8,+8,=9



13. (E) Suppose one of a, b, ¢, d is a negative integer, say d; then, we have 2" + 2 -3° = 379, an im-

14.

15.

16.

17.

18.

16.

20.

21.

22,

23.

(a)

(C)

(c)

(a)

(a)

(B)

(D)

(E}

(D)

(B}

possibility since the left side is an integer while the right side is a non-integer. Similar reason-
ing shows that no two, and no three, of the exponents can be negative integers.

If all four are negative integers, then we may write 51; . % = 3—1¢ + 513 with a, b, ¢, d positive
integers. Then M = M
Rers- 2.2 © ¥4

I a< b, divide the numerator and the denominator of the left fraction by 2% and obtain
24 1(=N) _ F+F(=Ny)
(=D, F F 3= Dy’ or, equivalently, N,D; = N;D,. But N, is odd, D; is odd, N,D; is odd,

N3 is even, D, is even, N;D, is even—a contradiction.

I b < a, use instead the divisor 2, and prove that the same contradiction arises.

If b = a, the left fraction can be reduced to 2_—‘_” and, again, the same contradiction arises.

Let the roots of the {irst equation be r and s. Thenr «+ s = - k and rs = 6. Then, for the second

equation, r + 5+ 8+ 5=kand(r+5)(s+5) =6 ~rs+5(r+s)+25=6,6+5-k)+25=6,k=5.
or

Let r be one of the roots of the first equation; then r + 5 is the associated root of the second equa-

tion. . {r+ 5=k(r+5)+6=0,r*+(10-k)r + 31 -5k = 0. But r satisfies the first equation so

that r? + kr + 6 =0, .~ 10~k = k and 31 - 5k = 6, Each of these equations leads to the result k = 5.

Let 8, s, r, respectively, represent the magnitudes of a side of the equilateral triangle, a side of
the square, and a radius of the circle. Since § = 2rv3 and s = rv2, the area of the triangle is

(2!‘\'@)%’% = 3/3p? J3)2 (= ]
S (= 3v3r? and the area of the square is (rv2)? (= 2r®). The required ratio is, therefore,
3V3:2,

Since a, b, c are in A.P., 2b =a +¢. Sincea + 1, b, ¢ are in G.P., b* = ¢(a + 1). Similarly,
bl=alc+2). nc=2,a=Fb,b*=2b*+4b b=12

To avoid division by zero, y # a and y # = a. With these values excluded we may simplify the
fraction by multiplying numerator and denominator by (a + y) (a - y), obtaining

al-aysay ey’ atey?

ay -y -at-ay -(aeyd) =3

Triangle EFA is a right triangle (since EF is a diameter) with angle E as one of its acute angles.
Triangle EUM is a right triangle with angle E as one of its acute angles. Therefore, triangle
EFA ~ triangle EMU.

’
49 + n{n 50) 2. .ns 210

Let h = number of hours in which they meet. Then§h+Lh[2-8 «(h-1)%] =176,
h? + 30h - 304 = 0, h = 8. The meeting point is, therefore. 36 miles from R and 40 miles from S,
so that x = 4,

xleyl-2?+2yz e x+ey-—22x’-(y'-2yz+ 2 e x v y-z=x-(y-2z) '+ x+y-2
={x+y-zllx-y+z)+xry-z=(xsy-2)(x-y+z+1)

The magnitude of angle BOE is 156°. Therefore, the magnitude of angle OBE = 3(180°-156°) = 12°.
Since the magnitude of angle BAC = 36°, the required ratio is 33 or §.
H a, b, ¢, respectively, represent the initial amounts of A, B, C, then the given conditions lead to

the following:

After Transaction A has B has C has
1 a-b=-¢ 2b 2c
o 2ta-b-¢) 2b-(a-b-¢)-2¢ 4c
{(=3b-a-c) 4c-2la-b-c)-(3b-a-c)

11 4a-b-¢c) 2(3b-a-c) (=Tc-a=b)



24.

25.

26.

27.

28.

29.

30.

31.

(B)

(a)

(E)

(c

—

(D)

(c)

(c)

(D)

Consequently 4(a-b-c) = 16, 6b-2a~-2¢ = 16, Tc—a—b = 16. Solving this set of equations, you
obtaina =26,b=14,¢c =8

or
Working from the last condition to the first, we may set up the following table:
Amounts Step 4 Step 3 Step 2 Step 1
a 16 8 4 26 (required)
b 16 8 28 14
c 16 32 16 8
For real roots b®-4ac Z 0, or b®Z 4ac. Tabulating the possibilities, we have 19 in all as follows:
or
When ¢ is selected to be: 6|6|5]5laflalallals]all2]2]2]2ft]1]1]1]1
The possible values for b are: 5|6 5]6]la[5/6]|lals]6][3[as[s6l2{3]als5]6
The no. of possible values for b are: 2 2 3 3 4 I 5

ACDF =~ ACBE (CD = CB, angle DCF = angle BCE), . CF = CE.
Area (ACEF) = { CE-CF =% CE® = 200. . CE? = 400, _
Area (square) = CB® = 258, Since BE® = CE*~ CB* = 400 - 256 = 144, CE = 12.

The implication {p— q}— r is true when (i) the consequent, r, is true and the antecedent, p— q,
is either true or false, and (ii) the consequent is false and the antecedent is false.

The implication p— q is true when (i) the consequent, q, Is true and the antecedent, p, is either
true or false, and (i1) the consgquent is false and the antecedent is false.

In (1) p~ q is false and r is true so that (p— q)— r is true. In (2) p— q is true and r Is true, so
that (p— q)— r is true. In (3) p— q is false and r is false so that (p—g)—r is true. In (4) p— q
is true and r is true, so that (p— q)— r Is true,

Let | be the number of lines and r, the number of regions. It is not too difficult to discover the
rulethat r=L1(l+ 1)+ 1, Forl=6,r= L+6:7+1 =22 Hint: (1) for one line there are two re-
gions, that is, one more than the number of lines; (2) note what happens to the regions when'a
line is added.

The product of two numbers whose sum is a fixed quantity is maximized when each of the num-
bers is one-half the sum. Since the sum of the roots is }, the maximum product, §, is obtained
when each of the roots is 2. Therefore, k/3 = §, so that k = §.

or
Solving the given equation for k/3 (the product of the roots), we have k/3 = yx-x* =5 - (% - %,
The right side of this equation is a maximum when x = }, so that k/3 is a maximum when x = .
~k/3(max) =% -} -2=% .kimax) =%

ar
The product of the roots is k/3. We seek the largest possible k consistent with real roots. For
real roots 16-12 k2 0, so that 4 & k. Hence, the desired k = 4.

The abscissa of the maximum (or minimum) point on the parabola ax? + bx + ¢ is =b/2a. For the
given parabola 160t — 16t?, -b/2a = -160/-32 = 5, and the value of s when t = 5 is 400.

or
Since s = 160t - 16t%, s = 400 - 400 + 160t - 16t* = 400 = 16(5 - t). The right side of this equation is
a2 maximum when 5-t = 0. Therefore, s{max) = 400.

+3x-x’
1+3xz _ L+3x+3x%+x" _ (Lex) _f1+x
_3x+x?  1-3x+3x-x* (1-xP \1-x
1+ 3x2

3
Flnew) = log (LL;—‘) =3 log

3
Since ) , we have

1

1+x
1-x

= = 3F(original)

Solving 2x + 3y = 763 for x, we have x = 16—3-31 . Since x is a positive integer, 763 — 3y must be a
positive even number, so that y must be a itive odd integer, such that 3y = 763. There are 254
multiples of 3 less than 763, half of which are even multiples and half, odd multiples. Therefore,
there are 127 possible solutions to the given equation under the stated conditions.




32. (A) From the given conditions we have (1) 3(x + y) =a + b and (2) 3 x y = ab. Divide equation (2) by

a3.

34,

36.

37.

(A)

(B)

(B)

(c)

(D)

equation (1); T + i = % s, This is impossible since both x and y are less than a and less than b.

There are two possibilities, L, and L;. The
methods for finding the equation of L; are
similar to the methods for finding the equa-
tion of L, shown here: Since L, is parallel to
the line y = 3x + 6, its equation is y =3x 4 b,
where b, the y-intercept, is lo be determined.

2 AB AB _ o
Since AABC ~ aADAO, D [?5’ 50 that 10-°

and AB = 5. Hence, b = 1 and the equation of L,

0
isy==%3x+1 /D(-sy oI x

or
Let d; be the distance from the origin to L, and let d; be the distance from the origin to the given
line. Then dy = %2 andd, = 3. dy=d =3~ =4,andb= 1.

Consider the triangle ABC where a = Y3, b= /3, and ¢ = 3, and CD is the

= l ’z 1.
f\iitud%toﬁB #BD=1%and AD = 1}. Then CD* =3 - (} $ and 4 5

= 5. 4B LA= 30" and <C = 120°. Since side c Is given greater g A

than 3, £C exceeds 120°. (If two triangles have two sides of one equal to two D
sides of the other, and the third side of the first is greater than the third side
of the second, the included angle of the first is greater than the included angle of the second.)
or
a?+ p¥=g? 3 +3-c
2ab " 27373

where ¢?> 9. . cos C< -1, so that

c*=a’+b*-2abcos C,cos C =
LC > 120°,

x*-y?= (27 -x)*-(21 - y)®. Simplifying, we obtain 48-9 x + 7y = 0.

2Xx=5 %Y The smallest integer y that makes x an integer is y = 6, 5 ‘! 27-x
and, for this value, x = 10. Fory =15, x = 17, so that 27-x = 10. For cl
larger values of y, we obtain impossible triangles.

Let M, represent the number of cents at the start. Suppose the first bet results in a win; then the

amount at the end of the first bet is %9- + My = 3 M. Let M, = 3 M,. Suppose the second bet re-

; M
sults in a win; then the amount at the end of the second bet is —2‘-— + M = 3M, = (3)’Mo. Hence, a

win at any stage results in an amount % times the amount at hand at that stage.

If the first bet results in a loss, the amount at the end of the first bet |s — . Letm = Mo. Sup-
pose the second bet resuits in a loss, then the amount at the end of the second bet is ? = (§)’Mo.
Hence, a loss at any stage results in an amount '; times the amount at hand at that stage.

For three wins and three Iosaes in any order. the amount left is (})° (} P'M, = MD. Consequently,
the amount lost is M, - ?M.. = uMu Since M, = 64 cents, the amount lost is 37 cents.

Consider first a single segment P, P, in this case the point P can be selected anywhere in the
segment since, for any such selection.s = PP, + PP, = P,P,. Now consider the case of two seg-
ments with end-points Py, P,. Py the smallest value of s is obtained by choosing P to coincide
with P; since. for this selection, s = PP, + P,P, whereas, for any other selection, s > PyP; + P2Ps.

These two cases are typical, respectively. of odd numbers of segments (that is, even numbers of
points} and of even numbers of segments (that is. odd numbers of points). Since the given proble:a
is a T-point system, the selection of P should be at point P,.

For a 6-point systein the seiection of P is anywhere in segment P3P,



38. (E) LetBE =x,DG =y, AB = b. Smce ABEA ~ AGEC,

39. (D)

40. (C)

§-b_l' _ 8b _bix-8)
o PR S el x

24
Since AFDG ~ ABCG, —=>4 = b—L_y :

X +
24 _blx-8) _ X-8 x*_64=192, x =16

x+ 8 8b 8
X-=
X

Draw DR "AEQ:Q'%'%‘*::’

Note: Try to prove generally that ﬁl jore] * BT
3
4

N ﬁ RD
Since ARDP ~ AEAP, "BE - AB .
. == _ RP xAE 5.2 %8 .55 . RP
~RD = =5 _EtAr-:-:} EB. .RD = 3¢
L EB- %E_% RP=LPE,CP=4-1PE

*x+ 8 -"x-9 = 3. Cube both sides and obtain

x+9-3(x+9)¥ (x=-9)" ¢ 3(x + 9V (x~-9)¥ =x + 9 =27
Simplify t0 9 = =3(x + 9)2(x = 9)¥? [(x + 9)Y* = (x =9)"/*] = -3(x + 9)V*(x - 9)"/* 3

o (x*=81)Y*= -1, x* = 80.
or

Let f(x) = %¥x + 9 - %x—-9. We want to find x, s0 that f(x,) = 3. Since £(9) = VI8 < 3 and

£(8) = V7 + 1> 3, then 8< x, < 9. We refine our guess by trying next x, = 8%;
A8F< <8 o (8] <xP< 81, T8<x] <8l

1(85) = VITL + > 3.
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Note: The letter following the problem number refers to the correct choice of the five listed for that
problem in the 1964 examination.

1. (E) [logy (5 logge 100))? = [logye (5°2))2 = 12 = 1
2. (C)

17.

19.

20.

21.

. (B

- (D
. (A)
- (A)

. (B)

. (D)
. (E)}

- {A)

- (C)

-—

- {E)

(D)

(€

(A)

(B)

(D)

x? - 4y? (x4 2y) (X - 2y} = 0..x + 2y = 0 or x — 2y = 0. The graph of each equation is a straight
line, 8o that the correct answer is (C).
x—-v-'yzu = ;—; + 2u. Since ? zu ; x—-“yzu = Ju+ ; 80 that the remainder is v.

S . ) .P+Q P-Q _2x _2y x*-y?
Since P x+yand Q- x-y, P+ Q=2x, P- Q- 2y. “PCQTPrQ Iy %a Xy
Y1 y: .8 _y
i—: ;3 -3 :‘%- v ¥2 -16
The common ratio is 2x__; 2. g:—-:g = g.x #0, x =»=1
n2x ¢ 2= fx, x==4 . the 4th term is (- ))? = - 13
For equal roots the discriminant, p? — 4p = 0. This equation is setisfied for p=0 or p = 4, 80
that (C) is the correct answer.
We can re-write the equatlon as (x — }-} [(x - }) +(x = i—)l = 0
x-P@x-$-0x=Forx=}E Since} <, the correct answer is (C).
The cost of the article is 1x $24 = $21. A gain of 331% of the cost ia { x $21 = $7. The article
must, therefore, be sold fgr 21 + 7 = 28 (dollars). Let M be the marked price, in dollars.
M- 3:M =28 M = 35, o that the correct answer is (E).
For the square the side is s, the diagonal is 8 V2, and the area is s2.
~H8V2)h : 62 where h is the altitude to the base of the triangle. ..h = 8VZ
2¥ =gyt p¥yet) -y o3p43 37 %-9v=3Y . x_9=2y
The solution of the two linear equations is x=21,y=6 .x+y=27
To negate the statement ‘‘all members of a set have a given property’’ we write ‘‘some member
of the set does not have the given property’’. Therefore, the negation is: For some x, x 7 0, that
is, for some x, x? 5 0 et
B-n+(13-1)-17,r=2 13r
8-8-r:6 .,r:s=1:3 8.t

B-r 13-r
17
Let P be the amount paid for the 749 sheep. Therefore, the selling price per sheep is P/700, and
the complete profit is 49 x P/700, Therefore, the gain is gg_x__gﬂ_o_o X 100 = 7 (per cent).

Let the line cut the x-axis in (~a, 0) and the y-axis in (0, h). Then Lah =T and h = 2T/a. The
slope of the line is 2 = ?. Therelore, y = %x + % L2Tx -~ aly + 2aT =0

x’i:!xiz:{x*z}(xfni(x+4) (x+5)§0. I.l'x+2g0.x=4;ﬂx+1:0.::5;1(::44:0.

x=2;ifx+5:0, x=1, Additional values of x are, respectively, 10, 11, 8, 7, and so forth.

U x; = kxy and y; = kyy, k = 0, x;yy = 0, the points P, Q, R lle in a straight line through 6. Other-
wige, a parallelogram is formed with (x—‘% # the midpoint of diagonal PQ and

(51¥ Y1+ ¥2) ihe midpoint of diagonal OR (if the diagonals of a quadrilateral bisect each other,

the figure is a parallelogram).

When two equations have the same graph, one can be transformed into the other by multiplying by
a constant k = 0.
- 3kx + kby + kc = ex — 2y + 12, 8o that 3k = ¢, kb = -~ 2, ke = 12. The solution of these three equa-
tionsisc=6,b=~-lorc=—-6,b=1.
%X -3y=2 . )

X+ 3y=142 . x=52,y=232 . x_!!:::; = :g:z = ?
Since the expansion represents the bi):\ornlal for all values of x and y, it represents the binomial
for x =1 and y = 1. For these values of x and y each term in the expansion has the same value
as the numerical coefficient of the term. Therefore, the sum of the numerical coelficients of all
the terms in the expansion equals (1 - 2)!% = (- 1)"® = 1.

Let logy2 x = m and let log,z b = n. Then x = b?™ and b = x?",
sxImim o pIm aydmn oy c4mn=1 n= 4—:“—1

. 1. m=1 ..
..m‘m-l M E SXx=b



22. (C) Since DF = ;- DA, area (ADFE) = } area (ADEA). Since E {s the midpoint of DB, area (ADEA) =}
area (ADBA). Therefore, area (ADFE) = { -} area (ADBA) ..area(quad.ABEF)= } area (QDBIl
s.area (ADFE): area {(quad. ABEF) = 1:5.

23. (D) Let the numbers be represented by x and y. Then x + y = T(x — y) and xy = 24(x — y). Therefore,
8y = 6x and xy = 24X — 24y = 24x — 18x = 6x
~x(y — 6) = 0. The value x = 0 is not usable, 8o that y = 6. Since 6x = 8y, x =8 ., .xy = 48.

24, (A) y=(x - a)l +(x — b)? = 2[x? — (a + b)x] + a? + b?

ey a + b\? ) (a+b)'
¥ 2[x ta+h)x+(2)]+a=+b—2 3

2 2
.'.y=2[x—f‘2;b] +t_:_a__2—_b_) . Forytobeaminimumx=5%

b

or
The graph of y = 2x? ~ 2(a + b)x + a? + b? is a parabola concave up with respect to the x-axis. It

has a minimum point on the axis of symmetry, the equation of which is x = - _—2—(34;.’) , that is,
a+b
2

25. (B) Let the linear factors be x + ay + b and x + ¢y + d. When multiplied out and equated to the given
expression, we obtain these equations between the coefficlents: @a+c¢=3 @b+d=1
@ad+bc=m @®bd=-m @ac=0.
From equations @ and ® , either ¢ = 0,2 =3 or a = 0, ¢c = 3. With the first set of values equa-
tion ® becomes 3d = m. Substituting into equation ® , we have 3d = —bd. H d=0, m=0. If
d=0,b=-3. .d=4 and m = —12. The second set of values, a = 0, c = 3, yields the same
results because of the symmetry of the equations.

26. (C) From the given information the ratio of the distances covered by First, Second, and Third, in that
order, is 10:8:6. Since the speeds remain constant the ratio of the distances remains constant,
80 that, when Second completes an additional 2 miles, Third completes an additional 1-} miles

since % = %where x is the additional distance completed by Third. Therefore, when Second

completes 10 miles, Third completes 7} miles, that is, Second beats Third by 2} miles.
27.(E) When x 24, |x—4|+|x-38|=x-4+x-321

When x=3, [x - 4|+ |x-3]=4-x+3-x21

When 3<x<4,|x-4|+|x-3]=4-x+x-3=1

Since a > |[x — 4| + |x — 3|, then a > 1.

28. (D) Let a be the first term of the progression. Then %[a +(a+2n - 1)) =153, or n?+n(a-1)

- 153 = 0. Pairs of factors of —153 are —1, 153; 1, =153, -9, 17; 9, —17; -3, 51; 3, —51.
Therefore, the possible values of a — 1 are +152, =152, +8, —8, +48, — 48 and the possible
values of n are 1, 153, 9, 17, 3, and 51. The value n = 1 is rejected, sn that there are five per-
missaible values.

29. (E) ARFD ~ ARSF (an angle of one triangle equal to an angle of the other triangle and the including
sides in proportion).

.RS _SF E:lé‘ =6l
“RFE-RD' 5 + RS =64
or

by the law of cosines, 5* = 4 + 62 — 2-4-6 cos ZD
wcos /D = § = cos /RFS
RSP =524 (1h? — 27hysnl) . Rs-6}

30, (D) Let the roota be r and 8 with r 2 a.
g Yz + V32 + 8 (T+4V3) 3 _
sr—8= T .Si.nce?+4f§=(2+v’-3)’.r—s=2+J-ju6—3~’§
_ 5+ 3/5 1+ V5! 5-3J§1—J§)"*’ 5+ 3V5(1+ VY-t
AN. (B fin+1)-1fin-1) = 3 ( 3 + 3 ( 3 - _2(—2-—)

5 -235(1 = Jﬂ-“'

5+ 35(1+V5yY[1+5 2 5-3/5(1-V5y[1-V5 2
2fme 1) —fn -1y = 22 (*2f)“[ S5 _ 2, ] 2 { > )‘[ - ‘1-«5]
,—_f{n+1]_f(n_1)=¥§(1_*zﬁ)n “)+5_T_2.3j_3(1.:2.!’§)n (1) = f(n)

X =




32. (C) Since = , then

as.

3.

35,

36.

3

-3

as.

39.

40.

a+b _ec+d a+b _b+te
b+ec d+a c+d d+a

,a+b+c+d _atbictd

. c+d a+d M D

If a+b+c+d=0, then a may or may not equal c, 8o that the correct choice is (C).

a+bh B
|:+1:l"1*|:l-*avl

and

+c+d=0, then a=c,

D C
(By 16 = ct=9 -4 = 3 P 57c
25 —cl=x-d® .x?-9=9 .x=3/2 d e
or A B

Since x depends only upon the posmon of P we may consider the special case where P is on
side DA. We then have x? — 9 = 52 — 42, x2= 18, x = 3/2
(C) 8=1+2i+3i%+,.,+(n+1)i"

is = i+ 2i¥+ ... +ni%+ (n+1)i""!
s{l—i)—-1+1+i”+...+i“—(n+1]i“"
s(l = i) = & (n+1i"*' =1 - (n + 1)i gince i” = 1

1-1i

8= -—l—(n_—{‘ll- :1: =1(n+2-ni

or
B=1+312+5i4+ T8+ ...+ (n+1)i"+2{+4i3+ ... +nir!
8=(1-N+(5=-TN+...n==(0=1)+n+1+i[(2-4)+(6-8)+...+(n—2~n)

8= F(-2+n+1+2(-2i=1m+2-ni)

(B) 142 — q* =132 - p?, 27T=q? - p%, 15=q+p .q=%,p=
132 - r?=152-g?, 66 =82 —r?, 14=8g+r .8=9,r=5
AD?= 132 - 82, m=1z.m;13=_(!§13.1§£‘=§1
AHDB ~ AHEA ..t;=5=1 s
Since r=5, p= -"’-u %l 12—t= m ‘ B

"m Iz-t-!{-} +HD:HA = 435:95T=5: 11

C

(E) Consider position I: £C (60°) is measured by
+ TN: 80 that MTR = 60°. In any other
ition, such as II, /C is still measured by

'+ TN. Since ZC remains unchanged at n M “
g h t 60°,
60°, MTN remains unchanged a w1+ X .

=

A T B A T B

. (D) We first prove that the A.M., l% is greater than the G.M., v"_ b > a.

b-a>o0, b’—2ab+a3>0 bt + 2ab + a? > dab, b+ a >2/ab, 222 5 /3.
Wi e Vab-a, 2525 Va (VB - VE)
- a)? - a)?
."%3-)— >a(b+a-=2/ab) _._(I)TaaL>b;_a — Yab, that is, the difference of the A.M. and the

2
G.M. is leas than {b—2a)

Ba °

(D) lﬁ-ly—X)Lt')’-x’ cly=x2-xt=8 .

=(p=al=Ta t¥+,): sy Xt - gy ~x)=—33
.,v - 2xy = —andzxy '_v--}y

By the law of cosines, (L)‘ +yt—2-L.ycos /PMQ= 16 and (D)? + y? - 2}y cos (180° - ZPMQ)
. (f}z+y’+7ycos LPMQ = 49 .'.T+2y = 65, y__ 2y =9

{A) The length of each of the lines through P must be less than the length of the larger of the two
sides of the triangle adjacent to the line through P. To see this let BB’ be fixed and allow point P
to take a position very close to B’. Then A’ takes a position very close to C so that AA’ is very
nearly equal to b, but less than b. Simtlarly. CC’ remains smaller than a and BB’ remains
smaller than a for all interior positions of P

#AA’+BB'+TC'<b+a+a .8<2a+h.

(A) First we note that the number of minutes in a day is 24 x 60 = 1440, while the number of minutes
as recorded by the watch in a day is 24 less or 1437}, so that the correction factor for this watch
is 1440/14377 or, more simply, 576/575.
Designate a minute recorded according to the watch as a “‘watch-minute’’ and a da{ recorded by
the watch as a “*watch-day.’’ Since the time mterval given is 5%— watch-days, or 5% x 24 X 60
watch-minutes, we have 55 x 24 X 60 + n= 55 x 24 x 60 x S . n - 14060 (3§ & 1) = 144.
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Note: The letter following the problem number refers to the correct choice of the five listed for that problem
in the 1965 examination.

1. (C) 229 T=*S = 1 =20 - 2x?_ 7x+ 5= 0; the solution set of this equation has two members.

2, (D) Let r be the magnitude of the radius of the circle; then the length of a side of the hexagon is r and the
length of the shorter arc intercepted by Lhe side is 2r1/6. The required ratio is r:(2xr/6) or 3:7.

3. (B) 8171 = g1 M = Ei]] = % Query: Is there another permissible value not listed in the five choices?

