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I . Let x, y and z all exceed I and let w be a positive number such that 

logx w = 24, logy w = 40 and logX)., w = 12. 

Find log,w. 

2. Let /(x) = Ix - pl+ Ix - 151 + lx - p - 151, where O<p< 15. Determine the minimum 
value taken by f(x) for x in the interval p ~ x ~ 15. 

3. What is the product of the real roots of the equation 

x2 + I 8x + 30 = 2 Yx2 + I 8x + 45 ? 

4. A machine-shop cutting tool has the shape of a notched circle, as shown. The radius of the circle is 
V'socm, the length of AB is 6cm and that of BC is 2cm. The angle ABC is a right angle. Find the 
square of the distance (in centimeters) 
from B to the center of the circle. 

B 

A 

C 

5. Suppose that the sum of the squares of two complex numbers x and y is 7 and the sum of their 
cubes is I 0 . What is the largest real value that x + y can have? 

6. Let a" = 6" + 8". Determine the remainder on dividing a83 by 49. 

7. Twenty five of King Arthur's knights are seated at their customary round table. Three of them are 
chosen -all choices of three being equally likely - and are sent off to slay a troublesome dragon. 
Let P be the probability that at least two of the three had been s itting next to each other. If P is 
written as a fraction in lowest terms, what is the sum of the numerator and denominator? 
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8. What is the largest 2-digit prime factor of the integer n = e:) ? 

9. Find the minimum value of 

for 0 <x <'TT. 

f(x) 
9x2 sin2x + 4 

xsinx 

3 

10. The numbers 1447 , 1005 and 1231 have something in common: each is a 4-digit number 
beginning with I that has exactly two identical digits . How many such numbers are there? 

11. The solid shown has a square base of side 
length s. The upper edge is parallel to the 
base and has length 2s. All other edges have 
length s. Given that s = 6V2, what is the 
volume of the solid? 

12. Diameter AB of a circle has length a 2-digit 
integer (base ten). Reversing the digits gives 
the length of the perpendicular chord CD. 
The distance from their intersection point H 
to the center O is a positive rational number. 
Determine the length of AB. 

0 A .____...j.... _______ -1 B 

H 

13. For {I , 2, 3, . .. , n} and each of its nonempty subsets a unique alternating sum is defined as 
follows: Arrange the numbers in the subset in decreasing order and then, beginning with the 
largest, alternately add and subtract successive numbers. (For example, the alternating sum 
for {I , 2, 4, 6 , 9} is 9 - 6 + 4 - 2 + I = 6 and for {5} it is simply 5.) Find the sum of all such 
alternating sums for n = 7 . 
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14. In the adjoining figure, two circles of radii 8 and 6 are drawn with the ir centers 12 units apart. 
At P , one of the points of intersection, a line is drawn in such a way that the chords QP and PR 
have equal length. Find the Q 
square of the length of QP. -----

R 

15. The adjoining figure shows two intersecting chords in a circle, with Bon minor arc AD. Suppose 
that the radius of the circle is 5, that BC = 6, and that AD is bisected by BC. Suppose further that 
AD is the only chord starting at A which is D 
bisected by BC. It follows that the sine of ---.----
the central angle of minor arc AB is a 
rational number. If this number is ex
pressed as a fraction min in lowest terms, 
what is the product mn ? B 

Students and teachers with questions or comments about this AIME may write to: 

Professor George Berzsenyl, AIME Chairman 
Department of Mathematics 

Lamar University 
Beaumont, TX 77710 

Questions about administrative arrangements for the AIME, or about ordering past copies of 
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Professor Walter E. Mientka, Executive Director 
MAA Committee on High School Contests 
Department of Mathematics and Statistics 

University of Nebraska 
Llncdln, NE 68588-0322 

This l irst AIME is dedicated in memoriam to 

Prolessor John H. Staib 

of Drexel University 



2nd ANNUAL 
AMERICAN INVITATIONAL 

MATHEMATICS EXAMINATION 
(AIME) 

TUESDAY, MARCH 20, 1984 

A Prize Examination Sponsored by: 
MATHEMATICAL ASSOCIATION OF AMERICA 
SOCIETY OF ACTUARIES 
MU ALPHA THETA 
NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
CASUALTY ACTUAR1AL SOCIETY 

LNSTRUCTIONS 
I. Do 1101 open this booklet until told to do so. 
2. This is a 15 question, 2.5 hour examination with integer answers. Your score will be the number 

of answers you get right. There is no partial credit. 
3. All your answers, and certain other infom1a1ion, are to be recorded on a computer card. Your 

Examination Manager will instruct you how 10 fill out the card after you have finished with these 
instructions. Only the computer card and this cover sheet will be collected from you. 