4. (C) Let ], be the set of points such that each point is equidistant from |, and l;. Designate the distance by
d. Let lg and lg be the set of points at the distance d from I (5 and 1 are parallel to l;) The inter-
section set of 1, lg, and lg, containing two points, is the required set of points

36 36 36/10 _ 36 _ 4

5. (A) 0.363636.,.= 0 ft T 11710 S 580 1T 50 that the correct answer is {A).
o 364
Let F=0.363636. .. 100F = 36.363636. . . 99F = 36 F= 11

6. (B) Since 10!98.,% = 8x + 5, (log 9 (log;yl0) = log4(8x + 5) .. 9=8x+5 . x=1/2

7. (E} Let the roots be r and s; thenr + s = —b/a and rs = ¢/a
.1, 1 _r+s_=bla_

T b/e, ¢ 20, a =0

Let 5 be the length of the required segment; then s?/18% = 2/3 so that s = 6v6 (the areas of two simi-

lar triangles are to each other as the squares of corresponding sides).

8. (A

9, (E) y=x?—8x+C=x?—8x+ 16+ C —16 = (x —4)? + C — 16 (a parabola). For its vertex to be on the
x-axis, its coordinates must be (4,0) so that C must have the value 16.

o 2 _ 2 & 1. o B (E)z
10. (A) ¥ —x—6<0, xt—x<86, x x+4<a+4.( 2)<2

.‘.|x—%|<%0r—%< x—%ﬂé, that is —2<x <3

or
x2—x—6<0, {(x—3)(x+2) <0. This inequality is satisfied if x ~3 < 0and x+ 2 >0orifx-3 >0
and x + 2 < 0. The first set of inequalities implies — 2 < x < 3; the second set is impossible to satisfy.

11. (B) V=4 =2V=1, ¥=16 = 4¥=1 . (V=9)(v=16) = 8(—1) = —8 but Y(—4)(-16) = V64 = 8

.. Statement I is incorrect.
12. (D) Since ABDE ~ ABAC, s/6 = (12 —s5)/12, s = 4

13. (E) Let the line 5y — 3x = 15 intersect the circle x + y? = 16 in points R and S.
All the points on segment RS (which is a chord of the circle) satisfy the
given system, so that the correct answer is (E).

14. (A) {(x —2xy + y9T = {(x = y))7 = (x = y)™. By setting x = y = 1 in the expansion
of thiz binomial we obtain the sum s of the integer coefficients. Con-
sequently s = (1 — 1) = zero

15. (B) 52,=5b + 2, 25, = 2b + 5 Since 52, = 2(25,), 5b+ 2=2(2b+5) . b= 8

16. (C) Draw AE and the altitude FG to the base DE of triangle DEF. Since F is the
intersection point of the medians of triangle ACE, FD =4 AD.
S FG=4AC =-§ "30=10 . area(ADEF)=% -15-10=75

17. (E) The given statecment may be rephrased as “If the picnic on Sunday is not
held, then the weather is not fair."" Its contrapositive is '*If the weather
is fair, then the picnic is held on Sunday.’” This is statement (E}

2 H

18. (B) Since g _i 1 1-y+ T{_y' the error in using the approximation 1 —y is -Ll =
The ratio of th to th t value is, theref B WV U B

e ratio o € error o e correct value 15, erelore, I+ Y 1+ y =¥

19. (C) Let xt+ ax® + 6px? + dgx+r=(x+ a3+ 3x2 + 9x + ) =xf + (a + Ix? + (Ba+ Nx? + (%a + 3)x + 3a.
Equating the coefficients of like powers of x, we havea=1,p=2,g =3, r = 3 so that (p + g)r
={2+3)(3 =15

or
Divide x4 + 4x + 6px? + 4qx + r by X + 3x? + 9x + 3; the quotient is x + 1 and the remainder is the
second-degree polynomial {6p — 12)x? + (4g — 12)x + r — 3. This remainder equals zero since the
division is exact. Thereforep=2,¢g=3, r=3and (p+q)r=15

20. (C) The rth term equals S, —=S,.,and S, = 2r + 3rf and §,_; = 2{r = 1) + 3r— D2 =3rl —dr + 1

.. the rth term equals 6r — 1
or



21.

22,

23.

24.

25.

26,

27,

28,

29,

30.

31.

(D)

(A

—

(D

=

(E)

(D]

=

(E)

(A)

(B)

(A)

(B)

[{e)]

Let the rth term be u,; then S, = ;{n +u)=2r+3r! Latu =4+6r
Buta=8,-2"1+3-1%=5 " u =44+46r-5=6r-1
ar

a=8/=528=16 . u=8-8=I1Lbutu=a+td .d=§
La=a+t{r=Dd=5+{r=1(6) =6r-1

2 x? +3 3 ’ _— 3
log (x* + 3) — 2 logyy X = 108 TR logg, 11 # w2/ For a sufficiently large value of x, o may be
made less than a specified positive number N and so logyy |1 + :?) may be made less than the specified
positive number logy (1 + N). Challenge: If, in the problem, the condition x > § were given instead of
X > §— » show that then {B) would also be an acceptuble answer.

a;x’*a|x+a.n=az(x2r;;:1x-?)ﬂ:’l;(x’—(r*s)x+rs]
ot

= ay{r — x}{s — x) = ayrs (l - %)(1 - ’;‘} rs *0 Since vs =f1l—; and rs # 0 and a3 # 0, then ay = 0

" apk b oagx g = a,(;:.)(l -5 - ’5—‘) = ap (1- ?) (- ;—‘)for all values of x provided ag = 0

Since |x — 2[< 0.01, |x?—4|= |[x=2|[x + 2|. But [x + 2| = |x| + 2<2.01+2=4.01,

since |[x —2[< 0.01 implies that x < 2,01 .. |x* — 4] < {.01)(4.01) = .0401
or
|x —2| < 0.01 implies 1.99 < x =2.01 .. 3.9599 < 3.9601 < x? < 4.0401
S.o— 0401 < x% — 4 < .0401, that is, |x* — 4| < .0401
2

Let P = 1041 . 10%11. + - 1001 = 10¢ where s = S22t Re L Jnne )

2
For P > 100000, 10% > 105, that is, s > § “2% >5, 004 n=110> 0, (n+ 11)(n - 10) > 0, n > 10
Since CB is the median to the hypotenuse AE of right triangle AEC, =
CB=14% AE = AB D
From the given information m = ELPL%_J'_QJ.E. 2k=a+b 3l =ctd+e
a.ndp=k;l .'.m=2k5;3| Ifm=p.-“‘—-§—-3—l=k;|sothall=k: ; .

1

if m>p, thenl >k; if m < p, then 1 < k. A B E

Since, for random selections of a, b, ¢, d, e, it is possible for | to equal, to be greater than, or to be
less than k, so it follows that m can be equal, ean be greater than, or can be less than p,

Since y? + my + 2 = (y — 1) f (y) + Ry is true for all values of y, we have, letting y = 1,3 + m
Similarly, since y* + my + 2 = (y + 1) gly) + R, is true for all values of y, we have, letting v
3-m=H, SinceRy=R, 3+m=3-m. ..m=0.

R

.

Let the time needed for a full step, at any given level of the escalator, to reach the next level, be
designated as unit time. Then Z's time to travel the escalator may be represented as 1 + k1 where
k is the number of escalator steps covered by Z in unit time. Similarly A's time may be represented
as 1 + 2k - 1.

Since the rates of A and 2 are inversely proportional to their negotiated number of steps,

n n . T .
T+ T+FE- 18:27 so that k = 1. Setting i -:-12_E = 18, we have % =18, n = 54, Alternatively, we set

LS
2

Let ny (n; £ 0) represent the number of students taking Mathematics and English only. Letn, (n, >0,
n, even) represent the number of students taking all three subjects.

From the given information we have, then, ny + n + 5ny + ny + 6 = 28, that is, n, + dny = 11. Under the
restrictions given in the problem, this equation is satisfied only by n, =2 andn, = 5§

L A= BCD (Why?), DF = CF (Why?) ..ZDCF =/ CDF B

£ BCD=90° —/ DCF, L FDA = 90° — £ CDF

;. LFDA=/BCD=4A . .DF=FA = CF, that is, DF bisects CA.

n_ _ F _ -
T+%° 27 and obtain 5 = 27. n = 54.

Also LCFD=/FDA+/ A=24 A. E
The given information is, therefore, sufficient to prove choices (A), (C), (D), and
(E). Eor choice (B) to be true, segments CD and AD would have to be equal, but D

such equality can not hold for all possible positions of point D.

Letlog,x=y .x=a¥ .log,x=Ilogya¥ =y log,a C F
{{logax){logl,x) = Iogib} implies {y -ylogya = log,b}
Since logpa = 1/log b, ¥2 = (log,b)?, y = log,b or y = —log,b
slog,x =logborlog,x=log,b? Sx=borx=bl=1/b
or
Letlogpyx =y .x=b¥ . (log,b¥)(logyb¥) = log,b
ty log b}y logyb) = log,b, y* log,b=log,b .~y*=1 . y=lory=—-1 . x=borx=b"!

or



32. (C)

33. (D)

34. (B)

35. (D)

36. (E)

37. (C)

38, (E}

35. (B)

40. (D)

{logy,x) (log ,x) = log ;x Clogyx) log,b ..x!9Bpx=b
So(logpx)ilogyx) =logyb =1 logpx=lorlogyx=-1 ., x=hborx= bt

100=C—-x, C=100+x

. 1_ 10 _ x 10
LB ECHIg=100+ x4 4 ~100+m(100+x+T)
. x? X 10 _ —_——
..m+g—6——§-—0 Jox=10
150=10%3-14-13-12-11-9-8-7-6-3:2-1)and 151 = 12615 -14-13-11-5-7 - 5)
~k=3andh=5 ‘~k+h=38

_4x?+ Bx + 13
Lety= gz
D = 36(y? — 4). Since x 2 0, D must be non-negative.

~.y £ 2, that is, the minimum value of the given fraction is 2.

2. 4x? + (8 — 6y) x # 13 — 6y = 0, a quadratic equation in x with discriminant

or

_4xt+ Bx+ 13 _2(x+ 1) 3 1 :
Lety = SL+x) 3 tam+ T 8o that y is of the form N + N The minimum value of such
an expreasion occurs when N = %, that is, when M = 2(:* Ty in other words, when x = % With

this value of x, y = 2. . 5
Let EB = x: then AE =EC = 5 — x and DF = x, so that AG = x and GE = 5 — 2x x /
nwl= (V8)? - (5 —2x)t and, also, wi= (5 —x)? —x? .6 —25+ 20x —4x? w} & Y w
=25—-10x ..x=2andw= V5. The value x = 11/2 is réjected.

o
e
|
x

APyP,P, ~ AP,P{P . P3P, = bia, PP, = b'/a
AP PyP, ~ APyP,Py P Py:b¥/a = bl/a:b, PP, - bY/al -

Similarly PyPy = b%/a? and so forth. The limiting sum isa+b+— +
ab a?

ey S

Draw DGH || AB__ .. DG:3a =b:3b; DG - a =EA

;. EF = FG and AF = FD so that AF/FD=1 _

Also DH:4a = b:3b, DH = 4a/3and GH=- DR - DG =a/3
2 GC = L EC and EG = } EC, and, since EF = FG, FC = { EC
S EF/FC=} . EF/FC+AF/FD=}{ +1=}

% b
B

m-1-2/x .m+1 _ m-—1-2/x
T-n+2/x ~"n+1 1-n+2/x
OA=3+r, 0A=1+r,BA=13~-r.
Area (AOBA) = 2 Area (ABO'A)
Semiperimeter (AOBA) =} +r+1+4-1)=}
Semiperimeter (ABO'A) = 4(} ~r+4+1+1)=1}
SVEFO-nBhre=2HF M3 -7 ST7r=3r=}d=§= 86
or

Draw the altitude h from A to OB. We have, then
B+r-=F-n?-(1-y? t=2r—4 h?=3r-or
Since Area (AOAQY = }h+ § = VT + r)r){1){d), we have

3 6

9 9 3.1 3 0
l—gh’=ﬁ{3r—3r3)=zr+§rz Sr=xandd=x ; i r

A
Let P=x'+6x%+ 11x?+ 3x + 31 = (x2+ 3x + 1) - 3(x— 10) = y?
Soxt+3x +1)2 —y? = 3(x — 10). When x = 10, P = (x? + 3x + I)? 1-t 1.
= 1312 = y2. To prove that 10 is the only possible value we use the £ H

following lemma: If |N| > [M|, N, M integers, then N? — M? 2 2|N|-1
(This lemnma is easy to prove, try it)

Case I If x > 10, then 3(x —10) = (x? + 3x + I}¥ —y? Z 2[x? + 3x + 1| - 1, an impossibility

Case Il Ifx < 10, then 3(10 ~x) = y? — (x? + 3x + 1P Z 2|y| = 1 »2]x? + 3x + 1| — 1. This inequality
holds for the integers x = 2,1, 0, -1, -2, -3, —4, —5, —6, but none of these values makes P the
square of an integer.
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Note: The letter following the problem number refers to the correct choice of the five listed for that problem
in the 1966 examination.

2,

11.

12,

13.

14,

15,

ch
(E}

(1]

(B)

(A)

(c)

(A)

(B)

(A)

(E)

(c

(E)

(E)

(c)

(D)

3x-4=k(y+15), 6 -4=k(3+15) . k=1/9 . 3x—-4=1/9(12+15 =3,3x=7,x=7/3

Ko = %bh. K,= %{‘b +.1b)lh - .10} K, = %hh + ,05bh — .05bh — % (.01) bh= (1 — 01)K;. Therefore,

the change is a decrease of 1% of the original area.

+
Let r and s be the roots of the required equation, Since 6 = L 2 £, r +s =12 and since 10 = Vrs,
rs = 100, so that, in the required equation, the sum of the roots is 12 and the product of the roots is
100. Hence, x* — 12x + 100 = 0.
Let 8 be the length of a side of the square. The radius of circli% lis ‘;—s V2 and its area K, = %:s!.

The radius of circle 1l is 7 5 and its area K, = %xs’. AT = ?: =2

For x #0, x #5, the left side of the equation reduces to 2. L2=x =3, x5, butx=5is
unacceptable. The equation is, therefore, satisfied by no value of x.
Triangle ABC is a right triangle with hypotenuse AB = 5 inches and leg BC equal to a radius of the

circle, 3. We, therefore, have AC? = AB? - BC? = 25— % =15 ~AC = 523 (inches).

2 4

35x — 29 =Ny (x = 2) + Ny(x - 1) is an identity in x. Letting x =1 we find N, = —6 and letting x = 2
we find Ny =41,  N,N, = —246

From the diagram we have OP? =0A'— AP? =102 — 8, OP = 6

i i 8
O'P =0A?-AP!=172—8% O'P =15
~O00 =OP +0'P=6+15=21 A

3 b
log,8 =3 and log 2 = 3 .',x=(—3l-] ~logyx =3 logy 3 = AN
3(0—1)=-3 ‘P

or

Lety =log,8(=3) .2Y=8(=2") .ylogy2=loge8=1 B

}
. 1 R |
.‘loggz-; LAmE S meg =gy

y Y
Slogyx =~y logasy = —3(1) =—3

Let the numbers be x and y. Then x* +y? = (x + y)? — 3xylx *+ y)
sty =P o3 =—-2
or

Consider the equation 2° — Z + 1 = 0 with roots Z, 210 “E. Z, =1 ‘“’5,
The sum of these roots is 1 and their product is 1, so lhgt we may takez. for our numbers the

: Y~
numbers Z, and Z,. Therefore 2, + Z," = gl—"—{a— + -!-2‘—"!5) &

1+3iV3 +3i2-3+i2-3V8 +1-3iv3 +3if-3-13- 33 L -
8 8

Since the bisector of an angle of a triangle divides the opposite side into segments proportional
to the sides including the given angle, taken in the proper order, we have

10 - 3 3
—-;E =§E=T L4 =Ty x = 5%. 10 - x =4‘§ .~ The longer segment is 5?.

The given equation is equivalent to (2% " 3)(22/3x * ) = p304x+ 8
The left side of this equation equals 26** 3 . 26%* 12 = 3128+ 15 504 he right side is also equal to

2'¥%* 15, 50 that the given equality is an identity in x. It is,, therefore, satisfied by any real value
of x.

Since x +y £ 5.y £ 5 - x; for any rational value of x, 5 - x and, hence, y is rational,
or

Consider the graph of x +y £ 5; it is the half-plane below the line y

X +y =5, including the line x +y = 5. Since this half-plane

contains an infinite set of rational points (points with rational

coordinates), choice (E) is the correct one. 5

Xty=

The area of triangle ABC equals % -5-3= l—;’ . Since AE = EF = FC,

1

the area of triangle BEF equals 3 of the area of triangle ABC, that is,

> X

1,155 T

g 2. 3 \\
Sincex—y >x,y<0andsincex +y <y, x<0.

. Choice (D) is correct.



16. (B}
17. (C)
18. (A)
19. (B)
20. (C)
21, (E)
22, (A)
23, (4)
24, (B)
25. (D)
26. {C)
27. (A)

3 T 3

q» 22)( " _ . _ _
—2,—,,,=2,(—ﬂ.=2 Y=8=2% Lo X=¥y=3 .x=4,y=1

grx+y Jixs+ly

=32%3y=243=3" . 2x-3y=5 .xy=4

2
Both curves are ellipses with the centers at the origin. The first, :—3+{1§ =1,
has x-intercepts +1 and -1, and y-intercepts +21f and —%. The second,
- A )
17+ % =1, has x-intercepts +1 and -1, and y-intercepts +2 and 2. The number of
distinct points of intersection is 2.

s=3a+1) where a =2, 1 =29, and s =155 .-.155=;—(2+291=%‘1.n=10.
Butl=a +(n—1)d; sothat 29 =2 +9d,9d =27, d=3

8,=516 +@~1)4), 8, =534 +(n -1 2. Buts, =5, implies 3 (12 +4n) = 7(32 + 20)
12 +4n =32 + 2n, n = 10 so that choice (B) is correct.

To negate the proposition “p — q*, where p and q themselves are propositions, we form the prop-
osition “p and not-q®. In this case p is the proposition “a = 0 and q is the proposition ®ab = 0”.
The negation is, therefore, “a = 0 and ab = 0®, corresponding to “if a = 0, then ab = 0",

Let the measures of the angles at the n points be a;, 83, . . . , apand let

@, @y, . . . , a,be the measures of the interior angles of the polygon,
with an = @;. We have a; = 180 — (180 - a;) — (180 = ay) = o + oy — 180,
a2 =0y tay —180,. . . , 8=y + Oy~ 180. Summing, we have

ay tay+, , . ta, =20ty t, .., +a,) -n-180
£ 8=2((n-2)180) = n - 180 = 180(n — 4)
a
i i =gav-1, = i ’
I is satisfied when b = av—l, 1I is satisfied when b T a#1, and

Il and IV are both satisfied when b= 0 and a is chosen ;rbltrarily.
Therefore, (A is the correct choice.

We treat the equation as a quadratic equation in y for which the discriminant D = 16x? — 16(x + 8)=
16(x* —x — 6) = 16(x —3)(x + 2). For y to be real D Z 0. This inequality is satisfied when x = -2 or
-
23,

=y a1 1 2 = = - =
Let logyN = x; then logyM fogmN ~x' ™ x*=1,x=+lor-1. If x=1then M =N, but this
contradicts the given M # N, If x =-1,then N=M~' - MN=1

or
Let logyN =x =logyM . N=M*and M=N* . (M%*=N"=M
Axex=1 . x=1(rejected orx=-1 _ N=M"! . .NM=1

2F(n +1) = 2F(n) +1
2F(n} =2F(n - 1) +1

2F(2) = 2F(1) + 1
S 2Fin+1)=2F(1)+n-1
1

5 Fn +1) = F(1) +%n A F(101) =2+ 7 100 = 52
100 or
22 Fln+1)=2F(1) +100=2.2+100 =104 -~ F(101) = 52.
1

13x + 11 (mx — 1) =700, x(13 + 11m) = 711, x = {711 With m integral and x integral. It is

easy to see that m must be even. Try 2, 4, 6 in turn. Neither 2 nor 4 produce an integral x but for
m =6, we have x = 9. Since two straight lines can intersect in at most one point {these lines do not
coincide), m = 6 is the only possible value.

Let m (miles per hour} be the man’s rate in still water, and let ¢ (miles per hour) be the rate of the
current. Then

15 _ 15 15 15

m+e m-¢ ° M S Tom—%

15m - 15¢ = 15m + 15¢ —5m? + 5¢? and 30m —15c =30m + 15¢ — 4m? + ¢?
~—5m?+5¢? =-30¢c and —4m?+ ¢ =-30c
sm?-4c? =0, m=2, 3c'=6c. c=2

-1




28,

29,

30.

31.

az,

33.

34.

35,

36,

37,

38.

a9,

40.

{B)

(B

{D)

(D)

(B}

12)]

(B)

[(e]]

(E)

)

(D)

(E)

P d-e¢

_ _ a |b-a |
since 42 « BE, x=2 . x= B B TRE R
e e d) maa = -_ac-bd

Sxla=-b+c=d =ac=-bd x="p— g

The required number & is 999 — N;(5) — N,(7) + N3(35) where N,(5) is the number of multiples of 5,
namely 199, N,(7) is the number of multiples of 7, namely 142, and N(35) is the number of multiples
of 35, namely 28, . n = 999 - 199 — 142 + 28 = 686

1+2+3+r,=0, r=—6. Since —a represents the sum of the roots taken two at a time and ¢ repre-
sents the product of the roots, we have —a = -2 -3 +6—6 +12 + 18 = 25 and ¢ = (1){2){(3)(-6) = -38
na*tc==-256-36=-61
or C
Solve the system 1 +a+b+c=0 to obtaina =-25, b = 60, ¢ =-36.
l6+4a+2b+c=0 SLat+te=-61
81+9a +3b+c=0
Quadrilateral ABDC is inscriptible
. CD=BD, ,.CD=BD
LDCO=a + @, /DOC=a +f, ..OD=CD=EBD
Since M is the midpoint of AB, the area of triangle BMC =} the area of
triangle BAC. But the area of ABMC = the area of ABMD + the area of A
AMDC, and AMDC = AMDP in area (they have the same base MD and equal
altitudes to this base since MD I! PC). Therefore, in area ABMC = ABMD
+ AMDP = ABPD, .7 = 4- independent of the position of P between A and

M. Query; Is the theorem true when P is to the leftof A? £ D
alx - a)’(x = b} *+ blx = b)(x - a) =ab®(x — b) +a’blx - a)
alx —a) [(x = a){x = b} = ab) =-b(x =b}l(x ~a)x —b) —abl
o l(x —a){x —b) - ab)lax —a? + bx - b?] = 0. i 2
x?-(a+hjx=0or(a +b)x =a?+b? .'.x-O,x-a4b.orx=aa:|; A TR M B
. 11 1 11 1
r=u'ﬁ-asﬂ()whcretisgwenisnseconds ATy “5as0 " 3690 =7 * 5zgg * 3600 +5
8t -2t -3 =(4t-3(2+ D=0, t=3,r=10
OA +0OC > AC OB +0OC < AB * AC
OoC + OB > BC OC +0A < BC +AB
OB +0A > AB OA +0OB < AC + BC
25, > 8y 28,< 25y
s, > §8 iy
(l-x+xH)=a —ax+axi-ax*+. .. (Q+x+x)°mg +ax+axi+ap®+, ..
L2 tapt raat ... tagxIM E(l-x+x)P+ (1 +x +x)P
n

Letx =1 ~20@p+ay+... +85) =17 43" - 2s=1%43" .‘.s=3—21-1~
Let a, b, ¢ be the number of hours needed, respectively, by Alpha, Beta,and Gamma to do the job

i 1,1 ,1 1 __1 . - T
when working alone. Then = +¢ * = ==—% =y “ 73 “b=a-5and ¢ =2a-12
O T S N = 20. =
“atacstiace "a-% a 3.I.hevaluea 3 is rejected.

R DU ) (U

bmpAmieny SItEPRGHE S Y3

In area ACOM = ACOB =%-%MBC -%m\nc =ACQM +n -%cmac +n

% AABC =3 OABC +n

255 =% AABC  ~AABC = 24n

3R, +7_2R, +5 TR, +3 _5R, +2 3R, +7 _Ri-1_T7R, +3
=2 77 = = . = =

Fiea " R-1 2R R =1 3R, +5 R-1 5Rv2
ARy = 2%‘1{_2% Knowing that Ry and R, must each be integral, and that R, Z 8 (why?), we
solve for R, with permissible values of R,. For R, = 8, R, is not integral; for R; =9 or 10, R, is
not integral; for R, = 11, R, = §; for R, = 12, R; is not integral; for Ry = 13. R, = 9. The values
Ry = 13, R, = 9 do not satisfy the conditions of the problem; the values R, = 11, R, = 8 do.
LRy +Ry=19

x _AE _CD =—1_ 3 X_2 w2 _ daly? X . =Er o

22 " AC _ AC and BCz ; CD - CA an !; BC 50 that BC Bl Since 5o BC 5

Ch, i x . 42y _mR? 28 Bl ZEl x4yl - vi(2a —x) = x° W

AC cD CA‘?.a T CcD e CD*=AE " =x!+y ~yH2a-x) =x 2% RO
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Note: The letter following the problem number refers to the correct choice of the five listed for that problem
in the 1967 examination.

1. {0
2. (D)

3. (B)

4. (C)

5. (D)

6. (D)

7. (E)

8. (A)

9. (E)

10. (A)
11. (B)

12. (B)
13. (E)

14. (C)

Since 5b9 is divisible by 9, b =4 .. a+2=4,a=2,anda+b =6.
1 1 1 1
The given expression equals (x + ;) (y + ;) + (x - -i)(v - ?)
= Y,x,1 Yy _x,1_ 2
WY T XY e T Ny
or
Tl 4 x? 4 2 3 S S 2x2y? 4 2
The given expression equals 24+ X" *y" * 1 :yx Ll S i S -;"‘y 2 = oxy + 5
Let r be the radius; h, the altitude; and x, the side of the square.
i S l v l - 8\6 . it | ﬁ
r _E_h =3°3 sv3 =% J. Area (square) = x* = 2r s -
Since l_ogi =log x, a = xP, Similarly b =x9 and ¢ = x".
.b? _ x2 - b?
| —= = p=r, — =xY = - = r
s e Al Since, also,ac xY,y=2q-p-1r
Let the sides of the triangle, in inches, be a, b, and ¢. Then
1 1 1 _1 3 =2
K=gra+3rb +3rc=grP. . P/K = 1.
f(x + 1) — 1(x) =4%*1 - 4% = 4%(4 — 1) = 3.4 = 3f(x).
Iibd >0 then a <—t_:1c__ When — ¢ >0, Tc > 0, so that a is less than a positive quantity.
. a may be positive, zero, or negative.
m-0
—d00 m—10 . . _10m_ ;. solution is valid for m > 10. It. therefore, holds for m > 25.
m+x 100 m - 10
The shurter base, the altitude, and the longer base may be represented by a — d, a, and a +d,
respectively. .. K = %a(a —d +a+d)=al Since a? may be the square of an integer, a non-square
integer, the square of a rational fraction, a non-square rational fraction, or irrational, the correct
choice is (E).
a(10%+2) +B(10%~1)=2:10"+3  ~a+b=2and2a-b=3 ~a=Jandb=3 ~a-b-},
Let the dimensions be x and 10 — x and let the diagonal be d. Then d? = x? + (10 - x)? = 2x? — 20x + 100
=2(x? - 10x -:/25) +50 = 2(x — 5)? + 50. The least value of d? (and, hence, of d) occurs when x = 5.
- d (least) = ¥50,
or
The graph of 2x2 — 20x + 100 is a parabola with the low point (minimum) at vertex (5, 50).
. d? (least) = 50 and d (least) = V50.
or
Of all rectangles with a fixed perimeter the one with least diagonal is the square. Since the perimeter
is 20, the side of the square is 5, and, therefore, d = V50:
The area of the trapezoid thus formed is %(3)(:11 +4+4m+4)=7. . S5m=- ls- ym = — -g- .
The given parts are not independent since h.= a sin B. There is no triangle if h, < a sin B or
he >a sin B. When h. = a sin B, we are free to choose vertex A anywhere on BD, including right and
left extensions, where D is the foot of h_.
=X i R O NP e I
Since y [—x ¥y x and x 1+y o X gy f(-y).



15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

28.

27.

(D) Let T,, T, represent the larger, smaller areas, respectively. Since the triangles are similar and 3

is a side of the smaller triangle, we have

2 2
Trwk-. Ey o8 i,- = k?, k a positive integer .\ T, = ,1—; since T, is an integer, 18 must be
T, 3t T, 3 ; k? -1
divisible by k? — 1. Only k? = 4 is acceptable. .. %,. = 4and x = 6.
T, + 18 - or
Since —3—.1.: 1+ T, = k?, T, must equal 6 and k must equal 2. But K is the ratio of corresponding

2
sides. It follows that the side of the larger triangle corresponding to side 3 of the smaller triangle
is 6.

(B) Let P =(b+ 2)(b+ 5)(b+6) = 3146 (baseb) ..b¥+13b?+52b +60=3b7+b2+ 4b + 6,
.'.0=b-‘~6b3—24h~273ndb=9. Buts=(b+2)+(b+5 +(b+6) =3b+9+4
8=3:-9+9+4=4-9+ 4 =44 (baseb).
(A) Since ry and r, are real and distingt, p? - 32 >0 = [p| >4¥2. Butr;+ry=-p
'ﬂ"’!‘zl—lp ]r1+r,|>42
(B) Sincex’—5x+6 (x — 3){(x — 2) <0, we have 2 < x < 3. &nceP—x’+5x+6 then P <32+ 5.3 +
6=30and P >2¥+5-2+6 =20, that is, 20 < P < 30.
{E) If 1 and w represent the dimensions of the rectangle, then (1 + %)( - %) = (1 - -g-) (w + g) = lw
o | =% and w =—§. and the area is 20.
(A) The radius of ‘%e first circle is %m, the side of the second square is —\"_ the radius of the se;:ond
1{m mi? m
circle is E(T "‘3" and so forth. If § is the limiting value of S,,, then §= w(?) +7 (;"E) +
m |2 s emafliola 1 =rm?|L
r(T)-i' cee = M (4 84'161-...) Tm 3
R I e | adi S bl -
(B) Let BA; =x Wi —3,:«-2 and 4 - x 3 ..PR—4—x-2 andPQ—x-E.
P 2
:. APQR ~ ABAC, the ratio of the sides being1:2. In ABAC, AAs = 3% + (%) =¥‘
3vs ) _1.36 _35
. AAy -"—é—‘ But PPy: AA;=1:2 .. PPy =535 "1 -
(A) P=QD+RandQ=Q'D'+R’ .. P=Q'DD'+ R’'D + R, which means that when P is divided by DD’
the quotient is @’and the remainder is R + R'D.
632
(B) Logjz (6x—5)— logy(2x + 1) = log, 2x e log, ’; for x # 0. As x grows beyond all bounds,
. 2=
the last expression approaches log, g =logg3=1.
(A) 3x =501 — 5y. For x to be a positive integer —1 >0 .. 5y <501andy = 100.
Also x = 167 — y — —! for integral x, y must be a multiple of 3, that is, y = 3k. Since y =100,
k=12, ..., 33
or
In Number Theory it is shown that if x,,y, is one solution of 3x + 5y = 501, then other solutions are
X =x;— g—t. Y=y + gt where t is an integer and d is the greatest common divisor of 3 and 5, so
that, in this case, d =1. An obvious solution of the given equation is x = 167, y = 0. Therefore,
“other solutions are x = 167 — 5t, y =0 + 3t. Since x = 167 — 5t > {, t<1:7 sothatt=1, 2, ..., 33.
{A) Since p is odd and p > 1, then E(p —1)= 1. In every case one factor of (p — 1)%”'“— 1 will be
[(p — 1) = 1) = p — 2. The other choices are either possible only for special permissible values of p
or not possible for any permissible values of p.
(C) Since 21% = 1024 > 10® = 1000, 10 10g;,2 > 3 so that log,, 2 > f—OA Since 213 = 8192 < 10* = 10000,
13 logyy2 < 4 50 that 1ogy2 < ;&
{C) Lett represent the number of hours before 4 P. M. necessary to obtain the desired result. Then,

representing the original length by L, we have L — th =2 (L - EtL) or, more simply, 1 - —_—E =21~ Et)

Therefore, the candles should be lighted 1E hours after noon, that is,

=1 5

e

it
..t—2sand-i 25
at 1:36 P. M.



28. (E) The given hypotheses are satisfied by any one of these gix Venn diagramas:

1 2
M E
v : : v : :‘: :
3 4
5 6
Choice (A) is contradicted by diagrams 3, 4, 5, 6. Choice (B) is contradicted by diagrams 5, 6.
Choice {C) is contradicted by diagrams 3, 4, 5, 6. Choice (D) is contradicted by diagrams 1, 2.
or

Suppose there is only one Mem and that it is not an En, and suppose there are no Vees. Then the

hypotheses are satisfied but (B) and (D) are contradicted. If there are Vees and the Mem is one
of them, then again the hypotheses are satisfied but (A) and (C) are contradicted.

X_a x _b D
29. (C) From!simllar triangles SF =3 and iy d c
X ab » ab
a—X -8 Butxt=yd-y. 1= ~.d=vab
ya—y @ Beey@-y. Siegr :
or
Let the degree measure of arc AP be m. A
Then (D =903 and £C =3,
Ld m d _ m)_ 1
.."s-ta.n-g and;—ta.n (90—?) ————ME
3 2
. 22 =2 = E_ :i 2 = =
“tantzeg o l3Tpdtoabd Vab.
d d _ s _ 2 d _ 5
30. (D) (n -2) T + 8 +2'ﬂ =72 +d, 8n* - 88n - d =0, n* - 11n -8 0. Since n is a (least positive)
integer, d must be such thatn? — 11n - % yields linear factors with integer coefficients. Hence
d = 96 and % =12 go thatn? — 11n — 12 =(n — 12}(n + 1) = 0 and n(least) = 12.
or
Since 8n? — 88n — d = 0, B8 = 8n -dH whence n can be any integer > 11.
31. (C) D3€3+b’+c‘=a’+(a+ 1 +(a(a+1))?=at+2a%+3a?+2a+1=(a+a+1)2.
=a?+a+ 1, an odd integer for any integer a.
32. (E) 8t =h¥+ (4 + 1), 62=h?+¢?, :=%
.‘.h=%1_§ x!=h?+D_E‘=1%5 +§%§ =166 .. x =v166.
or 5
ABOC ~ AAOD with side ratio 1:2 .. BC = Th
AAOB~ADOC .. CD= 4%. Since ABCD is inscriptible (why?)
we may use Ptolemy’s Theorem.
LKepH 8-4% =(6+4)(B+3) . x=V166.
33. (D) Shaded area =%({E’ _’-;,a_c’ -iﬁa‘). Since AB = AC + CB, shaded area =% -3 (AC? + 2ac-cB

+TB! - AC! _TH?) = %{AC)(CB). But the area of the required circle equals ¥CD?, and since D’
= {AC){CB), the area of the circle equals 7(AC){CB). Therefore, the required ratio is 1: 4.



34. (A)

35. (B)

36. (C)

37. (A)

Designate AD by 1, DB by n, BE by r, EC by rn, CF by s, and FA by sn. Let h,
be the altitude from C, h,, the altitude from A, and h,, the altitude from B.

X Bn n "
By similar trlmlesr-m-m LXK =q “111.l ¢
h n
<. area (4 ADF) ——(1)(:) ;;‘Tlﬁ In a like manner y = l_+IE and area sn
nh . b
(ABDE) =5 -l-m—?l and z = ﬂl—- and area (ACFE) =£—‘-
n 21+n
But the areamABC) =--— lh,(l +n) +h,(1 +n]r +hy(1 +n)al=1(1 +n)(hy + hyr + hys)
! =
“.area (ADEF) = 2(1 + n)(ht +hr + hys) — 20 by + hyr + hys) _DT(]TE*%"]‘ + hyr + hy8)
*. the required ratio is pon+il
(o +1)?
or
Draw DGl AC. By similar triangles oo = B BG =—1— BC =—2—. r(l +n)
BC T+m ° 1 + n 1 +l;l
=nr. Also, letting K be the area of A ABC, we have Axea (ADBGY o~ “m,
F
. area (ADBG) = (1—;—5)1 K. Since ABDE has base r and altitude equal to that sn,
area (ABDE) _ r _r _1 n? A
of ABDG, . = (6BDG) “BG “in ~n - 2rea (ABDE) = _"(1 Y K

n n
={T+wr K Inlike manner (AECF) ={y3'or K and area (AADF) = {—1—1'—10,- K.

plontl,

svarea (ADEF) = K - pr K o 5o 1)*

Letthe rootsbe a —d, a,anda +d. Then [x - (a ~d))(x — a) [x — a + d)] =x? - Jax? + x(3a? — d})

3_ ad?) = 3 _ 2 e 3_9,0,238, 15} o . ,9_9,0,28 15
+ (a’ — ad®) = 0. But 64x 144x® + 92x - 15 84(:: 2 * 16~ 64l =0 ¥ -3¥ *6%X-61-0
— Sax?+x(3a2-d?) — (a®—ad!) . -3a=—2,9=3 1_ := 1-4 4,11

x(3a* = d?) — (a? — ad?) 3a el 4andaa d .d 16cl +3 or 3
". the roots are : 2 a.nd%. and the required difference is 1.
S=a(l+r+r+rd+r!)=211. I risan integer a must equal 1 since 211 is prime. However,
neithera=1, r=1nora=1,r=2,nora=1, r=23i{s satisfactory. ..2<r<3orl<r<2.

Noting that when r = =, m, n integers, a must equal n! since 211 is prime. we try 1 -E a = 16.
2 3 4
S 8=186 (1 3 (g) +(—3-) +(§) ) = 211, and the combination a = 16, r -5 is usable. By symmetry

2 \2 2 2
the combination a = 81, r =§- is also usable. In either case, the odd-numbered terms are squares
of integers, and their sum is 16 + 36 + 81 = 133, R
Let M be the midpoint of CB and let G be the interaection point of A D

the three medians. Draw MN perpendicular to RS. Then AD, x,
BE, MN. and CF are parallel. MN is the median of trapezoid BEFC.

.. MN = —(6 + 24) = 15. In trapezoid ADNM draw AH 1 MN and let AH

intersectGKmJ Then HN = 10 and MH = SandJK—IOa.ndGJ——(S)

= = 10 = ﬂ

. x =GK 3 —+ 10 7" _— c
Start with MN = 15 and use the Principle of Weighted Means:

since the ratio AG:GM = 2: 1, we have GK -M-L:.

3
or
Using vectg,s wlth O as origin, we first show that g = %(5 +b+7)
where § = =0A, b =0B, ¢ = OF. We have
AH=B—a,AC=E—i,A_ﬁ=%(ﬁ+Ké} .'.ATI=%(E+E—2&)
SlncaAG—-gAM. AG =3(b+T-23). BuAG=§-a
(5+c-2a)-_-5 .'.§=%(E+E+E).

Let unit vector 1 be in the direction RS and unit vector § be in
the direction DA. Theng Ix +Jy, ¥ =1x; + 10j. b =1x, + 6J,

T=txg+24) Sjy=h(10+6+24) ny=30,

(=1



38. (E}

39. (B)

40. (D)

(PysPy)

One method of establishing theorems for a finite geometry is to
construct 2 model. In the one shown here the maa, m(py, py), for Py
example, is common to pib 1 and pib 2. The maa common to pib 3 m(p.
and pib 4 should be labeled m (py, py). In this model each of the
four postulates is satisfied. Since there must be a maa for every 3 Py
pair of pibs, there must be a maa for each of the pairs (py, ps), m(p;.py)
(Py» P3)s (Pys Py)s (P2 P3)s (P2s Py)s 8nd (p3, py), 8ix in all. This
establishes Ty. Each pib consists of exactly three maas. For exarmple, py consists of m (p,, p;).
m (pg. Py} and m(py. ps). This establishea T,. For m (p;, p,) there is m(p;, py) not in p, or p,,
and, similarly, for each of the other maas. This establishes T,.

or
By P;and Py there is a one - one correspondence between the set of maas and the set of pairs of pibs.
The four pibs yield six pairs (listed above} and so T, is true. Each pib belongs to three of the six
pairs and so T, is true. Each pair of pibs is disjoint from one other pair {for example, the pair py, py
ig disjoint from the pair py, p,) and so T, {8 true.

The first element in the nth set is 1 more than the sum of the nzumber of elements in the preceding
n-1sets, thatis, {1+2+... +n—-1}+1=0 _21}(’1) +1=14 = * 2 | Since the nth set contains

p:
m{pzrp;]

mips.py)

} 2 2
n elements its last element iun—zn;z +n-1 =n—-é:-11- . Therefore, 8, =% (n—-%l-—t-z— + an)

=R@e1) Sy =2 (210 1) = g64L.

Rotate CP through 60° to position CP’. Draw BP’. This is equivalent to
rotating ACAP into position CBP’. In a similar manner rotate AABP into
position ACP” and ABCP into position BAP™.

On the one hand hexagon AP"BP’CP” consists of AABC and ACBP’, ACP”,
BAP™. Letting K represent area, we have, from the congruence relations,
K({ABC) = K (CBP’) + K(ACP") + K(BAP™) ..K(ABC)= %K (hexagon).

On the other hand the hexagon consists of three quadrilaterals
PCP'B, PBP™A, and PAP"C, each of which consists of the 6-(-10

right triangle and an equilateral triangle. . K (hexagon) = 3( 3 +6- s) + 31003+ 1awae 3698

=72+ 50¥3 .. K(ABC) = 36 + 253 =79, =
Applying the Law of Cosines to 4 APB vj_hersin ZAPB = 150°, we have s? = 67 + 82 - 2.6- 8 cos 150°
alv3

=100 + 48v3. Therefore, K(ABC) = e = 25(3 + 36 =179,
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Note: The letter following the problem number refers to the correct choice of the five listed
for that problem in the 1968 examination.

1,

10,

(D) Let C, d, respectively, represent the measures of the circumference and diameter,
Then C + P =w(d +7) = nd + w2, Since C = rd, P=x

(B) 6451+ 41 = 43+ 421 = 422 Since 256%% = 4% 4202 4% . 2x —2=8x, x = -4

(A) MethodI. y =myx +b, 4 =my-0+b . b=4. Alsomzml.%mzz—l Lmy=-=3
L Yy==3x+40ry+3xk-4=0

Method II. %:—3 Ly—4==3xo0or y+3x-4=0,

4-4 4-2 4
(C) dxa=g_2 =2 4% (d*%d) =5 =2
(A) f(r)—f(r—l)=1'§r{r+1)(r+2)—%(r—l)(r)(r+1)=§-r(r+1)(r+2—r+l)
=l ral) ;
(E) Method I. S =/CDE + /DCE =180° — @ + 180° - 8 M
=360° - (a +B) / .o
§' =/BAD + /ABC =360 — (a +f) ~r =8/8' =1, b ';3
Method II, § = /CDE + /DCE = 180° - /E
8’ =/BAD + ZABC =180° = /E . .r=58/8 =1,
A B

(E) Since OQ =3, CQ = 9. But OP = { AP and we can
establish an arbitrary length for AP and, hence,
for OP, as follows:
Draw CQ = 9 with OQ = 3. Through O draw OP of any
length and extend PO through O to A so that AP
= 3(OP). Point B is then the intersection of AQ and CP
and, thus, AABC has AP and CQ as medians:

AQ CO
{1) oP - E, 1 = /22, AAOC ~ APOQ
.AC _CO _2 _
(2) QP S0Q " 1’ £3 =44, QP I AC
(3) E =P so that Q, P are midpoints.

QB PB QP 1

. (B) Let N represent the original number; the result obtained is %N; the correct result

is 6N. The error, then, is 6N — %N. Therefore, the per cent error is

6N — N/6 6 3500

6N TR

. (E) Since 2 +2 = 2(2-=2),x = 2andsince —-2+2= -2(-2-2}), x= =2,

Forx>2, x+2=2(x-2),x=86

For —2<x<2,x+2=-2(x—-2),x=%

Forx< —2, —(x+2)=-2(x —2), X =6, a coptradiction since 6 £ — 2,
.the sum is 6 +¥; = 6%,

(<) H H H
. 8 E ) 3 S H &
ig. 2

fig. 1 fig. 3 fig. 4



11.

12,

13.

14,

15.

1
16. (E) MethodI. Lety = }l: Then (a) For y > 0, when y < 2, ; >

(A) is invalid by figures 1, 4

(B) is invalid by figure 3

(C) is valid in all cases {since some students exist who are not honest and, hence,

they can’t be fraternity members all of whom are honest)

(D) is invalid by figures 2, 3

(E) is invalid by figures 2, 3

60 15 ry 3  Area(l 3)2 9

& =X 3 e e, o fiem A f—
(B) 360 * 2771 = 360 X ¥T2 T, T 5 Area (I (4 16
(C) Method I, Since (7Y,)% + 102 = (12Y,)? the triangle is right with hypotenuse 12Y,.

Therefore, D = 2R = 12Y,, R = %%,

1 L -
Method IL, R = 22 - abe . 12401007 /) _ 25°
4K 4¥s(s—a)(s-b)s -c) 4V15(2V,)(50(7%) +4
(B m+n=—-mandmn=n "m=1,n=-2 "m+n=-1.
(E} Method I. By subtraction we obtain x—y:i—i:x—x:;“’:

Lx-¥) (l - ﬁ) =0, x =y (The result y = i is rejected., Why?)

Method II. xy =y +1 and xy=x+1 y+1l=x+1x=y.

Method III. Sincey=l+,1?andx=l+::,-,y=1+ 11 and x = 1+ 11.

l+-= 1+
y X
Therefore, y2 —y —1=0and x — x — 1 = 0. Let the roots of 22—z—1=0
be r and s. Then the given equations imply that, when x = r, so does
¥ =r or that, when x =s, sodoes y =s. ..y =x.

Note, For all three methods, since y =x = 0, y cannot equal any of the other
choices shown,

(D} MethodI. Set P=(2k — 1}(2k +1)(2k +3). If 2k — 1 =3m then 3|P, If 2k — 1
=3m+1, then2k +1 =3m + 3 and so 3|P. If 2k — 1 =3m - 1, then
2k + 3 =3m + 3 and so 3| P.

Method 1I, Set P = (2k — 1)(2k + 1){2k + 3) = 8k® + 12k* — 2k — 3,

P =(9k3+ 12k? — 3k — 3) - kK +k =3Q —(k—=1)k)k+1). Since the
product of three consecutive integers is divisible by 3, P = 3Q — 3R.
Hence, 3| P.

Method III, Consider the three consecutive integers k, k + 1, k + 2; one of these is
divisible by 3 (see Method II). If k + 1 is divisible by 3, then so is
k+1+3=k+4, Therefore, one of k, k +2, k + 4 is divisible by 3.
Therefore, if P=k(k + 2)(k + 4) with k odd, P is divisible by 3.

Note. For all three methods, since the greatest common factor of 1-3-5 and
7-9-11 is 3, no number > 3 is an exact divisor for all P.

A

o=

>

bl L Y e

(b) For y< 0, wheny > —3, —y <3, —

-1
ax<-t,



17,

18.

13,

20,

21,

22,

23.

24,

(<

(D)

(E)

(A)

(D)

(E)

(B)

(C)

Method II, Lety = ;:1— S Xy =1; the graph is the ©,2)
two-branched hyperbola shown, At the
pomtx_-i,y_z Wheny<2xlsto 0
right of 4, that is, x >§. At the point 1=t % 4 —=x
x:-gyh-s Wheny>—3x1sto 3
the left of —-5, that is, x < -v_;.
0,-3)
Since xx = (—1)%, x; = =1, Xg=1,..., Xgr0q = =1, X = 1. Therefore, for n = 2r,
X{+Xp+...+Xyy=0andfor n=2r -1, X, + X3+ ...+ Xy, _ 1 = = 1. Therefore,
f({n) =0 in the former case and f(n) = = i- in the latter case,
/FEG = /CEG. But £BAE = /FEG, and /BEA = /CEG, c G
“/BAE = /BEA. BE=AB=8§ . 23%_ %
X = 4_0_
3
25q + 10d = 1000, g = 4D—E 402‘% d < 100, Butd =5k

S0k <100 k=19 ..n=19

Method I, a+{n-=1)5 =160, a = 160—(n-1]5
(n—2)180--!n[2.a+(n—1):>|--5n[320-(n—1)5|
nf+T™—-144=0=(n+16)(n-9) ~n=9

Method II. The exterior angles are 20, 25, 30, ... their sum is 360°
5360 =4n[40+(n—-1)5] ~n*+7Tn -144=0 ~n=9

Each of 5!, 6!, ..., 99! ends in zero, and, in consequence, their sum ends in zero.
Therefore, the units’ digit of 8 is determined by 11+ 2! +3!+4!=1+2 + 6 + 24 = 33,
Therefore, the units’ digit of S is 3.

Let the sides be sy, 55, 53, 8. Since it is given that s; + s, + 83+ 8, =1, 8| + 8y + 53
=1 - 5,. But sy + 8y + 83> 84. Therefore, 0 < 1 = 254, 4 < ; Similar reasoning
applied to s, 8,5, S3 in turn, shows that each side is less than -5 Conversely, a
quadrilateral exists if s + 8, + 83> 8y, 81 + 8 + 8§, » 83, 8y + 83 +84 » §,, and s, + 53
+84> s Itis giventhat s; + s, + sy + s, =1and s <4, s, <4, s3<4, s0< 1.
Therefore, s, +83 + s >é and s0 8, + 83 + 84 > 81. In a similar manner we prove the
other three cases.

log (x +3) +log (x — 1) =log (x* — 2x = 3) .. log(x+3)x—1) =log(x?~2x — 3),
SX242x -3 =x® — 2x — 3, x = 0. But when x = 0, neither log (X — 1) nor
log (x* — 2x — 3) is a real number,

18 + 2x
(24 +4x)(18 + 2x) = 2(24 x 18) xles
X2 415Kk - 54 =0, X =3
524 +4x = 36, 18 + 2X = 24, 24:36 = 2: 3 24

24 + 4x

2x




25, (C)
26. (E)
27. (B)
28, (D)
29. (A)
30. (A)

Let z represent the number of yards Ace runs when he is caught, Let a represent
Ace’s speed; then xa represents Flash’s speed. Then

Y42 2o, Y e, oge Lo XY

Xa a x-1 XxX=-1 x-1

5=2+4+6+...+2N=2(1+24+3+.,..+N)=N(N+1). Since S> 108,
N(N+1)>10% N ~10° WhenN=10"-1, S< 105

~N=10% - N(smallest) = 10° = 1000; the sum of its digits is 1.
Sp=1-2+83~44+,. . +(-1)""n,n=1,238,...

Forneven, 5, =1+2+3+...+n-=2(2+4+...+n) =%n(n+1) --4-%-%(14—2
28 %n(n+ 1) - %n{n+2) =—~%n

Fornodd, S,=1+2+3+...+n-2(2+4+...+(n-1))

1 1l n-1 n-1
:En(n+1,\—4—2- 2 (1+ 2 )

S :-—;n(n+ 1) =3 (n=1)(n+1) =5(n+1)
ik Sl;l =il 533 =17, 550: =25 .. Sn +533 "'SSU =1,

B30 oo o i = b, a2 5 23b 5 5 - 16D

14b + bv 192 a 14+v192 14+ 14
. al - | —— s == =
. a l4ab + b =0, a = 2 Sy s 2 > 14
14 —v 192 w
Note, The value E = ) = Ad ) L = 0 is not listed

Method 1. Since 0 < x < 1, X to any positive power is less than 1.
%
Z

'-%:x“" < 1 so that x <y, % =xY"*< 1sothatz <y, and = =x'"¥Y < 1

¥
sothatx <z, ;. x<z<y.