4. Scratch paper, graph paper, ruler, compass and eraser are permitted. Calculators and slide rules 
are not permiued. 

5. Please print the following: 

Last Name First Name Middle Initial 

Home Street Address 

City State or Province Zip or .Postcode 

Home Phone including Area Code Sex (Mor F) Your Age 

Full Name of School Grade Level (e.g., 11) 

6. My score on the 1984 AHSME was CJ 
I took the 1984 AHSME on - --------------------

(date) 

7. This AIME is the qualifying examination for tbe U.S.A. Mathematical Olympiad (USAMO) to 
be given on May I, 1984. Please check one box: 

If I qualify for the USAMO, I agree to take it. YES □ NO □ 
Your school must also agree to administer the USAMO before you can take it. 

Copyright © Committee on High School Contests, Mathematical Association 
of America, 1984 



1984 AIME 2 

I. Find the value of a2 + a4 + a6 + · · · + a98 if a 1, a2 , a3 , • .. is an arithmetic progression with 
common difference 1, and a 1 + a2 + a3 + · · · + a98 = 137. 

2. The integer 11 is the smallest positive multiple of I 5 such that every digit of 11 is either O or 8 . 

Compute 1~. 

3. A point P is chosen in the interior of !:.ABC so that when lines are drawn through P parallel to 
the sides of !:.ABC, the resulting smaller C 
triangles, t 1, t2 and t3 in the figure, have areas 
4, 9 and 49, respectively. Find the area of 
!:.ABC. 

A B 

4. Let S be a list of positive integers- not necessarily distinct- in which the number 68 appears. 
The average (arithmetic mean) of the numbers in S is 56. However, if 68 is removed, the 
average of the remaining numbers drops to 55. What is the largest number that can appear in S? 

5. Determine the value of ab if log8 a + log4 b
2 = 5 and log8 b + log4 a2 = 7 . 

6. Three circles, each of radius 3, are drawn with centers at (14,92), (17,76) and (19,84). A line 
passing through ( 17, 76) is such that the total area of the parts of the three circles to one side of 
the line is equal to the total area of the parts of the three circles to the other side of it. What is the 
absolute value of the slope of this line? 
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7. The function f is defined on the set of integers and satisfies 

if n::: 1000, 

{

n - 3 
/(n) = , 

f(/(n + 5)), ifn < 1000. 

Find /(84). 

8. The equation z6 + z3 + l = 0 has one complex root with argument (angle) 0 between 90° and 
180° in the complex plane. Detennine the degree measure of 0. 

9 . In tetrahedron ABCD, edge AB has length 3 cm. The area of face ABC is 15 cm2 and the area 
of face ABD is 12 cm2

• These two faces meet each other at a 30° angle. Find the volume of 
the tetrahedron in cm3. 

IO. Mary told John her score on the American High School Mathematics Examination (AHSME), 
which was over 80. From this, John was able to determine the number of problems Mary solved 
correctly. If Mary's score had been any lower, but still over 80, John could not have detennined 
this. What was Mary's score? (Recall that the AHSME consists of 30 multiple-choice problems 
and that one's score, s, is computed by the fonnu la s = 30 + 4c - w, where c is the number of 
correct and w is the number of wrong answers; students are not penalized for problems left 
unanswered .) 

11. A gardener plants three maple trees, four oak trees and five birch trees in a row. He plants 

them in random order, each arrangement being equally likely. Let m in lowest tenns be the 
ll 

probability that no two birch trees are next to one another. Find m + n. 

12. A function f is defined for all real numbers and satisfies 

f(2+x) =/(2-x) and /(7 + x) = /(7 - x) 

for all real x. If x = 0 is a root of /(x) = 0, what is the least number of roots /(x) = 0 must 
have in the interval - 1000 :5 x ::::1000? 
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13. Find the value of !Ocot (coi-1 3 + coi-1 7 + coi-1 13 + cot- 1 21). 

14. What is the largest even integer which cannot be written as the sum of two odd composite 
numbers? (Recall that a positive integer is said to be composite if it is d ivisible by at least one 
positive integer other than I and itself.) 