Method II, Since 0 <x <1, log x <0, It follows that log x < x log x or log x < log x*
so that x <x* =y, Since z =x* =x”, log z = y log x, and, since y > x,
ylogx <xlogxorlogz<logy, sothat z <y, However, since 0 <y <1
and log x < 0, y log x > log x or log z >log x, so that x < z. Finally
Xx<z<y.

Each side of Py can (1) fail to enter the boundary or interior of P,, or (2) it can
enter and terminate, or (3) it can continue on to the exterior. Therefore, at most,
each side of P; meets two sides of P,, so that the maximum number of intersections
is 2ny. This maximum is attained as follows:

2)



31. (D) L=16V2, L' =16V2 -2V2=14V2=8V2 +x+4V2

nx=2V2 I =(2V2) -8

24 1 II 111
SII - I = 32 — 8 = 24 (decrease), 32 X 100 =75%

32v3 32 83

A g2 B 42 C 4% D

32. (C) Let r, represent the speed of A, B B B
and let rg represent the speed B/l B X
of B.
e 500 500 —x 500 -x
-—x—' =2,500_x=2,x=2r3
" 500 — 2 o AR ARS00—x  Al500—X y — (500 —x)
S Tl e 0 0 Ao A A7
Ta
=250 b
500 —x +y -8 y — 500 +x o
I'gp ’ Ta - B”

33. (A)

34,

35.

(B}

(D)

y—500+x=8ry | 2y =8(ry +rpg) =8-250
y +500 = x =8rg y = 1000
8rp = 1000 + 500 — 2rp, rg =150 .. ry =100 ..ry:rpg =2:3
2a,

a,-7% +2a," T +ag=2a3-9% +2,°9 + 4, 48a; = 80a; +2a,, 3a; = 5ag + T

.. 2a, must be divisible by 16. Buta, = 8 ..a; =0
Check 33.1_ = 58.3 S8y = 5, a3 = 3
5:70+0:7+3=248=3-92+0:9+5

Let yy, ny, respectively, represent the numbers voting for, against the bill originally,
and let y,, ny, respectively, represent the numbers voting for, against the bill on the
re-vote,

i +ny =400, y; +0y =400, y, = 1ny, y, — 0y = 2(n; — y)

S2(yp +ny) =2(yy +ny) and 2(=y; + ny) =y — Ny

.'.4!11 = 3y2 + Ny = 3'*}'?!11 + Ny oy =730y

¥y =§ - 3 ny =4n, so that $n, + n, = 400, n, = 160, n, = 220

..ng —ny =60 or, since y, = 240 and y; = 180, y, — y; = 60.

CD =2GD =2va? — (a — 2x ) =2V dax — 4x?

FE =2HF =2vVa? — (a - x)% = 2V 2ax — x?
K $x(2/4ax —4x? + 2V 2ax —x?] _%-2Vx(V4a — 4x + V2a —x)

R x[2V 2ax — x?] 2vx(V2a - x)
_2¥a-x+v¥2a-x Va-x 1
2v2a —x ve2a-x 2

As OG increases toward the value a, x becomes arbitrarily close to zero, so that
22 becomes arbitrarily close to 2 - V‘; Therefore, as OG increases
2a - X v 2a

toward the value a, K becomes arbitrarily close to 1/%- ty=F+%




SOLUTION-ANSWER KEY

TWENTIETH ANNUAL H. S.
MATHEMATICS EXAMINATION

1969

(s[a[-[m]a]e) 20
\N T M

Sponsored Jointly by the

MATHEMATICAL ASSOCIATION OF AMERICA

SOCIETY OF ACTUARIES

MU ALPHA THETA

NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS

USE OF KEY

1. This Key is prepared for the convenience of teachers.
2. Some of the solutions may be intentionally incomplete; crucial steps are
shown.

3. The solutions shown here are by no means the only ones possible, nor
are they necessarily superior to all alternatives.

4. Even where a ‘‘high-powered’’ method is used, there is also shown a more

elementary procedure.

5. This Solution-Answer Key validates our statement that no mathematics
beyond intermediate algebra is needed to solve the problems posed.

© 1969 M.A.A. Committee on High School Contests

National Office Pan American College, Edinburg, Texas 78539
New York Office Fred F. Kuhn, 119 Fifth Avenue, New York, N.Y. 10003



Note: The letter following the problem number refers to the correct choice of the five listed
for that problem in the 1969 examination.

1. (B)

3. (E)

4. (E)

5. (B)

6. (O

7. (&)
8. (D)

9. (O

10. ()

11. (B)

ad - be
c —d

a+x_c ., = . = e =5 ,
e o sad+ xd=be+ xc ad-be=x(c-d ..x=
b

[
—-— E— +
Comment. If X (a+b).

Let C represent the cost (in dollars). Thenx= C —.15C= .85C, and y= C+.15C~=
1.15C. Therefore, y : x = (1.15C) : (.85C) = 23 : 17.

Method I. N -1=11000, —1=1+2'+1:28+0+22+0+:2+0 -1
"N-1=1-2'+0+2" +1.28+ 1.2+ (2-1)=10111,

Method II. N= 11 000:‘ 2410 and 2410 -1= 2310
Since 23;9= 10111, N-1= 10111,

By definition (3,2) * (0, 0) = (3—-0,2-0) = (3, 2) and (x, y) *(3, 2) = (x =3, y=2)
Lx=3=3-0andy-2=2-0. ..x=6 (andy= 4).

N-4- é =R ..N!'-RN-4=0, Let the values of N satisfying this equation be N,

and N;. Therefore, N; + N, = R. For example, if R= 3, then N, N, are 4,-1 and the
sum of 4 and -1 equals 3.

Let R be the larger radius, let r be the smaller radius, and let L (inches) be the

2
length of the chord. Then R® =12 = (%) . Since 7R - 25” , R - ,J- >
2
(]-;-) = gii and L=v50 = 5v2,

yi=atb+tcandy,=a-b+c .. y -y;=2b. Sincey, ~y;= -6, 2b= -6, b= -3,
X+ 75+ 2x+ 25+ 8x — 22= 360 ..x=47, AB=122°, BU= 119 CA= 119"
The interior angles of AABC are, in degrees, 61, 593, 59;.

Method I. We have an arithmetic sequence with the first term a = 2, the common
difference d = 1, and the last term l=a+ (n -1)d =2+ (52 —=1)(1) = 53.

52 s2/2(2 + 53)
Since Ssz = "'2" (2 + 53), AM.= T 27!
Method . Designate the terms of the arithmetic sequence by uy, uz, . . ., up.

Then A.M. = j(u; + up) since 1+ w) = j(a+a+ (n-1d =

1 n(@a+ (n l)d’ Sn 1
p IR0 1 S M= 468 = 27,

Comment. Generally, A, M. = H:—;L"i. i=1,2,...,n

Points Py, P, and Py are eachd dis- l ' } b
tance from tangent lines t; and t, and | I d C |d
circle C. o .- -
—r g\ 53 P‘,+'
d d !d &

L
I I |
Method I. Since PR+ RQ is a minimum, points P;, R, and Q are collinear. There-
-2-m_-2-2 a3
_1_1—_1_4soths.tm z.
Method II. Since PR+ RQ is a minimum, points Py, R, and Q are collinear. There-
fore, PR+ RQ= PQ so that V(1 - (-1))2+ (m + 2)* + V4 —-1)* + (2 -m)?

=Vl - (1) + 2+ 2)?

fore,




12.

13,

14.

15.

16.

17.

18.

19,

(A

L Va+ (m+ 2%+ Yo+ (2 - m)t = V25 + 16 = Val

& \M'*m!*ém* —vfz'i=-»fm

L4+ ml+dam+ 4 -2Vl VP ¥ am+ 8 +41=90+4 —4m+ m?
. 8m+ 36 = 2Val Vm?+ dm + 8, 4m+ 18= V41 Vm?+ dm + 8

" 16m? + 144m + 324 = 41m? + 164m + 328

" 25m?+ 20m+4=0, 5m+2=0, m= -}
Method I. F= x? + %’5+%=bc*r)z=f+2rx+r’
i 2_m 4 e 3248 5
S2r 3andr 2" ..r—sandm— 9 —39 and 3 < 33<4.
Comment. When m = %2, F=(x+ %)‘.
Method II. By completing the square we find that the trinomial 22 + %’5 + 392=
4\2 8x 16_ ,_ 8x_m m _16
+ - i — kil —_ ply
(x 3)-‘I‘herefore,x’+ 3t g=x*t3+3.sothat 5 == and
=£
5
(B) R*=2(sr*-m?) . r22=-RE- soth.atBE= 2D wel and, hence
b b b r* ab-1 a-b ’ '

(A&

(D)

(E)

(D)

(B)

(B)

R:r=va:va-b.

-4
Method 1.  Since x’r_l_ >0, 62— 1> 0)=> (3~ 4 >0). Therefore, all real values

of x such that x >2 or x <=2 satisfy the inequality. Also (x2- 1 <0)=>
(x- 4 <0). Therefore, all real values of x such that ~1 <x <1 satisfy
the inequality.

L o K-4 P | 3 3
Method II. Since 210 =1 =1 >0. Therefore, 1 > e

This latter inequality is satisfied by all x such that x® —1 >3, that is, by x >2 or

x < =2, and by all x such thatx*~1 < 0, that is, by -1 <x < 1,

Since AB = r, the measure of angle A is 60 (degrees) and AM= Lr. In right triangle
MDA, since AM = -}r and the measure of angle AMD is 30 (degrees), AD= ¢rand
MD= 1 r V3.

wi BT
Therefore, the area of AMDA ,{AD)(MD) = el el
(a—b)®=3a%—par-tp+ 2B gaape

1.2
. —nlkb) °"b+~“(“2—_” (kb) "2 b2 = 0
a=-1
o=kl o+ —'1—2—1 k*?=0, ~n-1= 2kkn_-3 n= 2k +1.
225~ g.2% + 12 = (2%—6) (2%-2) =0 ..2X-6=0, 2*= 6,
e, log 3

sxlog2=log6=log2+logd ..x=1+ Tog2-

Comment. The equation is also satisfied by x= 1.

Each of the graphs is a pair of non-parallel straight lines. Each line of the first
pair intersects the second pair in two distinct points, giving a total of four points.

Comment. The intersection points are (0, 2), (-1,1), (1, 1), ( ﬁ 4 ﬁ).
KMyt = 102292 + 9= (y? —1) (P2 -9) =0 ..x%? =1 or xy?= 9, xy=+lor -1,

xy = +3 or -3. Ordered pairs of positive integral values satisfying these equations
are (1, 1), (1, 3), (3, 1).



20. (C}

21.

22.

23.

24.

25.

(E)

(©

(a)

(E)

(D)

3 ..

Let Ny represent the first factor of P and let N, represent the second factor. Then
4 (10" > N, > (3) (100" and (}) (100" > Ny > () (10, Therefore, (2) (10)* > N, N,

> (1) (10%
Method I.

Method II.

Method III.

The total area consists of the triangular region
OAD and the trapezoidal region ABCD.
L K=36)(5)+ 1 (3 (5+11) = 36.5

Consider the integer n!+ k where 1 < k < n.
Since n! contains each of the factors 1, 2,
., b, it contains the factor k. Since
n!+ k can be written as the product of two
factors, one of which is k, it is composite.
Hence, there are no primes between n!+1
and n!+ n.

Comment.

so that the number of digits in P(= N N;) is 34,
Let OA be the x-intercept of the straight line x + y= v2m and let OB
be its y— intercept. Then OA= OB= vy2m so that AOB is a 45°-45"-90°
triangle.
Let the point of tangency be labeled C. Since the graphof X} + y*=m
is a circie, OC, the radius r of the circle is perpendicular to AB; that
is, OC is the median to hypotenuse AB. Therefore, OC=r= ;- *2Vm =
'v";, and this is the same value of the radius given by the equation
x+ y* = m= (Vm)?, Consequently, m may be any non-negative real
number.
Using the distance formula from a line to a point, we have

|Ax; + By; + C|
d= —————— where Ax+ + C= 0 is the given line and

A+ B v 2

(x;, yy is the given point. The given line is x+ y — Y2m = 0 and the

+0—v2m
given point is (0, 0). Therefore, the required d = Ii(;“__'_._—lfml! Vm.

But d = r, the radius of the circle X} + ¥ = m = (Vm)?, Hence, m may
be any non-negative real number.

Let (x, y) be the intersection point of the graphs of x* + y* = m and
x+ y=v2m. This pair of equations yields xy = % and x+ y= ¥Zm.

Thus x and y may be taken as the roots of t2— V2m t+ %n = 0. For tan-
gency the discriminant of this last equation must equal zero. Therefore

2m=-4 - % = 0, an identify in m. Hence, m may be any non-negative real

number.

¥ Cc(8,11)

D{5,5)

The conclusion holds forn 2 1.

B
[§) A X

We may write P= QD+ Rwhere 0 < R< D, and P’ = @,D+ R’ where 0 £ R’ < D.

Therefore, PP’ = (,D+ R) (;D+ R’} = Q,Q,D* + ;DR + Q,DR’+ RR’. But RR’=

QD+ r’. Therefore, PP'= QD+ DR+ Q,DR' + D+ r’= D(Q;Q,D+ QR+

QR’ + Q)+ r’'. But PP'=Q;D+r. Therefore Q5= Q,;Q;D+ Q;R+QR'+ Q and r= r’,

Since logza + logyb £ 6, logyab £ 6. .. ab $ 2%= 64. Since ab is a maximum, ab=
64. Therefore, the least value that can be taken on by a+ b is 8 + 8= 16, [If P= ab,



26, (B)

27. (E)

28. (E)

29, (0

30. (D)

the least value of a+ b is VP + YP = 2VP. One way of proving this theorem is to
consider the minimum value of f= a? —aS+ P where S=a+ b,

Hint. S=a+h=a+£a,.] y
C
Choose axes so that the x-axis coincides
with the span AB and the y-axis coincides
with the height MC. We may then write 16
the equation for the parabola as y = ax?+ 16,
1 X

- 2 4 16, a= = — fok
Since (:3 a-20 a= 75" so that Y M 30 B
Y= =g +16. Whenx=5,y= -1+ 16= 15,

Let v_ be th d for the n-th mile. Th -k 22, nvgm =k
v, be the speed for the n-th mile. Thenv, = —, n22. "V~ 53— 5
=D ,.1_1 =2 R S
Since T= 1, 2 w K% that k= 2. Therefore, v, = 70— " T v 2(n -1).

A
Method I. AP? - (r — 0% = OP? - !, BP* - (r + %= OF*- %,
o AP+ BP? - 2rf —2x? = 20F? —2x%. . 3=2+20F, i
3 s
LOP= 75-' that is P may be any point of a circle
1
with radius Va*
B

Method II. Since AP?+ BP*= 3 <4 = AR, angle APB > 90° 80
that P is interior to the circle. Therefore, there are many points P
satisfying the given conditions such that 0 < AP £ V} .

1 L ! 1
= —_— 1% — 4
Method I x=1t1, y= i =g 1w qT1 o ya iy, Alsoy*t(ﬁh=x‘
x

Method II. x=tt-1 , y=tt-! . L=7l l=¢ . x= _.) =( )

Method I. (see fig. 1) Let M be the midpoint of %
hypotenuse ¢ . Then S= AP + PR =

(3— ): (5+x)l-?=zx2 But x
A P

Lg= 24 ch’——=2CP=

wlo

o =2
w

(see fig. 2) S= AP* + PE! =
xt+ e+ xt= ct+ 2cx+ 2x%. But

il 4

o

wle

(5]
o
=
=
x

Method II. (for P interior to AB, fig. 3)
S= AP+ PB, AP =x?+ x* = 22, PB =
YHy=2y, o 8=2xt+ 2yt= 203+ ) =
2CP?




Method III. (for P interior to AB, fig. 4)
Complete AACE to square ACBD. Draw PD
and draw perpendiculars from P to AC, CB,
BD, DA. AP’ = xi+ w?, BP!= y?2+ 3%, CP?*=
x2+ 2!, D=y + wt, . AP*+ BP?=
xt+yt+ 2t + Wi, CP2+ DP? = x4+ 2+ 28+ w2
.. §= AP*+ BP* = CP* + DP®. But DP= CP
(Why?) .. 8=2CP?

31, (D) The image of A(1, 0) y
in the xy-plane is
A’ (1, 0) in the uv~
plane since u= 12 - q? cl,1)
=1 and v=2(1) (0)= 0.
The image of B(1, 1) ViB'(0,2)
is B’ (0, 2), the image
of Clo, 1) is C'(-1,0),
and the image of
0{o, 0) is O'(0,0). 000,00 A(1L,0 x

B(1,1)

The image of the straight line AB whose xy— equation
is x = 1 is the parabolic arc A’B’ whose uv— equation
is v* = 4(1 —u), a parabola, since u= 1 —y* and v=2y.
The image of the straight line OA (equation y = 0) is

the straight line O’A’ (equations v = 0, u= x%), and the
image of the straight line OC (equation x = 0) is the u
straight line O'C’ (equations v =0, u= -y, CCLo 00,0 A0

32. (O wu,, ~u =3+4n-1)
u,—u,_ =3+4(~-2) , By “telescopic’” addition we obtain

Uy~ W=38n+4 -Hn-1(n-1+1. Since
g i wu=5u, = 2nf + n+ 5, Therefore,
4 § u,=2(n -1+ (n-1)+5=2n - 3n+ 6,
ug —u; =3+ 4(2 - 1)
u; = ll1=3

Since 2 — 3 + 6 = 5, the correct answer is (C).

33, (A) Let a, and d, be the first term and the common difference, respectively, of the first
series, and let a; and d; be the first term and the common difference, respectively,
of the second series.

Sn _ 23+ (h-1)d; _ 7n+1
Then: 7n 2a,+ (n-1}d; 4n+ 27"

Let uy, and vy, respectively, be the eleventh terms of the two series whose sums

are Sn and Tn. Then

-u_11= a; + 10d; o 2a; + 20d1

Vi a, + lndz 2a, + 20d2 i

Uyy _ 7(21)“'1 =E§=i

v 4ky+27 11 3°

34, (B) x'= Q) (x*+ 3x+ 2) + R(x) = Q(x) (x —2) (x — 1) + R(x) where R(x) = ax + b.
S R(1)=1'"=1=a+b and R(2) = 2= 23+ b
La= 2100 -1, b=2 - 2100. ‘..R(x) o x(zlﬂﬂ - 1)4. Q- 2IUD= X+ 2[00 — X+ 2 - 2100.
S R(x) =290 (x —1) = (x - 2).

_Lem -Lm)_ -V6-m+ Y6+ m

Sn _ 2a, + 204,
' Tn 2a, + 20d;

Forn= 21

Therefore,

35. (B) r
m m
=-v‘6-m+t’6+m_-V’6—m—\’6+m= —2m
£ m Ve-m-Vvé6+m ~—mVé-m+V6+m)

e e s : AR |
T e VeTm AW Rt T
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Note: The letter following the problem number designates the correct choice of the five listed
for the problem in the 1970 examination.

1.
2.

10.

11.

12.

13,
14.

15.

186.
17.

18.
19.

20.

21.

(E)
(A)

(o))

(B)

(D)
(B)
(E)

(B)
(C)

(D)

(E)

€

(D)

(A)

(E)

(C)
(E)

(A)
(C€)

(A)

(B)

If x denotes the given expression, then x? =1 +vZ and x' =3 +2y2 .

Let the common perimeter be p. The area of the circle is ‘lpzlr and the area of the
square is p%/16, so the ratio is 4/x.

x-1=2P, y_1=2P: (x-1)(y -1) =1y =x/{x—1).

Let the consecutive integers be (n — 1), n, (n + 1). Then the sum of their squares is
3n? + 2 which is never divisible by 3 but is 77 when n = 5 and is then divisible by 11
as required in (B). Choices (A), (C), and (D) are eliminated by taking the middle
integer n equal to 0, 4, and 2 respectively.

Since i and i are -1 and 1, (i) = (1 — 1)/(1 + i) = 0/(1 +i) = 0.
xP+8x= (x+ 4)2 — 16 which is least (—16) when (x +4)% = 0 or when x = —4,

Triangle ABX is equilateral with altitude 1sv3. The required distance is s — 1sy3
or is(2 — V3).
225 = 8= 2% - 15=2%/2 Also 15 =2 -3a/2 =b .a = 2b/3.

3 2

Ap=§ABandAQ=%AB:. PQ = ;--E)ABwAB/35=2.'.AB=TO.

F=.,4+.081+.00081+++= .4+ ,081(1+ .01+ .0001+-++)

.4+ ,081 = (4/10) + (81/1,000){1/.99) = 53/110.

1
1-.01
Denominator — Numerator = 110 - 53 = 57,

Write f(x) = 2x’ = hx + k. Thenf(-2)= —16 +2h +k=0and f(1) =2 - h +k = 0.
Hence h = 6, k = 4 and |2h - 3k| = 0.

The length of side AD is 2r as are the distances from the midpoint of the diagonal
AC to AD and BC. Hence the length of AB is 4r and the area of the rectangle is
(2r)(4r) = 812

(a*b)" = abn and a* (bn) = abn,

The roots are 3(-p + Yp? - 4q) and 3(-p - Vp* — 4q).

The difference is Vp? —4q = 1. Hence p?* =4q +1 and p =Vdq + 1.

The trisection points are (-1,3) and (2,1). The slopes of lines joining these points
to the point (3,4) are { and 3. Only the line of (E) has slope ; and none of the lines
has slope 3.

Substitution yields F(4) = 2, F(5) = 3, and finally F(6) = 7.

Choices (A) and (B) are both false when p and q are 2 and 1 respectively, and
choices (C) and (D) are both false when p and q are 1 and —2 respectively. Hence
none of these holds for all values of p and q.

The required difference is 2 because it is positive and its square is 4.

Let a be the first term of the infinite series. Using the formula for the sum, we

have a/(1 —r) = 15. Also a?/(1 - r?) =45. Dividing gives
a/(l+r)=3..a=3+3randa=15- 15r ". a = 5.

Regardless of how the diagram is drawn, M lies on the perpendicular bisector of
HK so that MH = MK always.

The distances read are inversely proportional to the radii of the tires so that



22. (A)

23. (D)

24. (B)

25. (E)

26. (B)

27. (A)

28. (A)

29. (D)

30. (E)

31. (B)

32. (C)

33. (A)

450 x 15 = 440(15 + d) where d is the increase. Hence the increase d = 15/44 = .34
inches.

Let S, denote the sum of the first m positive integers. Using the formula for the
sum of an arithmetic progression, Sy, — Sp = 3n(3n + 1)/2 — nfn + 1)/2 =4n? +n =
150 . 4n% +n - 150 = 0 . (n —6)4n+25) =0, n=6. 8y, =8y =12(24 + 1) = 300.

The number 10! = 7 x 5¢ x 124 when written in the base 12 system, ends with ex-
actly 4 zeros.

If the side of the triangle is 2s and hence its area is 8%/3 = 2, then the side and
area of the hexagon are s and 3s%/3/2 = 3 respectively.

If the number of ounces is W = w + p where w is a non-negative integer and 0 < p
= 1, then the postage is

6w+ 1) = —6(—w — 1) = -6 [-w =1] = —6[-w — pl = —6[—(w + p)]
—6[-W] cents.

The two lines which are the graph of the first equation intersect at the point (2,3)
and so do the lines which are the graph of the second equation which are distinct
from those of the first. Hence the two graphs have only the one point (2,3) in com-
mon.

If r is the radius and p the perimeter, then the area of the triangle is épr = p.
Therefore r = 2.

Let the medians be AM and BN which intersect at
O and let AO and BO have lengths 2u and 2v so
that OM and ON have lengths u and v respectively.
From right triangles AON and BOM, we obtain

au? + vi=(6/2)% = 36/4
u? + av? = (7/2)% = 49/4

Four-fifths of the sum of these two equations gives
4u? + 4v? = 17 which is the square of the hypotenuse
AB of right triangle AOB. Hence AB = y17.

Let x be the number of minutes after 10 o’clock now. Then equating vertical angles
(measured in minute spaces) formed by a line through 6 and 12 and one in the “‘ex-
actly opposite’’ directions, we have x + 6 = 20 + (x — 3)/12 so that x = 15. There-
fore the time is 10:15 now.

Let the bisector of angle D be drawn and intersect AB at P. Then PDCB is a paral-
lelogram and PAD an isosceles triangle. The measures of AP =a, PB =b, and
hence AB =a +b,

To total 43, five digits must be one 7 and four 9’s or two 8’s and three 9's. There
are five and ten or a total of 15 such numbers three of which are divisible by 11.
Hence the probability is 3/15 or 1/5. Divisibility by 11 requires that the sum of the
first, third, and fifth digits minus the sum of second and fourth, be divisible by 11;
only 98,989 and 97,999 and 99,979 satisfy this requirement.

Let 2C be the circumference. The ratio of the distances travelled by A and B re-
mains constant because their speeds are uniform. Therefore (C — 100)/100 =
(2C - 60)/(C + 60) so that C? = 240C, C = 240 and the circumference is 480 yards.

Omit 10,000 for the moment. In the sequence 0000, 0001, 0002, 0003, - -+, 9999 each
digit appears the same number of times. There are (10,000)(4) digits in all, each
digit appearing 4,000 times. The sum of the digits is 4,00000 +1+2 + ...+ 9) =
4,000(45) = 180,000. Now add the 1 in 10,000 to get 180,001.



34. (C) A number that divides two numbers and leaves the same remainder, divides their
difference exactly. We seek the greatest integer that will divide the difference
(13,903 — 13,511) = 392 = 72+ 2% and the difference (14,589 — 13,903)= 686 = 7°-2,
The required common factor is 72+2 or 98.

35. (D) Let X be the amount of the annual pension and y the number of years of service.
Then with constant of proportionality k,

X=k'y X+p=k'y+a X+q=kiy+b
X* = Ky X +p) =Ky +a) X +q) =KXy +b)

Replacing k¥ by X? in the last two equations and simplifying,
2pX + p* = ka and 2¢X +¢* = k%

Hence
2pX +p? _a . x o 2q° —bp?
2gX+q° b 2(bp = aq) ’

The student should verify that bp — aq can not be zero.
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Note: The letter following the problem number designates the correct choice of the five
listed for the problem in the 1971 examination.

1. (B) Rearranging the factors, N = 2%(2% X 5% = 16 X 10® = 1,600,000,000 which is a
ten digit number.

2. (D) Ifx,y,and z represent the number of men, days, and bricks respectively, and k
is the constant of proportionality, then z = kxy and the given data yields k =
f/(bc). With this k, the number of days y = bez/(fx) = beb/(fe) = b/,

3. (E) Equate the reciprocals of the slopes of the segments joining (x,—4) with (0,8)
and (—4,0) with (0,8) to get —x/12 = 4/8. Hence x = 6.

4. (A) The principal at the beginning of the 2 months was P = $255.31/(1 + .05/6) =
$253.20 so that the interest credited was $2.11 and the number of cents was 11.

5. (C) %P+3%Q=2360°— (3PAQ +%PCQ)
=360° — (180° — 21°) — (180° — 19°) = 40°.

6. (E) as= 2_1a = 1 which is not the identity element as required.

7. (C) The given expression =27252"! — 2+ 1)=-2"2k/2=_2-(2k+ 1)

8. (B) The given inequality is equivalent to (3x + 4)(2x — 1) < 0 which requires 0 < 3x
+4and 2x — 1 <0 —§<x<k

9. (D) A right triangle with legs 2
24 and 10 inches is formed 4\ i .
by the line of centers, a
radius, and a line parallel
to the belt (See figure). A0 4
.. the required length d
satisfies d* = 242+ 10% =
262, d = 26 inches.

10. (E) There are 50 — 31 =19 blondes and .. 19 — 14 = 5 brown eyed blondes. .. 18 —
5 =13 are brown eyed brunettes.

11. (D) Bothaand b must be greater than 7Tand4a+7=7b+4..7b —4a=3..(a,b) =
(15,9) . a+b=24 = XXIV.

12. (B) The difference of any two congruent integers must be divisible by N. Since 90 -
69=21and 125 - 90=35,N=7.Since 81 — 4 = 77, 81 is congruent to 4.

13. (E) The binomial expansion gives (1.0025)!°= (1 +.0025)'°= 1 + 10(.0025) +
45(.0025)* + 120(.0025)% + 210(.0025)* + - - . = 1.025 + .00028125 +
.000001875 + terms less than 1078 = 1.02528 accurate to 5 decimal places.

14. (C) Two factors are 63 and 65 because 2** — 1= (2% - 1)(2%*+ 1) =(2"? - 1X2"* + 1)
(2% + 1)=(2% - 1)}25+ N2+ 2%+ 1) =63 X 65(2'%+ DER¥*+ 1.



19.

20.

21.

23.

24,

25.

26.

27.

(B)

(A)

(E)

(D)

©

(E)

©)

(A)

(A)

(D)

(D)

(B)

(E)

Let u and h be the length of the bottom and depth of water when the bottom is
level. Then the volume V of the wateris V= 10hu=10-4+ 8« 3u,h=3".

Let the 35 scores be denoted by xy, X3, Xj, « - -, X35 and their average by X. Then
35x =X, + X3+ X3 -+ Xis. The average of the 36 numbers is (X, + x3+ X3+ - --
+ X35+ X)/36 =(35X +X)/{36 =36X/36 =X. Hence the ratiois 1 : 1.

A secant can cut across (n + 1), but no more, of the 2n equal sectors, dividing
each into two parts. The total number of distinct areas is then 2n+(n +1)=3n+ 1.

Let v = the boat’s speed in still water in miles per hour. Then 1 = ‘% t.o i 3
I —9=4v-3)+4Hv+3).vI_Bv-9=0,(v —-9)v+1)=0.v=9
Speed downstream _v+3 _ 12 _ g’The ratiois 2 : 1

Speedupstream v-3 6 | o

Exactly one intersection requires the roots of the quadratic x? + 4(mx + 1)2= 1
to be equal and hence the discriminant to be zero. i.e. (8m)* — 4(dm?+ 1)+ 3=

3
0. =2
Hence m 3

Iftherootsarerand s, thenr+s=—2hand rs= —3. Hence (r +s)? = r* + s* +
2s=10-6=4h*"|h|=1.

Since the antilog of 0 is 1 regardless of base, log{logsx) = loglogay) =
logs{logsz) = 1 and hence logex =3, logsy =4 and logz=2. " x +y+2=4+ 2*
+3%=89.

Factoring the given equation x> — 1 = 0 gives (x — I}x?+x + 1) = 0.
The imaginary root w satisfies w* +w + 1 =0.Hence | + w?= —w, | + w= —w?
S —wH w1l +w — wh) =(=2wH-2w?) = 4w> = 4 because w>= 1.

The four sequences of wins (each followed by its probability) for Team A to lose
the series are BBB(1/8), ABBB(1/16), BABB(1/16), BBAB(1/16). The total
probability for Team A to lose is 5/16 so that, to win is 11/16. The odds favor-
ing Team A towin are 11 to §.

In the first n rows, there are (2n — 1) I'sand 4(n — 2}(n = 1)=4(n> - 3n+2)
n’-3n+2

other numbers. The quotient is an 2

Let b and f denote the boy’s and father's age respectively, Then 13 < b < 19.
Also 99f + 2b = 4289. Equating the remainders in the division of both members
of this equation by 9, (casting out nines),2b=32, b= 16. Now 99f = 4289 — 32
=4257and f=43...f+ b=59, A

Draw FH parallel to AE. Then BE = EH

because BG = GF. Also 2EH = HC because =

2AF =FC." 3BE=EH + HC =EC. - E

divides BC in the ratio 1 : 3. G
- C
b E H

Let w, b, and r denote the numbers of white, blue, and red chips respectively.
Thenw<2band 3b<r.Noww+b>55.2b+b=3b>55.b>184..19<
b.. 57 < 3b < r. The minimum number of red chips is 57.



28.

29.

30.

3l

3%

33.

34.

35.

(©)

(E)

(D)

(A)

(A)

(B)

(B)

©)

Let b and h denote the length of the base and altitude respectively. Since 38 =
4(b + .9b)(.1h), the area :bh = 200.

Since 100,000 = 10°, the sum of the first n exponents must exceed 5. i.e. n(n +
1)/22>5.n(n+ 1)>110..n=11.

If g(x) is the inverse of the transformation f;(x), then g(fy, + 1(x)) = fa(x). Since
fas(x) = f5(x), successive application of this formula yields f,l{x} fi(x) . f30(%)

—amn)x f29(x) = g(x) . f2a(x) = g(g(x)). But g(x) = ~ fe(x) =
gg(x) = 1

Draw radius OB which is perpendicular to
and bisects chord AC at G. Side CD is
parallel to and has length twice that of
segment GO. Similar right triangles BGA
and ABD yield

- 1 i
S CAD” 4 vGO=BO =BG = 2= =,

Letx=2_;’.Thens=(l+x)(]+x')(1+x4){l+x')(l+x“)
Now(l —x)s=1—-x¥=4 "s=4(1-x)"'=4(1 - 2‘*)“

CD= 50
#CD=2GO=3

1 1-r
Let the progression be a, ar, ar?, - - - ar" ~ !, thenP = e -1n g ar——
g=l =it D 1o ol ae-n  (grsht = O p,
a 1-r1 a l1—r

12 hours by the slow clock = 69 X 11 minutes = 12 hrs. + 39 min. .". 8 hours by
the slow clock = 8 hrs. + 26 min. Overtime of 26 min. @ $6 per hr. or 10¢ per
min. gives $2.60.

Let O denote the vertex of the right

angle, C and C' the centers, r and r’

(r> 1) the radii of any two consec-

utive circles. If T is the point of con-

tact of the circles, then OT = OC" +
r'=(/2+1)r'and0T=0C —r=

(+/2 — 1)r. Equating these expres-

sions for OT yields the ratio of con-

secutive radii r'/r = (v/2 — 1)/(v/2 +

1)=(/2 — 1)* If 1 is the radius of

the first circle in the sequence, then 0
ar? is its area, and the sum of the

areas of all the other circles, which form a geometric series, is

2= 1)% .
m? (V2= D)+ (V21 4] w(\{:/_ )1)“ AT

The quotient of areas = (v/Z+ 1)* — 1 =16 + 124/2 and the required ratio is
(16 +124/2) : 1




SOLUTION-ANSWER KEY

TWENTY THIRD ANNUAL H. S,
MATHEMATICS EXAMINATION

1972

23

Sponsored Jointly by the

MATHEMATICAL ASSOCIATION OF AMERICA

SOCIETY OF ACTUARIES

MU ALPHA THETA

NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS
CASUALTY ACTUARIAL SOCIETY

USE OF KEY

1. This Key is prepared for the convenience of teachers.

2. Some of the solutions may be intentionally incomplete; crucial steps are
shown.

The solutions shown here are by no means the only ones possible, nor
are they necessarily superior to all alternatives.

3

4. Fven where a ‘‘high-powered’’ method is used, there is also shown 2 more
elementary procedure,

$. 'This Solution-Answer Key validates our statement that no mathematics

teyond intermediate algebra and trigonometry i8 needed to solve the
t:roblems posed.

Copyright © The Mathematical Association of America. 1972

Nationa) Office Univ. of Nebraska, Lincoln, Nebr. 68508
Omaha Office Univ. of Nebraska at Omahsa, Omaha, Nebr. 63101
New York Office Fred F. Kuhn, 270 Madison Avenue. New York, N.Y. 10016



Note: The letter following the problem number designates the correct choice of the live liated for the
problem in the 1972 examination.

1. {D)} The Pythagorean Theorem applies to ahow that IV 1s not but §, 11, and I are right triangles.

2. {B) Let C be the present cost, hence .92C the discounted cost, and x the present profit, in percentage,
then squating the fixed proceeds of sale, gives

C{l + 01x) = 92C[1 + 0l(x + 10)], .08(.01x) = (.92{1.1)~1 = 012, x =15,

3B -x= 41 -TP - 4(1 - 1VF) = ${-2 - 2VT) — {1 - ¥F) = —1 and the reciprocal requested is
also -1,

4. (D) The union of {1,2} with each of the B distinct subsets of {3,4,5} results in a different solution X and
there are no other solutions,
Remark: [n making the count, one need only enumerate the B subsets of {3,4,5} but it is not difficult
to write down all 8 solutions. This is left to the student.

5. (A) First note that {2"/")° = B < (3'/*)® = 9 so that 2V" < 3%, Also (2V7)'" = 2° = 512 > (9"*}'* = 1 so that
2% 5 9*° and 2''* » 8'* = 2¥*. Hence 3''*, 2'/" have the greatest and next to the greatest values in
that order.

8. (C) Lot ¥ = 3* and the given equation is equivalemt to y* ~ 10y + 9 = 0 or (y = 8Xy — 1) = 0. Hence
y=F =9orl,x=2cor0sothat X +1=5o0rl.

X .3 X ¥ 5.1y cxgE =1 -
7. (E) The rato ¥ i 2:4 = 4:1 because it ia given that yz:xx = 1:2 and hence 2yt = xx
[~ T _
80 that — = 2 and 4.

8. (D) I (x - log ¥} is nonnegative, then the given squation requires that x —log y = x + log y so that
—<4og y=logy =0 and y = 1. On the other hand, if (x — log ¥) is negative <{(x —log y) = x + log ¥
so that 2x = (. We can write x(y —1)=0 to say that x =0 or y =1 or both.

9.(A) Let x and v denote the number of shests of paper and of envalopes respectively in sach box. Then
x-y=50 and y — $x = 50 give §x = 100, x = 150 sheets of paper in sach box.

10. (D) First when x~ 2 >0, than 1 = x-2=7, 3xx=s9 Againwhen x-2=0,then 1 s 2-x=x 7,
-1 s-x = 5gives -5 = x < | as the other possibility as stated in choice (D).

11. (A) Graphing the circle of radius 4 about the origin and the parabola with ’
y ~ intercept 4, it becomes apparent that they intersect only when y = 4.
Alternately, we may subtract the second from the first equation to get .
y'+ 3y —20+0,y=~Tor4. For y=4, x =0, but there is no real x for
y=-1. C ®

12. (B) Let an edge be { feet and hence 12! inches long. Then f* = 8{(121)" o that { = 6(12) = 6 x 144 = B4 ft,

13. (C) Let R and S be the intersections with sides AD and BC of the line through D E c
M parallel to AB (See figure). Then RM = 4DE = 34 inches and hence MB
has length 94 inches. Since PMR and SMQ are similar right triangles
PM:MQ = RM :MS = 24:94 = 5:19,

R 8
™M

Q

A B

14. {B) Let a denote the required side. Then the Law of Sines gives
8 8 8 min 30° _ 8(})
Fry ey LRy ol v, SbAE
Alternately, the aititude between mides 8 and 6 has length 4 and is one leg of an isosceles right tri-
angle with hypothenuse s = 4V7Z,

‘15, {C) I x is the number of bricks in the wall, then this reduced number of bricks tor 5 hours of work
together, is

5(; .%-10) = x, x = 900 bricks.



18,

11,

18.

19,

21,

22.

24,

25.

(B) Let 3, x, ¥ be the first three numbers. Then ; = i, x' = 3y. The last three numbers are X, v, 9 so

that y—x =9 -y, x +9=2y. Eliminate y getting 2x" — 3x— 27 = 0. Factoring, (x + 3)(2x - 9) = 0,
x=4f, y= %" =&} ~x+y=114.
(E) Let AB represant the string (See figure) and let P be the point on it : P
such that AP:PB = 1:x, If AP has length s inches, then the length of Ay w 1.6
PB is ax. The probability that the cut lie on AP is _—— = . Since the cut s equally likely to
E:ox?(i;)the same distance from the other end B of the string, the probability of either 1s !f of

{A) Let sidea AD and BC of the quadrilateral intersect at V. Then diagonals AC '

and BD are medians from A and B of triangle ABY intersecting at E which .
divides AC in the ratio 2:1 50 that the length of EC is ¥ or 3 unita.
LN €
LN,
(D) The ¥ tamdlhcﬁvﬂuqumehquﬂb!"—lnothﬂthumdlhhrttnumlmaybe
written as
@ -D+(@F-D+ (@ -1)+---+(2"-1)

=2+ +2+---+2-(1+141+"" tonterms)
= (2" ~2)-n=2""' —pn-12,

. (E) Angle x may be taken s the acute angle opposite the side of length 3ab ina
right triangle (See figure) whose other leg then has | {a' ~ b*). The P .v?i -

hrpothmmuthuthoqunrwtouhm’ﬁll’—b‘ =a'+ 22" +b* or

a' +b'. Hence sin x = Iah/(a’ + b’} by the dafinition of sine. 3

(C) Let P and Q denote the intersections of AD with BF and CE respectively. B
Then 3 sums of angles in dagrees are

LF + (FPD + LBQA + (E = 360° A .
£B + (180° - /FPD) + /D = 180°
LA + (1000 - (EQA) + (C = 180°

Adding these equations member by member gives
LA +LB+LC +LD +LE +LF + 380" = 130"
and the required sum ls 360° = 90n° so that n = 4 as in choice (C).

(E) Let the third root of the given equation ba s. The sum of the roots s zero, 22 + 9 = 0, g » —2a,
The sum of the products of the roots taken two at & time is q,

(a+bia—bi)+{a+bi)a+(a-Dils=gq
(a® + B%) + a{-2a) + bi(~2a) + a{-31) — bi(—3a) = b* — 3a" = q which 1s cholce (E).

{D) Let P be the center of the circumacribing circle. (See ligure). We must have t 5
AP’ = PB’ sothat (1 ~OP)' +1" = (1 +OP)' + (" and 30P + 1 = 30P + 4, (‘
OP'H'«-HmeAP'-(l—OP)’+1'-(*:%)_41-&’;“—2“-%-!;%11 A

$VI%
and AP = 16 -

(B} Let D, R, T denote the distance (mlles), rate (miles per bour), time (hours) respectively. Then
D=RT,D=HR+{T, D= (R~ 40T « 24).

The first and second equations give 4D = {T. ~D=12T. - 3T = RT and R = 2. Replacing T by 4D
and R by 2 in the third equation gives D = §(D + 24), D = 15 miles.

(C) Since angles A and C are supplemmtary, {See figure) one suspects that each may ¢ a
be & right angle. This turns out to be the case with diagonal BD of length 85 as the o]
common hypothenuse and the diameter of the circumscribing circle. » 4
or
The same result may be obtained using the Law of Cosines on triangles ABD and ¥
CBD. Thus A

BD’ = 39" + 52' — 2x39x52 cos C
BD’ = 25" + 80" - 2x25x60 cos A



Since C ia the supplement of A, replacing cos C by its equal {(—cos A) and subtracting, gives
0=0+(2x39x52+2x25x80) cos A. ~cos A =D

and A and its supplement C are both right angles. The common hypothenuse BD has length 65 and
is the diameter of the circumscribing circle as before,

26. (E) Draw NQ perpendicular to AB at Q where chord MN has measure x. Since arcs BN and AM are
equal, PQMN is a rectangle and PQ has measure x. Hence PB = PQ + QB has measure
x+(x+l)=3x + 1.

27. (D) The area of AABC (See figure) is 64 = 1AB -AC sin A. c

2x64 _8
Now AB-AC = 144, Hence sin A = = ¥

A B
28, (E) ALl border checkerboard squares are not entirely covered by the disc. Only the 4 corner squares
of the 6 x 6 ‘‘checkerboard’ of the 38 remaining interior squares are not entirely covered. Hence
38 — 4 = 32 aquares are entirely covered by the disc.
3x+x°

1+
29.(c)r(a”‘,)-1 1438 g lilretned  (exp G«-}-;—),Islog%-:—:-Sﬂl).

Y A Tl T3 T Tl e

1+3¢

6
sin 26

SU-M)LMhdmumlmgwulthemm.‘I'Mnh:m“:,_“ -

=3sec Pcechd,
Also L = h sec 0 = 3gec "0 csc 6.

31. (C) The remainder in the division of 2'* by 13 is 1 because that of 2" = 64 is —1, Hence
2090 = 2% » 2% = (2'*)™ x 18 leaves a remainder of 1® x 3 = 3 when divided by 13,

or
Using congruences, 2* = —1 mod 13. Hence 2™ m 2™ x 2' = (-1)"™ x 16 = 1 x 3 = 3 mod 13.

32, (B) If AC and BD be drawn, then inscribed angles B and C subtend the same arc AD and hence right tri-
angles ACE and DBE are similar. Hence CE ; AE = BE :DE and the measure of segment CE is 4.
The center of the circle at the intersection of the perpendicular bisectors of chords AB and CD is 4
unita to the right of and 3 unit above point A. Hence (Radius)® =(§ Diameter)® = 4* + (§)' = (§ V&5)".
* The length of the diameter is V&5,

33. (C) Lt the unite, teas, and hundreds digits be denoted by U, T, and H respectively 8o that the quotient

i U+ 10T + 100K _ 9(T + 11H) ; .

to be minimized is ——— = =1+ TT SR which is least when U = § regardless of the

TR _, 10H-9

T+H+9 T+H+P
the number is 189 and the minimum quotient 111:4 = 10.5.

34, (A) Let T, D, and H denote the ages of Tom, Dick, and Harry respectively. Then 3D + T = 2H and
2H’ = 30" + T or equivalently 2(H - D) =D + T and 2(H’ — D*) = D* + T. Since,

D+T#O, %g_:g;)‘[:‘):::"' or ' + HD +P" = " - DT+ T. Hence T — H® = D{T + H) 8o that

T ~H = D. Elimimating T from the last and very first equation gives H = 4D so that D= 1 and
H = 4 because H and D are relatively prime integers. Also T =H + D = § and the required sum of
squaresis T +D + H =5+ 17 ¢ 4" = 42,

35. (D) The point P returns to its original position after 34 = 8 x 3 moves. In B of these moves, the rota-
tion is about vertex P with no path traversed by P. In the other 16 moves, 8 are about 2 mid-point
of a side of the square with the radius to P sweeping through 120° or ¥ radians, and B are about a
corner of the square with the radius to P sweeping through 30° or 7 radians. The total angle
awept through by the radius to P is i+ 47) = ¥1¢ radians. Hence the length of the path traversed
by P iz 7 inches.

values of T and H. Now which iz least when T =8 and H = 1. Hence

The general solution is:

%11‘(2 + Sk} or 5951'?(1 41, k=0,1,2, . . .
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" Note:

1.(D)

2.{C)

1.(B)

4.M)

5.}

8.(C)

T.(A)

8.(E)

The letier following the problem number refers to the correct choice of the five listed for that
problem in the 1973 examination.

Let O denote the centsr of the circle and OR and AB the radius and the chord
See figure) which are perpendicular bisectors of each other at M. Using the .
Pythogorean theorem on right AOMA, AM® = OA" - OM® = 12" — 6" = 108, 5 R
AM = 6/Y. The required chord has length AB = 2AM = 13V, v

The 8 X8 x8 cube of interior cubes contains all 512 of the unpainted cubes. 10" - 8°
= 1,000 — 512 = 488 cubes have at least one face painted.

13 is the smallest prime p with 126 - p also being prime. Thus the largest difference ia 113 - 13
= 100,

Let M and V {See figure) denote the ends of the altitude of length h and
the bisector of the isoceles triangulsr common area where A denoles
one end of the base. Then hv¥ =8, .. h = VY and the required com-
mon area is ph{ZAM) = § (2/%) x 12 = 12V5.

A

Denoting the binary operation of averaging by *, we have for any two numbers & and b,
Aasbhwei a+b)

Accordingly, I and IV are the only valid statements because in II,

as b=y a+b)=f b+a)eube aandinlV,

a+b=c)=a+} (b+e)equals

ma+b)s @ec)=f[a+bensc)=a+r Boe)

In I, on the other hand,

a*@®*cl=ja+yb+jcand a*b)ec=}a +5b +5care not always equal 5o that = is oot
associative.

InT,a+b+c)eja+ib+ycinnotequalto@sb) +m=c)=a +5b +y5c as noaded.

In V, there axists no one number e such that for every number a, e * 3 = g as required for an
identity element ¢ because 2 *e =} (a +9).

Let b > 5 be the base. Since (24;)* = (2b + 4)* = 4b* + 16b + 16 and 554 = 5b° + 5b + 4
we must have 5b" + 5b + 4= 4b° + 16b + 16, Solving for b we get b= -1 or 12,

Using the formulas 8 = gala + Dand £=a + én - 1)d for the sum 8 of n terms and the nth term 1
where a = 51 and d = 10, we get

B =51 +68L +...+341 =gn{51 +341) = 196 where

f=341=51+({-1)x10...n = 30...8 = 15 x 392 = 5380,

The number of pints P of paint used varies joinily as the square of the height h of each and the
the number n of statues painted which is to say P = knh’. Whenn=1landh=8,P =1 gives the
constant of variation

.1 S 1 '
k ﬁnountl’ ﬁnh.No'vuenn-ﬂomdh-l,mptp-ﬁ:m::l-lﬁ;i.nn.

Triangles ABC, AMC, MBC, MHC and HBC all have the sames altitude HC C
80 that their areas (denoted below by parentheses) are proportional to
their bases. We have

(AMC) = (MBC) because AM = MB. Also (MBC) = (MHC) + HBC) =K + K
= 1K because A



10.(A)

11.(B)

12.(D)

13.(D)

14.4C)

15.(D)

18.(B)

1UE)

AMEC and AHBC are congruent 30* — 60° right triangles,
. (ABC) = (AMC) + (MBC) = 21X + 2K = 4K.

I n # - 1, then elementary operations on the system ylelds an equivalent system (x,y,2}
1 1

1
T nsI'nel 1)'hich is a solution of the given system. If n = -1, adding the equations we

got the inconsistency 0 = 3. Alternately, the general condition that the matrix of the coefficients
of the system and the augmented matrix must have equal or mneqgual rank for consistency or in-
consistency applies when n F -1 or n = -1 respectively.

Coasider the figure for some positive integer r. The equation of
the outer diamond is |x! + 1yl = r. Points on or inside the di:mm:d

satisfy (1) Ix! + |yl =r, The equations of the circle is x° + y° = %,
80 points ou the circle satisty (22 + ¥ = r.

The equation of the inner square is Max (1x1, Iy1) = ;, 8o points o (r,0)
oo or cutside the square satisfy (3) r =2 Max (Ixl|, !yl)

Thus from (1}, (2), and (3) it iz seen that points on the circle
satisfy Ixi + [y] = = V20X + ¥) = 2 Max {Ixl, iy]).

@9

Let m and n denote the number of doctors and lawyers respectively. Then
40{m + n) = 35m + 500, 5m = 10n, m/n = 2 and the required ratiom:n = 3:1.