15. Determine :? + y 2 + z2 + w2 if 

x2 v 2 z2 w2 --- + __,__ + --- + --- I 
42 - 12 42 - 32 42 - 52 42 - 72 ' 

x2 ____2C__ z2 w2 

62 - 12 + 62 - 32 + 62 - 52 + 62 - 72 I, 

x2 , ,2 22 w2 
--- + __,__ + --- + --- = I. g2 - 12 g2 - 32 g2 - 52 g2 - 72 

Students and teachers with questions or comments about this AIME may write to: 

Professor George Berzsenyl, AIME Chairman 
Department of Mathematics 

Lamar University 
Beaumont, TX 77710 

Questions about administrat ive arrangements for the AIME should be addressed to: 

Professor Walter E. Mientka, Executive Director 
MAA Committee on High School Contests 
Department of Mathematics and Statistics 

University of Nebraska 
Lincoln, NE 68588-0322 

Information about ordering past copies of other examinations given by the Committee Is 
found on the back cover of this examination. 
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I. Let x 1 = 97, and for n > I let x,, = 

1985 AIME 

n 
Xn-1· 

Calculate the product x,x2 • • • x8 • 

2 

2. When a right triangle is rotated about one leg, the volume of the cone produced is 800 ,r cm3 • 

When the triangle is rotated about the other leg, the volume of the cone produced is 1920 'Ti 

cm3• What is the length (in cm) of the hypotenuse of the triangle? 

3. Find c if o, band care positive integers which satisfy c = (o + bi)3 - 107i, 

where i 2 = - l. 

4. A small square is constructed inside a square 
of area I by dividing each side of the unit 
square into n equal parts, and then con
necting the vertices to the division points 
closest to the opposite vertices, as shown 
in the figure on the right. Find the value of 
n if the area of the small square (shaded in 
the figure) is exactly 1/ 1985. 

5. A sequence of integers 0 1, o2, o3, • • • is chosen so that o,, = a,,_ , - o,,_2 for each n > 3. 
What is the sum of the first 2001 terms of this sequence if the sum of the first 1492 tem1s is 
1985, and the sum of the first I 985 terms is 1492? 

6. As shown in the figure on the right, t:, ABC 
is divided into six smaller triangles by lines 
drawn from the vertices through a common 
interior point. The areas of four of these 
triangles are as indicated. Find the area of 
6 ABC. 

C 
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7. Assume that a, b, c and d are positive integers such that a5 = b4, c3 = d2 and c - a= 19. 

8. 

Determine d - b. 

The sum of the following seven numbers is exactly 19: 

a1 = 2.56, a2 = 2.61, a3 = 2.65, 
a5 = 2.79, a6 = 2.82, a1 = 

a4 = 2.71, 
2.86. 

It is desired to replace each a1 by an integer approximation A,, I s i s 7, so that the sum of 
the A,'s is also 19 , and so that M, the maximum of the "errors" I A, - a, I, is as small as 
possible. For this minimum M, what is lO0M? 

9. In a circle, parallel chords of lengths 2, 3 and 4 determine central angles of o:, 13 and o: + 13 
radians, respectively, where o: + 13 < 71'. If cos o:, which is a positive rational number, is 
expressed as a fraction in lowest terms, what is the sum of its numerator and denominator? 

10. How many of the first 1000 positive integers can be expressed in the form 

l 2x J + l 4x J + l 6x J + l 8x J. 
where x is a real number, and l z J denotes the greatest integer less than or equal to z? 

11 . An ellipse has foci at (9, 20) and (49, 55) in the xy-plane and is tangent to the x-axis. 
What is the length of its major axis? 

12 . Let A, 8 , C and D be the vertices of a regular tetrahedron, each of whose edges measures I 
meter. A bug, starting from vertex A, observes the following rule: at each vertex it chooses 
one of the three edges meeting at that vertex, each edge being equally likely to be chosen, and 
crawls along that edge to the vertex at its opposite end. Let p = n /729 be the probability 
that the bug is at vertex A when it has crawled exactly 7 meters. Find the value of n. 

13. The numbers in the sequence IOI , 104, 109, 116, ... are of the form a,.= 100 + 112, 
where n = 1, 2, 3, .... For each n., let d,,be the greatest common divisor of a.and a,,+ 1-

Find the maximum value of d,, as n ranges through the positive integers. 



1985 AIME 4 

14. In a tournament each player played exactly one game against each of the other players. In each 
game the winner was awarded I point, the loser got O points, and each of the two players 
earned ½ point if the game was a tie. After the completion of the tournament, it was found 
that exactly half of the points earned by each player were earned in games against the ten 
players with the least number of points. (In particular, each of the ten lowest scoring players 
earned half of her/his points against the other nine of the ten). What was the total number of 
players in the tournament? 

15. Three 12 cm x 12 cm squares are each cut into two pieces A and 8 , as shown in the first 
figure below, by joining the midpoints of two adjacent sides. These six pieces are then attached 
to a regular hexagon, as shown in the second figure, so as to fold into a polyhedron. What is 
the volume (in cm3) of this polyhedron? 