Multiplying the pumerator and denominator of the given fraction by V¥ gives

BELVB . 40+ VE) | 40 4
2+ 7% War2/y w7 Y

Let x, v, and £ denote the number of tankfuls of water delivered by valves A, B, and C
respectively in one hour. Then

1 1
T4y +ta=l x+3 :—1-3- Ytz = 3"
Scbiracting the sum of the last two equations from twice the first, gives x +5 =5/6 so that
{8/5) (x +¥) =1 tankful will be delivered by valves A'and B in 8/5 = 1.2 hours

The center of the circle which circumscribes sector POQ is at C,
the intersection of the perpendlcular bisectore SC and RC, From

trimgle ORCﬂmthltm-;‘$ orOC-Suc-;--

Lat n denote the number sides (angles) of the given convex polygon and x the number of degrees
in the excepted angle. Then 180(n — 2) = 2190 + x so that

2180 +x 30 X
“186 " 1% 30 *7ee - 12!

.o = 15 and incidentally the excepted angle x° = 150°,
Using the formula for the cosine of twice an angle ja,

n—2=

cosa=cos2 La -l-!nm’{-n-i—l(%) -i. Since



18.(C)

19.(D)

20.C)

21.(8)

22.A)

23.0)

34.0)

5.(x:)

m"ou:O =x,tan’® = sec’d -1 = x" — landtané = V@_y,

Since the factors (p-1) and (p +1) of (p" — 1) are consecutive even integers, both are divisible
by 2 and one of them also by 4 8o that their product is divisible by 8. Again (p— 1), p, and

{p +1) are three consecutive i.ntmrlsothatoaeoltum(hﬂ.wtthepﬂmepzsl is divisible
by 3. Hence the product (p— 1) (p +1) =p'1 is always divisible both $ and 8 and hence by 24.

2! » T2xB4x56x 48 x 40 x M2 x24x186x8 = 8°x 91
18, =18 x 16x14x12x10xBxBx4x2 =2" x !
The quotient 72,1 /18,! = 8*/2" = 4*

Let 8 {See figure) denote any point an the atream SE and C, H, and D be D
the position of the cowboy, his cabin and the point B miles north of C.

Then the distance (CS + SH) equals (DS + SH) which is least when DSH ia
a straight line and then E

CSH = DSH = V& + 157 = {3V = 17 miles.

)

Either the number of consecutive integers in a set will be odd or aven. I odd, lat their number
be (2n + 1) and their average x, the middle one. Then (20 + 1) x = 100, .". x = 100/(2n + 1) so that
(2n+1canonlybe Sor 25. ¥ 2n + 1 =5, then x = 20 and n = 3 50 that the integers are 18, 19,
20,21,22, M {(23n +1) =35 x = 4 and n = 17 which is impossible because the integers must be
ponitive, If the ber of tive integers is an even oumber In, hflthﬂrlunv (half way
MMmMmmm)hﬂnmdbyx Then 2nx = 100, x = 50/n. For n =4 x = 137 and the
middle pair ave x— § = 12,x +§ =13 so that 9, 10, 11, 13 13, 14, 15, 18 are the 2n = 8 intagers.
Por no other integer n, are the middle pair (x - ,-)wdh+|-}poultmmhﬂu The two dis-
played are the only sets of positive integers whose sum is 100.

1, H-2<x <1, then x - 1<{ and X + 2>0 so that the given inequality roquires —x + 1 +x +3<5 or
3<5 which is always trus. The inequality is troe also when x = 1 and x = 2,

4. ¥x>1, thenx— 1>0and x + 2 >0 g0 that the given inequality bacomes (x— 1) + (x +3) =
2x +1<5. x<2 " l<x<2,

S, Ux<-2 thenx +2<0and x~ 1< 0and the given Inoquality becomes —(x - 1) - (x +2) =
&x-1<5. . -2x<6,x>-3 We bhaw accordingly — 3 < x < 2 as the set of all real solutions.

Let the sides of the first card (both red) be numbered 1 and 2, Let the red and blue sides of the
second card be numbered 3 and 4 respectively. On draw, any one¢ of the four sides 1,2, 3, 4
could come up. Bat side 4 does not, o 1, 2, or ¥ must. Of these three, two undersides are red
and one blue so that the probability of red is two out of three or

Let 8, ¢,andp denote cost in dollarsof 1 sandwich,1 cup of coffeo,and 1 piece of pie respectively,
Then 38 + Tc + p = 3.15 and 48 + 10c + p = 4,20, Subtracting twice the second of these two equations
from three timesthe first gives 8 + ¢ + p = 1.05 so that $1.05 is the required coat.

Lat O denote the omter of the plot Bee figure) and M the midpoint
of the other side of the walk. If AB denotes one arc cut off by the
walk, then one half the area of the walk OMBA consists of a 30°
sector OAB and a 30°-60° right , OMB. Denocting areas by paren-
theses,
(Required Area) = (Plot)~ (Walk)

=sx8 -2 Goetnu)- 3(80 60°a’s)

-361—2:-5:3 x0x6~ 3:%:3:3-’3'
= 307 - /3 or cholce (E).




26.(E)

m.(A)

1.{C)

29.(A)

30.(B)

1.4

3.}

131.(C)

lat a, d, and 2n denote the first term, common difference and the even number of terms. s,
ndS.dmohthmdauoddmmmnmbendumsmptcunly,

S 3¢+ 0-1x3d) = 0ana
s -;{a+&.~1}::¢] - 34

The differsnce S, - § oqum;{ul = 6,0d = 6.

ol-a =a 4+ (- 1) d—a = 10.5 where f denocies the last term.
“vind —d=105,13-d=105,d=1.5 " n=8/d=8/1.5=4,2n ~8 or cholee (E}.

Lat s denote the distance. The time t for car A is t -ﬁ + ;; and the avwerage speed is

€ 8 | tv
i s 8 u+y

v
For car B, lot 5., 8; denote the distance at speed u, v respectively so that if the tme {or ear B
h‘!“,;ﬁ,—-unﬂ%-v.ﬂut&u?}! --'-};-—’--a+vndthmnalpuddur3
ise/T = li_!-’

The fact that x = y for positive u and v follows from 4uv s (o + v)".

Lat r »! depote the ratloof the G.P.a,b,caothatbearandc =ar'andlogb =loga +logr,
logec=loga +3lagr. Row

Mcn-bcn(b:e) = Iocn(m)

hawe reciprocals which form an A.P. as required,

The boys mest for the ath time after tho faster bas traveled % nupnamsmrﬁnup.
Both of these are first whole numbers of lnps when p = 14; therw are 13 mestings in betwesn.

For anyfizad t = 0,0 = T < 1. Hence 8, the interior of the circle with center {T,0) and radius T,
has an area between 0 and 11.

The integer TTT = T-(111) = T-3-37 with T squal to the final digit in E*, Now ME> YE must con-
tain the factor 5T and 30 18 37 or T4. The latter possibility ts ruled out because then the smaliest
possible YE = 14 gives 14 x T4 = 1036 exceeds 999 = TTT. ME = 3T and YE = Y7 is divisible
by 3 and is therefore 27. We note that 27 x 37 = 999 makes the required sum

B+M+T+Y =T7T+3 +8 +2 =21or chales {C).

The volume of any pyramid is equal to one third the area of the base times the altitode. In the
present problom, the area of the equilateral base of side 8 is 3x 3 VY =T . Thw altitude b ia
uub(dariﬂntrunglnrmthmgnmmedgeo{thwmiddhniﬂlMandmubr
Jog the distance from the centroid to a vertex of the base of 2v3. Then b = (VT -2V = 3,
h = ¢S, The required volume is

V 3 (Aren of Base) Altitude) = 3 /) /3 =0,
Lat {x,y} denote the number of ounces of (water, acid) originally. After addition of 1 oz. water

and 1 ox. acid we have respectively y and {y + 1) oz. of acid in mixtures totaling x +y + 1) and
@ +y + 2) ou. which means that



M%.0)

= % wd X1 o1 Thege yiold (x,y) = (3,1) from which the percentage of acid

e S -
T+y+1 x+y+2 §

orl;hallym—’—-si—,"%'?ﬂ‘

X+Y
Let d, v, w, denote the distance botween the towns, speed against, speed with the wind respec-
tively. Then since d/v = B4, d = B4v, we have

4 a4 _ ¥ . 84y
; - i.('-*‘r) iorﬂ-i 1—5—“‘,)

Letting x = v/w, the last equation reduces to 28x -155«—— — 3 which is equivalint to

Wt - 2 + 3 =0, (l:-S)t"!‘x»l)-o,x-%w;:-

The number of minutes required for distance d at speed w with the wind is

R TR YT SRR = & or 13 minutes.

mmmmmcmw}mmamdmuw
mbmncd«r = 36" . Draw a radios OF meeting MN at T.
Also draw perpendiculars OV and QU to MN from O and Q respec-
tively. Trizngles OVN and QUN zre similar so that

%-Lf'w§~;-sg.mramaﬂ-a

To see that d — s = 1, note that MT = s because (MPT = /MTP = T2°.
Also ZOTN = ZORN so that ORNT ia a b ogram with opposite sides
TN=OR=1. MN-MT =d-s=1 Now{d—s)'+4ds=1+4=5
ord*+2ds+at=Sanddes=vh 1 - farldesild-e)=VEx1.
All three of the equations I, I, and Il are necessarily true as
stated in choice (E).

or
Alternately, d - s = 1 follows from MT = 8 and MN = d because OTNR s
2 % ogram with side TN = MN - MT =4 -~ 5 = 1. Now let P’ (not shown)
denote the other end of the diameter through P, Then chords PP’ and
MN intersect at T and the products of their segments are equal.

(PT)ATP) = (MT)-{TNYor {1 —-8) {1+ 8)=a-1

This quadratic equation has the poaitive root 8 =4 (V5 — 1) from which
relations 11 and I can be verified. Therefore all three equations I, 11
and 11 are necessarily troe.
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1. {D) Multiplying both sidea of the given equation by the least common denominator 2xy vielda 4x + By = xy
or, equivklently, 4x = ay - 8x. Factoring x from the right side of the last equation gives 4y = xiy - 6},
Since v « 6 we can divide both sides of this equation by v - 6 to obtain (D).

2. (B) Since x, and x; are the two roots of the quadratic equation 3x° - hx - b = 0, the sum of the rools 18 %

3. (A) The coefficient of x” 1n {1 + 2x - x°}* is the coefficient of the sum of four identical terms 2x{-x")’,
which sum 18 -Bx’

4. (D) By the remainder theorem x*' + 51 divided by x + 1 leaves 2 remainder of {-1)*' = 51 = 50.
This can aiso be seen quite easily by long division.

5. (B} {EBC = {ADC gince both angles are supplements of ZABC. Note the fact that JBAD = 92° is not
needed in the sclution of the problem.

e'[D}"V:x_xg_YE;rT!}’Y"

and
__z_

) PR it SRR |
(xey)oz SeyE L wemy
ary

xyz

wooxzeya 80 “'="' 18 both commutative and associative.

Similarly x e (ye z) =
7. (D) Let x be the originzl population, then

x+ 1,200 - 0.11(x + 1,200) = x - 32.

Solving for x gives (D).
B. (A) Stnce 3'' and 5'* are both odd their sum must be even.
9. (B) All muitiples of 8, including 1,000, fall in the second column.
10. (B) Putting the quadratic in its standard {orm:

(2k— 1)x"-8x +6 = 0,

we see that the digcriminant is 64 — 4(2k — 1)6 = 88 — 48k. A quadratic equation has no real roots if
and ondy if its discriminant is negative.

Since 85 - 48k < 0 when k > 11/6, the emallest integral value of k for which the equation has no real
roots 1s 2.

11. (A) Since (a,b) and (¢ d) are on the same line, ¥y = mx + k, they sauisfy the same equation. Therefore,
b=ma+k
d=mec + k,
Now the distance between {a b} and (c.d) 18 v(a - ¢)? » (b~ di*. We obtain from the above two equa-
tions {b - d) = m{a - ¢}, sn that

Yia-cP+b-di=v{a-cP+mifa-ci=1a-cr1+m

Note we are using the fact that ¥x? = ix! for all real x.
—_—

12. (B) Since g{x) = 1/2 is satisfied by x = v 1,2,

1(1/2) = g(¥1/20 = 1.

13. {D) Statement (D) is the contrapositive of the given one and the only one of the statementa {A} through (E)
equivalent to the given statement.

14. (A) Stace x* >0 forall x = 0, x* >0 » x 18 true if x < 0. Counterexamples to the other statements are
eusy to construct.

15. {B) By definition lal ,l_: :fg. If x<-2,then L +Xx <0 and 1] +x; =~ {1 + x} and

13—l +xll =11 +1+x =12+xl. Againi{ x <~-2.then 2 + x <0 and '2+x = -2-X ,

16. (A} In the adjoining Higure, AABC 18 a right isosceles triangle, wilh /BAC = 90°
and AB = AC, Inscribed in a circle with center O and radius R The line
segment AO has length R and bisects line segment BC and BAC. A circle
with center O’ lying on AQ and radius r 18 inscribed in 3ABC. The sides
AP and AC are tangent to the inacribed circle with points of tangency T
and T, respectively. Since AATO' haxs angles 45°-45°-90 and O'T - T,

AT =r and O’A=rvZ,thenR=r+rv2 and R/r =1+ 2.




17.(C) Since i* =—1, (1 » 10" = 2i and {1 -1 = 2i. Weiting (1 + 1) = (1 = 0™ = ({1 + 071" = {0 - 0", we
nave (141} - (1 -1 = 21" = (-2} = 0.

18. (D) By hvpothesis we have 3= 8P = 2% and 5= 3q g0 5= (2'7)% = 2'PY. Therefore,
1
logdd = los.a2"“ = 3pq logo? = Ipq logy -g‘q-

Since log.., 5 = logwl0 - loge5 = 1 - higyeS. we have logwd = Ipgil - log,d) and therefore, solving
for log:.5, we obtain (D).

19 (Ay Let DM - NB = x: then AM » AN = 1 - x. Denoting the length of each 2ide of the equilateral triangle
CMN by y and using the Pythagorean Theorem we see

e 1 =y and (1-x0f + (1 - xF =y
Substituting the first equation into the second we get
A1-x¥=x"+1 or xX*-d4x+1:0.

The roots of this equation are 2 - ¥3 and 2 + v3. Since 2+ v3 » 1 we must choose x = 2 - +3
Now,

area OCMN = area JABCD - area 8ANM - area aNBC - arez AaCDM
= 1—111—;':’—’—;-;: %{l—x"l.
Substituting x = 2 - v "3 we obtain area ACMN = 2v3 - 3.
20. {D) By rationalizing the denominator of each function, we see
T=(3+vB) - B+ T+ (+T+ VB - (v6+ VB e (B r2=3+2:5
21. (B} The sum of the first five terms of the geometric series with inittal term a and common ratio r 18

all-r"
S,za+ar+ar’ +ar +ar': S

By hypothesis ar' - ar’ = 576 and ar - a = 9. Dividing the last equation into the hirst yields

L] 3
rr_: =64 s0o r’=64 and r=4. Since ar—a =% and r = 4,2 = 3 and therefore
tl
s L= - yo23.
22 (E) Writing
A = A 1. A 3
siny -\3cosi = 2[5 sing - 3 cnsi]
. A_ . A
= Z[casGU smz swn 60 cosz]
2 A o
-Zsmti—ﬂo)

we gee that the last expression 18 minimum when sm{- - BD") = -1 or when

g 60° = 270° + (360 m)°, m = 0, £1, 12, -

Solving for A we get a mimmum when
A = 660° + (720 m)°, m = O, z1, 22,
None of (A} through (D) satisfy this equation.

23.(Bi Since TP-T'P.OT - OT " -r.and .PT O+ .PTO - 90", we have JOTP ¥ a0T P. Simularly
AOT'Q = a0T'Q. Letting x - . TOP - .POT . and v - . T 0Q = .QOT’' we obtain 2x + 2y - 180"
But this implies that /POQ = x =y = 90", Theretore APOQ 15 a righl triangle with altitude OT .

Since the altitude drawn to the hypotenuse of a right triangle 15 the mean proporhion of the segments
it culs, we have

4 r
=g or r=6.
24. (Al Let A be the event of rolling at least a five: then the probability of A s — 2 ]. In s1x rolls of a die the

6 3
probality of event A happening six imes is | > ) . The probability i getting exactly five successes and

N 7 % e g
one failure of A 1n a specitic order is (3} T Since there are six ways to do this, the probamlity of



3
getting five succeases and one fallure of A in any order ls GG) % = '_:l% The probability of getting
all or five and one failure tn any order is thus
12 17" 13
L2 (3) TN

25. {C) Since DM = AM, /QMA = /DMC and /CDM = /QAM we have AQAM @& AMCD.
Similarly ABPN = ADNC. Now,

area AQPO = area SJABCD + area ADOC
and
171 _k
area aDOC = i{imamDCD) =3
so that
ares AQPO =k + -E -%,
26. (C) Writing 30 as a product of prime factors, 30 = 2-3-5, we obtain
(30)* = 2*-8°. 5.

The divisor of (30)* are exactly the numbers of the form 2l .3l . 5K where 1, 1, k are non-negative in-
tegers between zero and four inclusively, so there are {5)* = 125 distinct divisors of (30)%; excluding
1 and (30)* there are 123 divisors.

27. (A) Conaider If{x) + 4] = I3x + 2+ 4| = 3Ix + 2|. Now whenever Ix + 2| « ;,tban If(x) + 4] < a.
Consequently whenever Ix + 2l <b and b= ;. we have |f(x) + 4] < a.

28. (D) Using the formula for the sum of a geomstric serles

2
- n K3
osnn).:i(%) ‘ﬁn.
3
If a; =0, then 5
05;:53(;) = 1-% c%‘
If & = 2, then

%ﬂ)o(n---sxcl.
Soeither 0= x <3 or $Sx<1.

20.(B) For sach p= 1, ---, 10,
Sp=P+p+(2p-1)+p+A2p-1)+ -+ p+382p-1)
= s0p + 0 (5 y)

= {40 +4039)p - 20 -39
=((40)’p - 20- 39

'l'ﬁherefore, E
= (40 - 3
p_lsp ( )‘p_lp (10)(20)(39)

= 4oy LI _ (30)200(30)
= 80,200,

30. (A) Consider the line seg ‘meutbyapointnwmm-:,nn-y.y«:xam;-l:,.
Btmni-kwacmchwux-1mdtherelorey=ll,thul i Dy "
A
R-l—:—-ﬁuudR'+R-1=0AWecmtlnrelorewriteﬁlnR¢llothu

R+ =R +Re1=(R+R-1)+2=2, and

R+ 1 1
R[R Rl*ﬁf%.R[R'*ﬁ]4%=R'+%,g
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10.

(D) The equations have a solution unless the lines obtained by plotting them
are parallel (and not coincident); i.e., unless m=2m - 1.

(A) None of the inequalities are satisfied if a, b, ¢, x, y, z are chosen to be
1,1,-1,0,0, — 10, respectively.

(A) In the adjoining figure, if s is the length of
a side of the first square, then s/\/2 is the
length of a side of the second square. Thus
the ratio of the areas is s*/(s/v/2)* = 2. siV2

(B) (x +y)¥=x’+9x®y +36x"y* +- -+ + "
9p%q=36p’q* and p+q=1,
p=4qandp+q=1;p=4/5.

. (E) Grouping the terms of the difference as (2 -1)+ (4 -3)+---+(160 -

159), one obtains 80.

. (B) I_x;ilx_li is -2 if x is negative and 0 if x is positive.

. (D) Il and IV are the only negations of the given statement.

. (C) Let d denote the common difference of the progressiona, + b,,a; +b,,

....Then 99d =(a,00 + b100) - La, + b,)=0; Thus d = 0, and
100(a, +b,) = 10,000 is the desired sum.

(A) Let k be any positive integer. Then 10X + 1 =100 -+ - 01, and

100 --- 01

100 - - - 01

100 ---01
100 --:01

100 - -+ 0200 - -- Ol.
The sum of the digits is therefore 1 +2 + 1 =4.



11. (E) Suppose Pis the given point, O is the center of circle K, and M is the
midpoint of a chord A B passing through P. Since 2OMP is 90°, M lies on a
circle having OP for the diameter. Conversely, if M is any point on the
circle with diameter OP, then the chord of the given circle passing through
P and M (the chord of the given circle tangent to circle OP at Pif M = P) is
perpendicular to OM. Hence M is the midpoint of this chord and therefore
belongs to the locus.

12. (B) Ifa#b.a* - b° =19x> anda - b = x, then
@ -b=(@-b)a’ +ab+ b )=x(a +ab+b*)=19x?

Dividing by x and substituting & =g — x into the last equality above, we
obtain

18x* +3ax - 34 =0
-3(a-3x)(a+2x)=0.

Soa=3xora=-2x.

13. (D) Ifrisaroot, thenr®+ 8 = 3r* + 67 + r;if r were negative, the left side
of this equation would be positive and the right side would be negative.
Also, the polynomial has a positive value at x = 0 and a negative value at
x = 1. (The fact that the polynomial has no negative roots also follows
directly from Descartes’ rule of signs.) '

14, (E) Let W, H,Iand S denote whatsis, whosis, is and so, respectively. Then
H=Iand IS =28 imply W =S8, or equivalently,since $ >0, =/=2
implies W=5.Now if H=S, 25 =5 and I = 2. or equivalently
H=I=8=2 then W=8,sothat HW=4=58 + 5.

15. (A) The first eight terms of the sequence are 1,3,2, -1,-3, -2, 1, 3. Since the
seventh and eighth terms are the same as the first and second, the ninth
term will be the same as the third, etc.; i.e.. the sequence repeats every six
terms. Hence the sum of the first 96 terms is zero, and the sum of the
first one hundred termsis0+ 1+3+2 - 1=5,



16. (C) If ais the first term of the series and 1/n is its common ratio, then

20

21

a
1-(1/n)
0<1/n<1,n=3anda=2.The sum of the first two terms is
2+2(1/3)=8/3.

=3 ora =3 -(3/n). Sincea and n are integers and

. (D) The total number of trips is 2x,502x =9+ (8 + 1S)and x = 16.

. (D) There are 900 three digit numbers, and three of them (128, 256 and 512)
have logarithms base two which are integral. So 3/900 = 1/300 is the
desired probability.

. (D) For any fixed positive value of x distinct from one, let 7 = logsx, b = log,5
and ¢ =log; 5. Then x = 3%, 5 = x® and 5 = 3°. These last equalities imply
3%% =3¢ orab = c. Note that log, 5 is not defined for x = 1.

. (B) In the adjoining figure let & be the length of altitude 4N drawn to BC, let
x =BM and let y = NM. Then A
B+ (x+y)? =64
W +y? =9 2 h| N\
2 (v — v} =
alli o i B *INIM * C

Subtracting twice the second equation from the sum of the first and third
equations yields 2x* = 62. Thus x =+4/31 and BC=2/31 .

OR

Applying the parallelogram law to the parallelogram having AB and AC
as adjacent sides yields

4 +8* =2(3%) +2x4

x=4/31.

. (D) Lettinga = 0 in the equation f(a)f(b) = f(a + b) (called a funcrional
equation) yields f(0)f(b) = f(b), or £(0) = 1; letting b = —a in the
functional equation yields f(a)f(—a) = f(0), or f(—a)=1/f(a); and
f(a)f(a)f(a) = f(a)f(2a) = f(3a), or f(a) = /T(3a). The function
f(x) = 27 satisfies the functional equation, but does not satisfy condition
Iv.



22. (E)

23. (O)

24. (E)

Since the product of the positive integral roots is the prime integer q, ¢
must be positive and the roots must be 1 and q. Since p = 1 +q is also
prime, ¢ = 2 and p = 3. Hence all four statements are true.

In the adjoining figure diagonals AC and DB are drawn. Since ABCD is a
square AC and DB bisect each other at P at
right angles, If s denotes the length of a side b ¢
of the square, then AC = DB =s+/2. Now O
is the intersection of the medians of triangle P

ABC, so that OP = (1/3)Xs\/2 /2). Thus the N
area of AAOC is s /6. The area of AOCD is %)

then s /2 + 5* /6 = 25? /3, and the required
ratio is 2/3.

OR

Introduce coordinates with respect to which AB is the unit inverval on the
positive x-axis and AD is the unit interval on the positive y-axis, and find
the coordinates of O by solving simultaneously the equations for the lines
AN and MC. Calculate the area of AOCD by drawing perpendiculars from
Oto AD and CD.

If 0° < 8 < 45°, then (see rigure 1) an application of a theorem on
exterior angles of triangles to AEAC yields 28 =% FAC + 8. Therefore
X EAC =8 and AEAC is isosceles.
Hence EC = AE=AD.

If 6 = 45°, then AABCisa 45°—
45°-90° triangle and £ = B. Then
EC=BC=A4B=AD.

If 45° <8 < 60°, then (see

Figure 2)
XFAC=XFEAB +XBAC

= [180° - 2(180° ~ 26)] A

+[180° - 39 r

=6, 180° - 20
Thus & EAC is isosceles and EC =
EA =AD. ~N——

E B C



25. (B)

26. (C)

27. (E)

If the son is the worst player, the daughter must be his twin. The best
player must then be the brother. This is consistent with the given informa-
tion, since the brother and the son could be the same age. The assumption
that any of the other players is worst leads to a contradiction:

If the woman is the worst player, her brother must be her twin and her
daugzhter must be the best player. But the woman and her daughter cannot
be the same age.

[f the brother is the worst player, the woman must be his twin. The best
player is then the son. But the woman and her son cannot be the same age,
and hence the woman’s twin, her brother, cannot be the same age as the
son.

If the daughter is the worst player, the son must be the daughter’s
twin. The best player must then be the woman. But the woman and her
daughter cannot be the same age.

BD _ AB
cD AC’

triangle divides the opposite side c

into segments which are propor-

tional to the two adjacent sides.

Since CN = CD and BM = BD, we D
BM _ AB
CN  AC’

MN is parallel to CB. Statements

(A), (B), (D) and (E) are false if A M B
X4=90°-0,4B=60"and3C

=30° + 8, where @ is any suffi-

ciently small positive angle.

In the adjoining figure , since the bisector of an angle of a

have —— , which implies N,

Substituting the identity
PP H@ +P =(p+q+r)? -2(pg+aqr+rp)
into the identity
P+ +r=(p+q+n (p" +q* +r' - pq - qr-rp)+3pgr
yields
PP+ +r3=(p+q+n[(p+q+r)? - 3(pg +qr+rp)) +3pgr
=1[1% - 3(1)] +3(2) =4.



28. (A) Construct line CP parallel
to £F and intersecting AB
at P. By proportionality AP
=8. Leta,x,y,a,f,6 and 8
be as shown in the adjoining

diagram. Then A F P B
a _ 12 a _ 16 sinf _ 3
sina  sind  sinf sin(180° -8)  sina 4
Therefore,
x = 8B, ¥ . 16 .
sinae sind’ sinf  sin(180° -5)
and
EG _y _ ,sinB _3
GF «x sinae 2
OR

In the adjoining figure side BC extended through C intersects EF
extended through £ at A. Applying Menelaus’ theorem to A FBH and
AHCE with AM as the transversal, we obtain

GH AF MB _
GF AB MH

@A_E_'M_g =]
GE AC MH

respectively. Since MC = MB and AE = 2 AF, dividing the first equation by

the second yields

@_ =2f_4£ :2-2 =2
GF AC 16 2

H

Menelaus' theorem: The six segments

determined by a transversal on the
sides of a triangle are such that the

product of three non-consecutive

segments is equal to the product of

the remaining three.

A I

29. (C) Sincea® +b%=(a* +b*)(a® —a®b? +b*) and V3 -2 <1,
(V3 + V2)* + (V3 - V2)* =(10)(97) =970,
and 970 is the smallest integer larger than (v/3 ++/2)%.



8
30. (B) Letw = cos 36° and let y = cos 72°. Applying the identities
cos 20 = 2cos?8 — 1 and cos 20 =1 — 2sin®0,
with 8 = 36° in the first identity and 8 = 18° in the second identity, yields
y=2w? =1 and w=1-2y2.
Adding these last two equations and dividing the result by w + y yields the
desired result,
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1. (B)

2.(B)

3.(E)

4.(C)

5.(C)

6. (C)

7. (E)

8. (A)

9..(D)

pory desgeduny g sy s g
] =9 =%

Ifxll_ _aé_(} then —(x + 1) < 0 and \/—(}T']‘T’- is not real; if x + 1 = 0 then
V-(x + 1)2=0. Thus x =—1 is the only value of x for which the given ex-
pression is real,

The distance to each ot the two closer midpoints is one; the distance to
each of the other midpoints is /12 + 32

The sum of the terms in the new progression is

TLE T b2y 4l
ro el -l

ri-1

Let ¢ and u be the tens’ digit and units” digit, respectively. of a number
which is increased by nine when its digits are reversed. Then 9 = (10u + 1)
=10t +u)=Nu—t)and u =1 + 1. The eight solutions are {12, 23,.. ., 89}.

Le! r be a solution of x* — 3x + ¢ = 0 such that —r is a solution of x* + 3x — ¢
=0. Then

rr—=3r+c=0
ri=3r-c¢=0.

which implies 2¢ = 0. The solutions of x* = 3x = Q are 0 and 3.

The quantity (I — [x[){1 + x) is positive if and only if either both factors are
positive or both factors are negative. Both factors are positive if and only if
-1 <x <1, while both fuctors are negative if and only if x <—1.

The points whose coordinates are integers with absolute value less than or
cqual Lo four forma 9 X 9 array. and |3 of these points are at distance less
than or equal to two units from the origin.

Since Fis the midpoint of BC. the altitude of AAEF from F to AE (extended
if necessury) is one half the altitude of AABC from C to 48 (extended if
necessary ). Base 45 of AAEF is 3/4 of base AB of AABC. Therefore, the
area ol AALFis (12U 3/4)96) = 36.



10. (D)

11. (B)

12. (C)

13. (A)

14. (A)

15. (B)

For any real number x, the following equations are equivalent:

f(g(x))=g(f(x))
mipxtg)tn=p(mx+n)+gqg
mpxtmg+tn=mpx+tnp+gq
(1 =p)y=q(l —m).

The statements P implies Q. “Not @ implies not P and “*Not P or 0"
are equivalent. The given statement, statement 111 and statement IV are of
these forms, respectively.

There are 25 different possibilities for the number of apples a crate can
contain. If there were no more than five crates containing any given num-
ber of apples, there could be at most 25(5) = 125 crates. Since there are
128 crates, n 2 6. But also, n < 6, since it is possible that there are six
crates containing k apples for £ = 120, 121, 122 and five crates containing
k apples for 123 <k < 144,

+
A cow gives % ]—,,l cans per day. Hence (x + 3) cows give X+ DIx +3)
x(x+2) x(x +2)
y ; x(x+2
cans per day, and (x + 3) cows give milk at the rute of ————— days

(x+1)x+3)

x(x+2)(x+5) oy

— +5)c '
per can. To fill (x + 5) cans takes (x+ 1)x+3)

Let 7 be the number of sides the polygon has. The sum of the interior
angles of a convex polygon with » sides is (n — 2)180°, and the sum of
n terms of an arithmetic progression is #/2 times the sum of the first and
lust terms. Therefore

(n-2)180=2(100 + 140).

Solving this equation for n yields n = 6.

Since o divides 2312 - 1417 =(5)179 and 1417 = 1059 =(2)179 (and 179
is prime),d =179, r=164andd-r=15.
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16. (E)

17. (A)

18. (E)

19. (B)

Let G and H be the points at which the altitudes from C and F intersect
sides AB and DE, respectively. Right triangles AGC and DHF are congruent,
since side AG and side DH have the same length, and hypotenuse AC and
hypotenuse DF have the same length. Therefore,

XACB + 2DFE = 25ACG + XA DFH = 180°
and

(area AABC) = 2(arca AACG) = 2area ADFH) = (area ADEF).

By virtue of the trigonometric identities, .
(sin @ + cos 8)%2=5in?@ + cos? @ + 2sin @ cos @
=1 +sin 260
=1+a.

Since 0 isacute, sin @ + cos 8 >0 and sin 8 + cos § =+/1 +a.

In the adjoining figure, £ is the point of intersection of the circle and the
extension of DB, and FG is the diameter passing through D. Let r denote
the radius of the circle.

Then 4

(BC)(BE) = (4B)? F
3(DE +6) = 36 E by 2
DE=6. s ]

0

Also
(DEY)DC) = (DF)(DG)
18=r2-4

r=+/22.

Let ax + b be the remainder when p(x) is divided by (x — 1)(x — 3), and
let g(x), r(x) and t(x) be the quotients when p(x) is divided by (x — 1).
(x = 3)and (x — 1)(x — 3), respectively. Then

px)=(x—-1)q(x)+3
p(x)=(x—3)r(x)+5
px)=(x—1)}x—3)t(x)+ax +b.
Substituting x = | into the first and third equations and then substituting
x = 3 into the second and third equations yields
3=a+tb
5=3a+b.

Therefore,ax + b=x + 2.



20.(E)

21.(B)

22.(A)

23.(A)

The given equation may be written in the form
4(log,x)* - 8(log, x)(log,, x) + 3(log, x)* =
(2log,x — log, x)(2log, x — 3log,x) = 0;
log,x? =logy x or log,x* =logyx>.
Let r = log, x*. Then
a"=x* and " =x,0r @’ =x* and b" =x’;
a" = b or & = b
a=b* or a® =h%
Since 21/7... 22+ 1)/7 = 2(n+ 1)*/7 3n4 210 = 1024, we consider values
of n for which (n + 1)*/7 is approximately 10:
20+ 1212277 < 299% < 1000< 210 < 20+ D17,

andn=9.

Let point P have coordinates (x, ) in the coordinate system in which the
vertices of the equilateral triangle are (0, 0), (s, 0) and (s/2, S\/i,"Z). Then P
belongs to the locus if and only if

=x? 4y +(x-s) +y? +(x—s/2) + (v —5V3/2)%,
or, equivalently, if and only if
a=(3x?-3sx) + (3 —s\/3y) + 25°
*—32— =(x—5/2)% + (¥ —sv/3/6)* - s*/3
s

a-

= =(x-s/2)*+(y-s\/3/6)%.

Thus the locus is the empty set if @ < s?; the locus is {(s/2, S\/if'ﬁ)} ifa=s%;
and the locus is a circle if @ > 5°.

Since Cy is always an integer the qua.ntity

n—2k-
( k+1 )Ck k+1
'(ﬂ k) Cl’l
TkMn-k)k+1) K
e n! _on
Tkt D) !(n—k-1)! Ck
=CE+I_C2

is always an integer.
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24.(C)

25.(D)

26.(C)

27.(A)

In the adjoining figure, MF is parallel to AB and intersects KL at F. Let r,
$(=r/2) and ¢ be the radii of the circles with centers K, L and M, respec-
tively. Applying the Pythagorean theorem to AFLM and AFKM yields

. r
(MFY? = (5 +1)' = (5 = 1)? L
(MFP)?=(r-1?*-r*. I
A B
Equating the right members of K

these equalities yields r/t = 4.
Theretore the desired ratio is 16.

For all positive integers n,

Ay )=(n+ 1P +(n+1)-n*-n=3n"+3n+2

O uy)=3n+17+3n+1)+2-3n*-3n-2=6n+6
A (u,) =6

A*(u,) =0.

In the adjoining figure, X, ¥, ¥ and W are the points of tangency of the
external common tangents; and R and § are the points of tangency of the
internal common tangent.
From the fact that the
tangents to a circle from
an external point are
equal, we obtain:

PR =PX
PS=PY
05 =Qw
OR = QV.
SoPR+PS+0S+QR=PX+PY
+ QW+ QV,and thus 2PQ = XY + VW.
Since XY = VW, POQ=XY=VW. Y

14

A direct calculation shows that

(@fwy_ﬁ:z
NN ‘
and

3-2/7=2-2241 = (W2 1)

Since a radical sign denotes the positive square root,

N=V2-(2-1=1



28. (B)

29. (B)

30. (E)

One hundred lines intersect at most at C}% = 1-90-;—9?) = 4950 points. But

linesLa,Lsg, ..., Loo are parallel; hence C2° = 300 intersections are lost.
Also, lines L, Ls, . . ., Loy intersect only at point 4, so that C3° -1 = 299
more intersections are lost. The maximum number of points of intersection
is 4950 - 300 - 299 = 435]1.

Let A be Ann’s present age, and let B be Barbara’s present age. Then B
=A—tfor t such that “B—1=A4 — T for T such that B— T = 1 A4.” Since,
also, 4 + B = 44, the quantities 4, B, t and T are solutions to the equations

A+B =44
A-B-1 =0
A-B+t-T=0
A-2B+2T =0.

These equations may be conveniently solved by using the first two equations
to find B and ¢ in terms of A and substituting the results into the third and
fourth equations; 4 = 24.

Letu =x/2,v=yand w=2z. Then

u+rv+w=6
w+tywwtuw=11
uww=06.

Consider the polynomial p(t) = (r — u)(t — v)(¢ — w), where (i, v, w)isa
solution to the simultaneous equations above. Then p(£) =1* — 61> + 117

— 6 and (u, v, w) are the solutions of p(¢) = 0. Conversely if the solutions

of p(t) = O are listed as a triple in any order, this triple is a solution to the
simultaneous equations above. Since p(¢) = (t = 1)(¢ — 2)(¢ — 3), the six
permutations of (1. 2, 3) are the solutions to the simultaneous equations

in 4, v and w. Therefore, the given equations in x, y and z have six solutions.
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1.(D) x+y+z=x+2x+2y=x+2Wc+4x=17x
2.(D)

3.(E) Ifn is the number of coins the man has of each type, then 91n = 273 and
n = 3; three each of five types of coins is 15 coins.

4.(C) %B=%C=50°;%CDE = %FDB = 65°; 3EDF = 180° — 2(65°) = 50°.
Note: The measure of 3EDF is 50° even if AB # AC:

XEDF = 180° —XCDE — %FDB
= 180° — %(180° — 3C) — %(180° — %B)
= (4B + XC) = %(180° — %4) = 50°.

5.(A) If Pis on line segment AB, then AP + PB = AB; otherwise AP + PB > AB.

o (o3 o @] 2+

| P
'J‘Ey——(")’) -

1_ 1 1+¥2 _1+42 1+v2 _ i
B T T ot I Tavh —(1+¥2)(1 +V2).

8.(B) Ifa, b and ¢ are all positive (negative), then 4 (respectively, —4) is formed;
otherwise 0 is formed.

9.(B) Let AB=x" and AD =y°. Then

3x+y =360
Y(x - y)=40.

Doubling both sides of the second equation and aﬂding the resulting equa-
tion to the first equation yields x = 110 and 3C = 15°.



10. (E) The sum of the coefficients of a polynomial p(x) is equal to p(1);
(3:1-1)"=128.

11.(B) Ifn<x<n+1,thenn+1<x+1<n+2 Choosing x =y = 2.5 shows that
II and III are false.

12.(D) Leta, b and ¢ denote Al’s age, Bob’s age and Carl’s age, respectively. Then

_(@+b+cla—(b+c))
e a—(b+o)
g —(b+c)® _ 1632

a=Gte e 0k

athb+

13.(E) The second through the fifth terms of {a, } are a2, @01, a1a2%, a%as®. If
these terms are in geometric progression, then the ratios of successive terms
must be equal: @, = a, = a,a,. Since a, and a, are positive, it is necessary
thata, = a, = 1. Conversely, ifa, = a, = 1, then {a, } is the geometric
progression 1,1, 1,....

14.(B) If m+n=mn, then
m+n—mn=0
m+n(l-m)=0

m

n:_
m-—1"~

for m # 1. There are no solutions for which m = 1. The solutions

(m, E_T—l) are pairs of integers only if m is 0 or 2.

15.(D) In the adjoining figure, PB and QC
are radii drawn to common tangent
AD of circle P and circle Q. Since
XZPAB=%QDC=30",AB=CD=
3v/3 and AD = 6 + 6+/3. Therefore
the perimeter is 18 + 184/3.




16.(D) Since

17.(B)

18.(B)

19.(A)

—2- n even
2 »

i" cos(45 + 90n)° = )
—1\2/7 ,nodd,

the sum is g—(ﬂ — 20i).

The successful outcomes of the toss are the permutations of (1, 2, 3),
(2,3,4),(3,4,5),(4,5,6). The probability that one of these outcomes

will occur is %;-l'-= %

Let y be the desired product. By definition of logarithm, 219823 = 3,
Raising both sides of this equation to the logz4 power yields

2(1og, 3)(10g,4)= 4, Continuing in this fashion, one obtains 2= 32,
thusy = 5.

The center of a circle circumscribing a triangle is the point of intersection
of the perpendicular bisectors of the sides of the triangle. Therefore, P, Q,

"~ R and § are the intersections of the perpendicular bisectors of line seg-

20. (E)

ments AE, BE, CE and DE. Since line segments perpendicular to the same
line are parallel (and since lines AE and CE coincide and lines BE and DE
coincide), PQRS is a parallelogram.

All admissible paths must end at the bottom “T” of the diagram. Proceed-
ing backwards from this point and considering only those paths which in-
clude the central column and that are to the left of the central column,
there are two possible paths which lead to the bottom “T™ in each row
(excluding the first row at the top from which there is one admissible
path which was already counted). Thus there are 2° possible paths. Simi-
larly, there are 2° possible paths including the central column to the right
of the central column. Therefore, since the central column was counted
twice there are 2¢ + 2% — 1 or 27 — 1 possible paths.



21.(B)

22.(0)

23.(B)

Subtracting the second given equation from the first yields
ax+x+(l1+a)=0

or, equivalently,
@+ 1)Xx+1)=0.

Hence,a= —1orx = —1.1f 2= —1, then the given equations are identical
and have (two complex but) no real solutions; x = —1 is a common solu-
tion to the given equations if and only if @ = 2. Therefore, two is the only
value of a for which the given equations have a common real solution.

Choosinga = b = Q yields
20) = 4/(0)
f(0)=0.
Choosinga = 0 and b = —x yields
f(x) + f(=x) = 2/(0) + 2f(—x)
f(x) = f(=x).

Note: A continuous function fsatisfies the functional equation if and only
if f(x) = ex? for some fixed number ¢ and for all x.

Let @ and b be the solutions of x2 + mx + n = 0; then

—-m=a+b —p=a’+b’
n=ab q=a’b’.
Since a® +b*=(a+b)® — 3ab(a +b),
we obtain

-p =-m®+3mn.



+| =

24. (D) Since = l(—I-— —l—) , the desired sum is

nn+2) 2\n n+2

1, 1.1 1 1 1
o — ———t,...* i
2(' 3Y3°3 W1 2N+1)

=l(l__ ! ): N
2 2N+ 1 2N+1 7

with N = 128,

OR

1 2

. 1 _
™ T T Y o T P e

, the desired sum is

1 1 _
2(1(5) oM 253‘(“2"5”'?)) =

4(1(19) X :?)+ % 249(257)) s (1(2;7))‘

OR

The result obtained in the first solution may also be obtained by mathe-
matical induction.

25.(E) If 2k315m --- is the factorization of 1005! into powers of distinct primes,
then n is the minimum of X and m. Now 201 of the integers between 5 and
1005 are divisible by 5; forty of these 201 integers are divisible by 52; eight
of these forty integers are divisible by 5; and one of these eight integers is
divisible by 5*. Since k> 502,n =m =201+ 40 + 8 + 1 = 250,

26.(B) Since A is the sum of the areas of the triangles into which MNPQ is divided

by diagonal MP,
A = Y%ab sin N + %ed sin Q.
Similarly,
A =Yad sinM + Y%bc sin P.
Therefore

A <Y%(ab+cd +ad + bc) = ("_2*-’5)(”—;‘3) |

The inequality is an equality if and only if sinM =sinN¥N=sinP=sinQ=1,
i.e., if and only if MVPQ is a rectangle.



27.(C)

28.(A)

In a coordinate system having comers of the room as the positive axes, a
sphere with radius a tangent to all three coordinate planes has an equation
of the form

(x—-a)} +(y —a)* +(z —a)* =a’.
If the point (5, 5, 10) lies on such a sphere, then
25-a) +(10—a)* =a?
2a* — 402 +150=0
2(a — 15 a— 5)=0.

Therefore the radii of the balls are 5 and 15, and the sum of the diameters
is 40.

Replacing x by x° in the equation
(x-1Dx+xm1+ . +1)=x1*1 ]
yields
(x® — 1)(x5" +x80-p 4 1)=x6(n+l) =
Thus
gx'2)=x0 4. . +x14]
=0 -+, +x2-1)+6
= - DM+ )+ - D+ 1)+ 6
=g(x)x - D[(x*+...)+...+x* +1)] +6
6
Ex"")elx) = (x = DI +... )+ 4G = D] + o,

and the remainder is 6.

29.(B) Leta=x2 b=y?andc=z2 Then

0<@-b+(b-c) +(c-a);

ab+bc+ca .

PR T

a® +b% + ¢* + Aab + be + ca)
a! + b‘Z + c!
(@tb+c)’ <3(a®+b%*+c?).
Therefore n < 3. Choosinga = b = ¢ > 0 shows 7 is not less than three.

<3;




30.(A) In the adjoining figure, PyP; -+ Py A
is a regular nonagon; P, P, = a;
P,Pi=b; PP =d; Q and R lie 30°.
onP\Ps; RQLP,Ps; R Py Fs. p =
Since P, P; = P; P, and the interior Q R
angles of a regular nonagon are
each P, P,

(180(99— 2))"= 140°; P, 7,

%Py P, P, = 20°. Hence %P, P,Q=30° and P,Q=
Thusd=a+b.

a

. Similarly, B R= 3

[STEY
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2
L@ 1-245=(1-2) <022y
x X x x

2.(C) Ifrand A are the radius and area of the circle, respectively, then

4
2nr ¥
4= 4nm?
=art= A

3.(D) (x - ;'-)(y +‘%) =(x - pNx +y)=x* -y

4.(B) (a+tb+c—-d)+(a+b -c+d)t{(@a-b+tc+d)+(-a+b+c+d)
=Aat+tb+c+d)=2222.
5.(C) Letw, x, y and z be the amounts paid by the first, second, third and
fourth boy, respectively Then since

wtx+y+z=60

=!2-(x-ly+z)=-;;(60—w). w=20:
21 =Yoo -
x= 3(wﬂ.’ +2) 3{60 x), x=15;

—l =-]— -— = x
y=gwex+z)=2(60-y), y=12;
andz = 13.

6.(E) If y # 0, the second equation implies x = -;—, and the first equation then

impliesy = £ % If y = 0, the first equation implies x =0 or 1.

7.(F) Suppose A,, A;, Ay, Ag. A, Ag arc the vertices of the hexagon listed
consecutively, and 4 ; and A4; lic on the parallel sides twelve inches apart.
If M is the midpoint of 4,43, AAA;M is a 30°-60°-90° triangle. Therefore
AA_ 2
6 /3
A 1)41 = 4\/3.



8.(D)

9.(B)

10.(B)

11.{C)

12. (E)

13.(B)

a-a; (-x)/3
by-by (v -x)4

a2
3

Ix -{x-1Pl=ix-lx=-1lI= x-(1 -x)=|-1+2x|=1-2x.

For each point /{ other than P, the point of intersection of circie C with

the ray beginning at P and passing through A4 is the point on circle C

closast tu 4. Therefure the ray beginning at P and passing through B is the se!
of 1l points o such that B is the point on circle C which is closest to point A

If the line with equation ¥ + ¥ = r is tangent to the circle with equation

x! + v} =r, then the distance between the point of tangency (;’;. :—) and
1 2 23

the origin is \/ r. Therefore, (.{—) + (2:) =rand r=2

Letx = 8BAC = 8BCA;y = XCBD = 3CDB and z = 2DCE = 3DEC.
Applying the theorem on exterior angles to A4BC and AACD and the
theorem on the surn of the interior angles of a triangle to AADE yields

y=x
z3x+y=3x
x+8ADE +z = 180
140 + 4x = 1BO

x=10.

E

Since the constant term .f a quadratic equation is the product of its roots,
b=cd d=ab

Since the coefficient of the x term of a quadratic equation whose x? coef-
ficient is une is the negative uf the sum of s roots. -a=c+d, c=g+b.
a+t+ct+d=0=a+b+c and b =d But the equations b =cd and J = ab
imply, since b =d # 0.that | =g =c¢ Therefore,b=d=—-2,anda+b+c +
d=-2.



14.(C) b=an - n*=(18),n — n*=(n + 8)n — n = (80),.
15.(A) Ifsinx +cosx= %, then

1 - sin’x = cos?x = (% — sin x)’
25 sin®*x ~ Ssinx — 12=0.
Similarly, cos x satisfies the equation 25¢2 — 5t — 12 = 0, whose solutions

are % and —%. Sincesinx 2 0,sinx= %;md since cos x = é - sin x,

08 X = —-31 Hence, tanx = 4
c 5 i 3

16. (E) Label the people as 4,, A,, ..., Ay in such a way that 4, and A, were a
pair that did not shake hands with each other. Possibly every other pair of
people shook hands, so that only 4, and A, did not shake with everyone
else. Therefore, at most N — 2 people shook hands with everyone else.

oo [} [y -

i .
18.(C) vn —n-1 T

. A T
VAT = el s 100,

V2500 ++/2499 < 100;
V2501 + /2500 > 100;
n=12501.
19.(C) Since S0p + S0(3p) = 1, p = .005; and, since there are seven perfect squares

not exceeding 50 and three between 51 and 100, the probability of
choosing a perflect square is 7p + 3(3p) = .08.



20. (A)

21.(A)

22 (D)

23.(C)

Observe that

a+b-c+2=a-b+c+2=—a+b+c+2
c b a

atb+c_atb+c = athb+c
c b a
These equalities are satisfied ifa+ b+ ¢ = 0. Ifa + b + ¢ # 0, then dividing
each member of the second set of equalitics by @ + b + ¢ and taking the

reciprocals of the results yieldsa=b=c. [fa+b+c=0, thenx = -1,if
a=b=c,thenx=8.

Iy = log,b, thena” = b and a = b*"”. Thus

] :lg—-.l—.—
867 = " logeb
Therefore,
1 % 1 % 1
logax  logex logsx

= log,3 + log, 4 + log, 5

.
1

loggox’

= 10g, 60 =

Since each pair of statements on the card is contradictory, at most one of
them is true. The: assumption that none of the statements is true implies
the fourth stateia:nt is true. Hence, there must be exactly one true
statement on the card. In fact, it is easy to verify that the third statement
is true.

Let FG be an altitude of AAFB, and let D C
x denote the length of AG. From the
adjoining figure it may be seen that

VI+3 = AB=x(1 +/3). v
143 = x%(1 +/3)2 5

1= x2(1 +/3). & T

The area of AABF is

FABXFG) = 1341 +v/3) V3 = 13




24.(A)

25.(D)

26.(B)

27.(0)

Leta = x(y — z) and observe that the identity

xy-2)tyz-x)+zx-y)=0
implies

a+ar+ar’=0
1+r+r=),

The houndary of the
set of points salis-

fying the conditions
is shown in the 2 -’-
adjoining figure.

N
xty=a \

0,0)

Let ¥ be the center of circle P. If T is the point of tangency of tangent AB
and CH is the altitude to side AB of AABC, then CN+ NT 2 CT 2> CH.
Since radius CV is minimal, T= H and  is the midpoint of CH;ie, CH is
a diameter of circle P. Since inscribed % QCR is 90°, QR is also a diameter.
Finally, since A CBH ~ AABC,

CH, 8
6 10
QR=CH=48.

A positive integer has a remainder of | when divided by any of the
integers from 2 through 11 if and only if the integer is of the form mz + |,
where tis a nonnegative integer and m = 2%3%-5:7+11 = 27,720 is the

least common multiple of 2,3, ..., 11. Therefore, consecutive integeis
with the desired property differ by 27,720.



28.(E)

29. (D)

Triangle 4,434, has
vertex angles 60°, 30°,
90°, respectively. Since
LY BV | 2A4,= 600. and
AzAsand A3Ashave the
same length, Ad ;4,45
is equilateral. Therefore,
AA3A4A s has vertex
angles 30°, 30°, 120°,
respectively. Then
AAAsAghas vertex =

angles 30°, 60°, 90°, re- A oy 4
spectively. Finally, since 24,4544=60" and AA4and 434, have the
same length, A4 ;4441 is again equilateral. Therefare AA,A, 4 1An+ 2
~BAp+4An1 sAns g With A, and A, 4 as conresponding vertices. Thus

RAuAqsAa =34 AA53= 120°,

As

A

Since the length of base 44" of AAA'B’ is the same as the length of base
AD of AABD, u1.d the corresponding altitude of AAA4’B' has twice the
length of the corresponding altitude of AABD,

Area AAA'B = 2 Arca AADB.

(Alternately, we could let & be the meusure of ADAB, and observe

Area AAA'B = %{AD)(ZAB) sin(180° - 0)

1
= 25 (ADXAB)sin =2 Area AABD,)

Similarly
Area ABB'C' = 2 Aica ABAC
Area ACC'D' = 2 Area ACBD
Arca ADD'A’ = 2 Area ADCA.
Thercefore

Area A'B'C'D’ = (Area AAA'R' + Area ABB'C")
+(Arca ACC'D" + Area ADD'A")
+ Arca ARCD
=2(Arca AABD + Arca ABAC)
+ 2(Arca ACBD v Area ADCA)
t Arca ABCD
=5 Arca ARCH - 50,



30.(E) Let k denote the number of matches in which women defeated men, and
let W and M denote the total number ol matches won by women and by
men, respectively. The total number of matches. the number of matches
between a man and a woman, the number of matches between two men
and the number of matches between two women are

3n(3n -1) . ; n(2n - 1) nin - 1)
5 , 2n, 2 , and 5

respectively. Then, since k < 2n%, one has

3Gn-1) _AM+W) M 12
2k+n(n-1) 2w W 7
63n*—21ln=24k+ 12n* - 12n

2
7" =31 _ k< 2n?
8
17n* - 3n < 16n?
n<3.

Substituting n = 1, 2, 3 yields k = 14/8, 62/8, 144/8. Since k must be an
integer,n = 3.
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(N

I-J

AD)

3.(C)

4.(E)

5.(D)

6.(A)

7.(E)

9 (E}

Rectangle DEFG has area 18, one quarter of the area of rectangle ABCD.

1 _ VY x AT

Yy xy xp Xy
Since TDAE = 90° + 60° = 150° and DA = AR = AE, <AED =

(ISO:ISO)“ =15°

x[x{x(2~x)~4}+10] + 1 = x[x{2x—-x*-4}+10] + 1 =
x[2x7=x? —dx+10] + 1= —x* + 2¢t —4xT + 10x + L.

The numbers whose unit's and hundred's digits are equal are the ones not
changed when these digits are interchanged. The largest such even three digil
number is 898. The sum of the digits is 25.

Add and subtract directly or note that

i .« 4 = I + ]+ ".‘.-s-.'. I+.-u—..
_.,——+_+---+_-...l—...—.n.-

Letx=n®.n20.n+ 1) =n + 24 1 =x+2J/X+1.

The area of the smallest region
bounded by y = |x|and x* +

y? = 4is shown in the ad- y=ixl
joining figure. lts areit is
i(ﬂ 2H=n
45°
X
| 1 E
Vi YE-02 @M’ 2" =233



10. (D)

1.(B)

12.(B)

13.4A)

3

It C is the cenfer of the hexagon, then the area of () 3 Q304 is the sum of
ol the areas of the three equilaterat triangles AQ, Q, C,AQ: 03 C. 80304 C
each [l whose sides have length 2. Therefore, arca @, 2 Q1@ =

AGEVA ;
3(-“—;—/-- Y =33

Sunnuing the arithmetic progressions yields

S _ 1434 --+(2n-1) _ nz___l__l§:__p____n=“5
16 2+4+---+2n n(n+1)' 16 n+1’ 5

Draw linc scament 8O, and let x and y denote the measures of <EQD and
<BAO, rcspectively. Observe that AR = OD = OF = OR, and apply the
theorem on cxlerior angles of triangles to AAB(Q and AAED to obtain
<ER( =<BEO = 2y and

x=3p.

Thus 45° =3y
15° =y,

orR A

Since the measure of an angle formed by two secants is half the difference
of the intercepled arcs,
x _45°

—l 5 = - = = e
¥ 2lx »iy 373 15°.

Consider two cases:

Case I. W x 3 0 then y—x<+/xtifand only if y — x < x, or equivalenily,
Fy<2x.

Case 2: If x <O theny ~ x < \/xi if and only if y — x < - x, or equivalently,
¥y<0.

rt y=Xxx
The pairs (x, ) satislying the
conditions described in cither
Case ! or Case 2 are exactly
the pairs(x, p) such that
. ——
Case |—

¥ << Oory < 2x (sce ad- e t——
jvininy diagram lor peometric Case 2 e
interpretation), l l I I ' l e =

|
1



4

14.(C) Ifa, denotes the nth number in the sequence, then

_ 4yt a n?

= —1

Rooaya@ytt tag (n—1);

for n @ 2, Thus, the first five numbers in the sequence are 1, 4, %. % %—2 :
. - ] |
and the desired sum is 3 + 16" 16

I5.(F) If each jar contains a total of x liters of solution, then one jar contains

31 .
2 liters of alcuhol and X
ptl p+l

liters of water, and the other jar con-

tains il liters of alcohol and —— liters of water. The ratio of the
gt qgtl

volume of alcohol to the volume of water in the mixture is then

P 0)
—— 4 x
prl _qrl)  _plgr)tq(p+tl) _ptqa+lng
1 ] To@t)t(ptl)  prq+2
+—Ix
(p+l g+l

16.(E) Since A,, A3, A, + A, are in arithmetic progression,
Ay —A, =(A, +A;) -4, 24, =A,.
I r is the radius of the smaller circle, then
Im=A, +A; =34, =3m? | r=./3

17.(CY Since the length of any side of a triangle is less than the sum of the
lengths of the other sides,

X < y=x+z-y=2z—x, which implics x < % ;
y—x< x+:z-y which impliesy < x+'zj ;
z-y < x +y - x, which implies y >%.
Therefore, only statements [ and IT are true.
s o o1
18.(C) Sincclog, a= log, b ° logs 10 = T
SRR, TRORRE (PN | | (The value of logy 3 was not used.)

Ingm |0"lﬂgm 27 699 ~ 7



19. (A)

20.(C)

21.(B)

22.(A)

Since
x356 L 25632 ___x(QB) _{23}32 ._.x(2s) = 2(28)
7 7 a
- (x(Z ]+2{2 ))(x(26)+212 ))...(x+ 2)(x_2)’

the sum of the squares of the real roots is 8.

Let x = Arctan g and ¥ = Arctan b:
(a+1)(b+1)=2
(tanx+ D(tanpy + 1) =2

tanxt+tany=1—tanxtany

tanx+tany
tan(x+y)— an x + tan =

] —tanx tany
4
x+y=z.

In the adjoining

figure, x and y A

are the lengths of ’p‘*,

the legs of the v h

triangle, so that » - r

h=(y=r)t(x-r) r +.
=xt+y—2r, z

x+y=h+2r r r
2 142 1

L e I e x-r 5

The area of the triangle ABC is

P
-;-xy--i[(x+y)2 (x ty )] ineary =n?) =hrer?,

2
Thus the desired ratio is ___rnr st
hr+r htr’

Since m* + 6m +Sm=m(m+ 1) (m+5), this quaml(y is divisible by 3
for all integers m. To sce this, observe lhat mm¥+Sorm+t]is dms:blc
by 3ifm Ic.wcs a remainder of 0, 1 or 2, respectively. However,

271° +9n + 9n + | always has a remainder of | when divided by 3.
Therefore, there are no solutions 10 the given equation.



-]
23.(0)

24_(E)

25 (B)

26.(B)

Since the shartest path between a point and a line is the line segment
drawn perpendicularly from the point to the line, the desired minimum
distance is obtained by symmetry by choosing P and @ to .ic the midpoints
of AB and CD, respectively.

Since FC and I'D are altitudes of equilateral triangles ABC and ARD,
3
respectively, AC = P = 325 Since @ is the midpoint of side DC, QC =

|-

Applying the Pythagorcan thearem to ACPQ yields

PO = JTPOY = (0O = V3 - @

3.1
1 4 2

Let & be the intersection of lines A8 and CD, and let and 9 be the
measures of <EBC and €ECB, respectively. Since

cos fi = —cos B =sin C=sin §,
f+8 =90 <BEC is a right angle, and
BE=BCsin8=3; CE=BCsinfi=4.

Thercfore, AE = 7. DE = 24 and AD, which is the hypotenuse of right
triangle ADE, is 25.

Leta=- | . Applying the remainder theorem yields 7, =a", and solving
the equality x® = (x - a) g, (x) + r, for g, (x) yields
xl _ﬂ'.

x)= =x-’+u‘+...+01
¢:(x) P

|i:r. by factoring a difference of squares three times,
qi{x)=(x* +a") (x* +a’)(x +a)].

Applying the remainder theorem to determine the remainder when
g{x)is divided by x - g yiclds

 nEqa)=s’= ¢
Substitute x = | into the functional equation and solve for the first term
on the right side o obtain fiv + 1) = f(y)+y + 2. 5mee f11) = |, one sees
by successively substituling v =2, 3.4, ... that f{ v} > 0 for every

© positive integer. Therefure, for v a positive infeger fily + 1) > p+ 2 > p 410,

and f{n)= n has no solutions for intcgers m > 1. Solving the abuve equation
for fly)yields



27.(E)

28. (D)

SOy=fly+ 1N—(y+2)
Successively substitutingv =0,-1.-2, ... inlo this equation yields
N0 ==1,f(-1)==2,f(-2}==2,f(-3)=~1.f(-4) = | .Now f(—4) >0
and, fory < —4.—(» + 2) > 0. Thus, for y < ~4, f(») > 0. Therefore,
f(n) #n for n < —4;and the solutions n = 1.~2 are the only ones.

Thesr <ix statements are equivalent:

(1) the equation x? + bx + ¢ = 0 has positive roots,

(2) the equation x? + bx + ¢ = 0 has real roots, the smaller of which is
pusitive:

(3) /b —4cisreal and =6 — /b2 ~d¢ > 0;

(0K hr~4c<btandb< 0
i
(310< ¢ = bT and H < 0:

(6)b=-2andec=1;orb=—3andc=1or2;or
b=-4ande=1,2,30td;0or h=-5ande=1,2,3.4015.

The roots corresponding to the pairs (b, ¢) described in (6) will be
distinct unless b? = 4¢. Thus, deleting (4, ¢) = (=2, 1) and (-4, 4) from
the list in (6) yields the ten pairs resulting in distinct positive roots.

0
The desired probability is then | ~ T!T’— g —:—:Iz: ;
Let D and £ be the points of intersection of B'C’ with 48 and AC,
respectively, and let B'F be the perpendicular drawn from 8° to AC,
Then £D ILCB by symmetry, which implies <AED, and hence 4B'EF,
is 60°.
Applyiug the Pythagorcan theorem to
AB'FC yields the equality B'F =
VT =1 . Now 8'C'=RB'E+ED+DC =
AB'E)+ED=2B'E)+ FA.
Thercfore,

B'C' = 2(733)3% (1 - EF)= (%f)ﬁ—_u (1 —\}—TJP—:)

=l+§3—\ﬁ’_3‘i=l+\/§.(r’~*ﬁ_



29.(E)

30.(B)

H
By observing that [x’ +;"] =x5+2 +;l;-.

one sees that

. +-l- q2 - ’+~1; ! 5
J(x) ((:+I))J+(x,[i_l_3} =(x+£) -(x3+;!5)=3(x+i).
xi
Since
04(\/;~\—If;)z=x+i--2. 2<x e,

and f(x) = 3(x + i) has a minimum value of 6, which is takenonat x = 1.

Let F be the point on the extension of side AB past 8 for which AF = 1.
Since AF = AC and €FAC = 60°, AACF is equilateral. Let G be the point
on line segment BF for which €BCG = 20°. Then ABCG is similar to ADCE
and BC = A EC). Also AFGC is congruent to AABC. Therefore,

Area AACF = (Area AABC + Area AGCF) + Area ABCG

?— =2 Area AABC + 4 Arca ACDE
V3

-8——= Area AABC + 2 Area ACDE.
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. (©) Since 190= 14+ 2

3 7> the number is 14.

—

2. (D) The highest powers of x in the factors (x2+ 1)*and (x> + 1)® are 8 and 9,
respectively. Hence the highest power of x in the productis8 + 9 =17.
2x -y _2
3. (E) Ifx__'_y = 5, then
6x —3y =2x+2y
4x =5y
x5
y 4

4. (C) The measures of angles X4ADC, 2CDE and 2EDG are 90°, 60° and 90°,
respectively. Hence the measure of 2GDA is

360° — (90° + 60° + 90°) = 120°.

5. (B) Triangle PQC is a 30°-60°-90° right triangle. Since AQ = CQ
PQ PO _ 1 _~3

(=3

. (A) Since x is positive the following are equivalent:

Vx<2x
x < 4x?
1<4x

1
Z<x

x>al—.

7. (B) By the Pythagorean theorem, diagonal AC has length 5. Since 5% + 122 = 132,
ADAC is a right triangle by the converse of the Pythagorean theorem. The

area of ABCD is (%)(3)(4) + (%)(5)(12) = 36.



8. (A) The given equation is equivalent to each of these equations

at+bh_ 1
ab atbh
(@a+b) =ab

a*+ab+b%2=0,

Since the last equation is satisfied by the pairs (a, b) such that
a= T '2_3b, there are no pairs of real numbers satisfying the original

equation,

9. (E) Asshown in the adjoining
figure, there are two possible

starting points; therefore, x Possible starting points.
is not uniquely determined. —— §G—§
150 V3 VB

10. (D) Since the teeth are all the same size, equally spac:31 and are meshed, they
all move with the same absolute speed v (v is the distance a point on the
circumference moves per unit of time). Let o, f, ¥ be the angular speeds of
A, B, C, respectively. If 4, b, c represent the lengths of the circumferences
of A, B, C, respectively, then

a= -, b=, 7= -
Therefore, az = §b = yc or, equivalently,
B ogBe ¥
11 1
a b c

Thus the angular speeds are in the proportion

Since g, b, ¢, are proportional to X, y, z, respectively, the angular speeds
are in the proportion

1.4
x y’
Multiplying each term by xyz gives the proportion

; 1
e

YZiXZIXD.



11. (D) The formula for the sum Sy, of # terms of an arithmetic progression, whose
first term is @ and whose common difference is d, is 25, = n(2a + (n — 1)d).
Therefore,

200 = 102z + 9d)
20 = 100(2a + 99d)
25“0= IIO(2a + 1090').

Subtracting the first equation from the second and dividing by 90 yields
2a + 109d = —2. Hence, 28,;0= 110(—2), 50 §110= —110.

12. (C) In the adjoining figure, L, and L,
L, intersect the linex =1 at B
and A, respectively; C is the ¥
B
.

intersection of the line x = 1
with the x-axis. Since OC =1,
AC is the slope of L, and BC
is the slope of L ;. Therefore,
AC=n,BC=m, and AB = 3n.
Since OA is an angle bisector

oc _ac 0 c x
OB —AB ]
This yields
6%’%: and OB =3,
V2

By the Pythagorean theorem 1 + (4n)*=9,son = Since m = dn,

Y.
mn=4n*=2.
OR

Let 6, and 6, be the angles of inclination of lines L and L,, respectively.

Then m = tan @, and n = tan 6,. Since 6,= 26, and m=4n,4n=m = tan@, =
2tanf; _ 2n

I—tan?0, 1-n*"

Thus 4n(1 — n*) = 2n. Since n # 0, 2n* = 1, and mn, which equals 4n?, is 2.

tan 26, =




13. (B) If the bug travels indefinitely, the algebraic sum of the horizontal com-

; 4 - o
ponents of its moves approaches % the limit of the geometric series

CATE
3
Similarly, the algebraic sum of the vertical components of its moves
approaches %— =-;- - % + % >« - . Therefore, the bug will get arbitrarily

4 2
close to (E’ —5—) ;
OR

The line segments may be regarded as a complex geometric sequence with
ay=1and r=i/2. Thus

- @ 2 _ 4+
LL bl e

In ¢coordinate language, the limit is the point (%, %-) .

14, (A) Fotall % —2
cxX
(z+3
_ _ 2x+3) _ X
x‘f(f("))“z X\, ZextExt9
2x+3
which implies (2¢ + 6)x + (9 — ¢*) = 0. Therefore,2¢ + 6=02and 9 —¢? =
0. Thus, ¢ = —3.

15. (B) Let m be the price of the item in cents. Then (1.04)m = 100n. Thus
(8X(13)m = (100)*n,som = (2)(5)‘%. Thus m is an integer if and only if
13 divides n.



16. (B) The edges of the tetrahedron are face diagonals of the cube. Therefore, if
s is the length of an edge of the cube, the area of each face of the tetra-
hedron is

V2DN3 _ V3
4 7

and the desired ratio is

v
o O T

(¥)

17. (D) Since i*=—1,
(n+i)*=n*—6n*+1+i(4n® - 4n).

This is real if and only if 4n® — 4n = 0. Since 4n(n? — 1) = 0 if and only if
n=0,1,—1, there are only three values of n for which (n + i)* is real;
(n +i)* is an integer in all three cases.

18. (D) log, sinx = a;sin x = b*;
sinx=b%; cosx = (1 — b2%)'/2;

log, cosx =% log, (1 — b%9).

19. (D) The adjoining figure is constructed from the given data. We let  be the
radius, x the distance from the center of the circle to the closest chord,
and y the common distance between the chords. The Pythagorean theorem
provides three equations in r, x, and y:

r*=x*+10%
rr=(x+y)>+8
r’=(x+2y)* +4%.

Subtracting the first equation

from the second yields 0 = 2xy +

¥* — 36, and subtracting the second
equation from the third yields 0 =
2xy + 3y? — 48. Equating the right
sides of these last two equations and
collecting like terms yields 2y* = 12.
Thus, y =+/6; and by repeated sub- 5\/73

stitutions into the equations above, r = =




20. (C) The number of ways of choosing 6 coins from 12 is (162) =924, “Having
at least 50 cents” will occur if one of the following cases occurs:

(1) Six dimes are drawn.
(2) Five dimes and any other coin are drawn.
(3) Four dimes and two nickels are drawn.

The numbers of ways (1), (2) and (3) can occur are (g), (2)(?) and
(2)(3) respectively. The desired probability is, therefore,

6@+ _ 120

127
924 924 -

21. (A) In the adjoining figure the line segment from E to G, the midpoint of DC,
is drawn. Then

area AEBG = (%)(area AEBC)
area ABDF = (%)(area AEBG) = (%)(area AERC).

(Note that since EG connects the midpoints of sides AC and DC in AACD,
EG is parallel to AD). Therefore, area FDCE = (g)(area AEBC) and

(area ABDF) _
area FDCE)

Ln| —

The measure of CBA was not needed.

A




22, (E) In the adjoining figure,
the graphsof y =4x + 1,
y=x+2landy=-2x+4
are drawn. The solid line
represents the graph of the
function f. Its maximum
occurs at the intersection
of the lines y =x + 2 and

y=-2x+4,
. 2\ _8
Thusx—gandf(g) =3
B
23. (C) Applying the Pythagorean
theorem to ACDF and a D
ACEG in the adjoining R
figure yields il ‘
sinx ! E
4a* + b* =sin*x I sl vy
a* +4b*= cos’x g : E
5(@*+bp*) =1, ' 1
el C™"% F b G b
and

AB =3Va* + b? =3\/§=3§.

24. (D) Since the given polynomial is divisible by (x — r)? the remainders when it
is divided by (x — r) and (x — r)? must be zero. Using long division the
quotient when 8x® — 4x? — 42x + 45 is divided by (x — r) is 8x2 +
(8r — 4)x + (8r* — 4r — 42), the remainder 87> — 4r® — 42r + 45 being
zero, Since (x — r) also divides the above quadratic polynomial its re-
mainder must be zero. Thus

24r* —8r—42=0.

=
The roots of the last equation are % and — % Since r = —é does not make

the first remainder vanish, r = % =1.5.



25. (C) Lettingn=1,---, 5 in the given equation yields

1=b[\1+c] +d
3=b[v2tc]+d
3=p[3+c] td
3=b[va+c] +d
5=p[\5+tc] +d

Thus, subtracting the first equation from the second
2=b(WV2+¢] - W1+c)).
Since the quantity in parentheses is at most one, b = 2. Then by subtractions,
1+ WI¥e) = V27l = W3 e] = WA¥el = W5e] - 1.

Therefore, for some integers m and k, 2 + ¢ = k* and 5 + ¢ = m*. Since the
only perfect squares that differ by 3 are 1 and 4, k=1 and m = 2. Therefore
¢=—1and d = 1. These are necessary (and as it turns out also, sufficient)
conditions.
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26. (E) A smaller regular tetrahedron

circumscribing just one of the
balls may be formed by in-
troducing a plane parallel to Figure 1

the horizontal face as shown \
in Figure 1. Let the edge of

this tetrahedron be z. Next
construct the quadrilateral
C\B18,G, where C,; and

C, are centers of two

of the balls. By the sym-
metry of the ball tetrahedron
configuration the sides

ClBl = Csz are

parallel and equal.

It follows that

BB, =C,C;=1+1=2.

Thus, s = ¢ + 2, and our problem reduces to that of determining ¢,
In AABC,, in Figure 2, AC, has a length of one radius less than the
length b of altitudes DB and AE of the smaller tetrahedron; and 4B has length

2(\/3“

3\2
of a face. Applying the Pythag- ) D
orean theorem to AABC,, yields ~ Figure 2

- L]

and applying the Pythagorean
theorem to AADB yields

B

Solving the second equation

for b, substituting this value

for b in the first equation, and
solving the resulting equation
for the positive value of ¢ yields

r) , since B is the center

n




ia

t=24/6.Thuss =2 +¢t=2+26.

27. (E) Leta=v¥5+2/13,b=V5 —2/13andx =a +b. Then
x*=a%+32% + 3ab? + b3
x> =g3+ b3 + 3ab(a + b)
x}=10+3¥-27x

The last equation is equivalent to x> + 9x — 10=0, or (x — 1)}(x*+ x +10) =
0, whose only real solutionisx = 1.

28. (C) Let f(x)=x*+x+ 1. Let gn(x) =x"+ 1 + (x + )*" f(x)=(x — r}x — 1),
where

. +2' = and SRR

2

are the roots of f(x) = 0. Thus f(x) divides gy (x) if and only if both x — r
and x — r’ divide g,,(x). That is, if g,(r) = g,(+") = 0. Since r and 7’ are com-
plex conjugates, it suffices to determine those n for which g,(r) = 0.

Note that g,(x) = [x*]" + [(x + 1)*]" + 1. Alsonote that rand r + 1 =
1+4/3
2

grams.) Thus #? and (r + 1)* are both cube roots of 1. Thus the value of
gn(r) depends only on the remainder when » is divided by 3. A direct com-
putation (again easiest with Argand diagrams) shows that

80(r) =3,8:1(1=0,80)=0.
Thus f(x) does not divide g,(x) if and only if » is divisible by 3.

are both 6th roots of 1. (It’s easy to see this with Argand dia-

29. (A) Adding the given equations and rearranging the terms of the resulting equa-
tion yields

(® —2xy +p*)+ (" +6yz +92°) =175
or
(x-y)* + (y+3z)* =175.

Since a perfect square can only have 0 or 1 as a remainder when divided by
4, the sum of two perfect squares can only have 0, | or 2 as a remainder
when divided by 4, and hence the left and right sides of the above equation
cannot be equal. There are no solutions.
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30. (B) If N is squarish, then there exist single digit positive integers 4, B, C, a, b, ¢

such that
N=10%%+ 10%B% + C?= (10%+ 10b + c)*.

The quantity d = 10b + ¢ is less than or equal to 99. Thus 4 = g, for other-
wise

N=(10%2+d)* <10+ 2(100)99a + (99)* < 10*a* + 2(10)*a + 10*

=10%a + 1)’ <N

Thus

8181 2 10°B*+ C?*=(10% + 106 + ¢)* — 10

= 10%(2ab) + 10%(B% + 2ac) + 10(2bc) + ¢
In particular, 2ab < 8. Since no digit of N is zero, 2 2= 4, Thus either 5 =0
ora=4and b = 1. In the latter case,
N=(410 +c)* = 168100 + 820c + 2.

Since N has no digit zero, ¢ 2 1. But then either the middle two digits or
the leftmost two digits are not a square. Thus the latter case is impossible
and b =0. Therefore,

N =(10% + ¢)* = 10%?* + 10%(2ac) + 2.

Thus 2 >4, ¢ 2 4 and 2ac is an even two-digit perfect square. It is now
easy to check that eithera=8,c=4, N =646416, orelsea=4,c =8,
N =166464.
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