□ 
Students and teachers with questions or comments about this AIME may write to: 

Professor George Berzsenyi, AIME Chairman 
Department of Mathematics 

Lamar University 
Beaumont, TX 77710 

Questions about administrative arrangements for the AIME should be addressed to: 

Professor Walter E. Mientka, Executive Director 
American Invitational Mathematics Examination 

Department of Mathematics and Statistics 
University of Nebraska 

Lincoln, NE 68588-0322 USA 

Information about ordering past copies of other examinations given by the Committee is found 
on the back cover of this examination. 
This booklet should be kept by the participants since the statement of the problems Is not 
repeated In the Solutions Pamphlet. 
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L. What is the sum of the solutions of the equation "'V"x= 12 ? 
7 - "'V"x 

2. Evaluate the product 

<vs +V6 +V7) (VS +V6 - V7) (VS - V6 +V7) <-vs +v'6 +V7). 

3. If tan x + tan y = 25 and cot x + cot y = 30, what is tan (x + y) ? 

4 . Determine 3x4 + 2x5 if x ,, x,, x3, x4 and x5 satisfy the system of equations given below: 

2x, + Xi + X3 + X4 + Xs 6 
x, + 2x2 + X 3 + x. + Xs 12 
x, + X2 + 2x3 + x. + Xs 24 
x , + Xi + X3 + 2x. + Xs 48 
x , + X2 + X3 + x. + 2xs = 96. 

5. What is the largest positive integer n. for which 113 + 100 is divisible by 11 + 10? 

6. The pages of a book are numbered l through 11. When the page numbers of the book were 
added, one of the page numbers was mistakenly added twice, resul ting in the incorrect sum of 
1986. What was the number of the page that was added twice? 

7. The increasing sequence 1, 3, 4, 9, 10, 12, 13, . .. consists of all those positive integers 
which are powers of 3 or sums of distinct powers of 3. Find the 1 OO'h term of this sequence 
(where I is the 1st term, 3 is the 2nd term, and so on). 

8. Let S be the sum of the base JO logarithms of all of the proper divisors of 1,000,000. (By a 
proper divisor of a natural number we mean a positive integral divisor other than l and the 
number itself.) What is the integer nearest to S? 
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9. In /::; ABC shown below, AB = 425, BC = 450 and CA = 5 10. Moreover, Pis an interior 
point chosen so that the segments DE. FG and HI are each of length d, contain P, and are 
parallel to the sides AB, BC and CA, respectively. Find d. 

C 

F 

10. In a parlor game the "magician" asks one of the participants to think of a three-digit num
ber (abc), where a, b and c represent digits in base lO in the order indicated. Then the magician 
asks this person to form the numbers (acb), (bac), (bca), (cab) and (cba), to add these five 
numbers, and to reveal their sum, N. lf told the value of N, the magician can identify the 
original number, (abc). Play the role of the magician and determine (abc) if N = 3194. 

11. The polynomial 1 - x + x2 - x3 + · · · + x '6 
- x'1 may be written in the form 

a 0 + a,y + a2y 2 + a3y 3 + · · · +a 16y 16 + a 11y
17, where y = x + I and the a,'s are 

constants. Find the value of a 2 • 

12. Let the sum of a set of numbers be the sum of its elements. Let S be a set of positive integers, 
none greater than 15. Suppose no two disjoint subsets of S have the same sum. What is the 
largest sum a set S with these properties can have? 

13. In a sequence of coin tosses one can keep a record of the number of instances when a tail is 
immediately followed by a head, a head is immediately followed by a head , etc. We denote 
these by TH, H H , etc. For example, in the sequence H H1TH H H HTH HTI1T of I 5 coin tosses 
we observe that there are five HH, three HT, two TH and four 7T subsequences. How many 
different sequences of 15 coin tosses will contain exactly two HH, three HT, four TH and five 
7T subsequences? 
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14. The shortest distances between an interior diagonal of a rectangular parallelpiped (box), P, and 

the edges it does not meet are 2V5, 30/\/'i'3 and 15 / VIO. Determine the volume of P. 

15. Let 6 ABC be a right triangle in the zy-plane with the right angle at C . Given that the 
length of the hypotenuse AB is 60, and that the medians through A and 8 lie along the lines 
y = x + 3 and y = 2x + 4, respectively, find the area of 6 ABC. 

Students and teachers with questions or comments about this AIME may write to: 

Professor George Berzsenyi, AIME Chairman 
Department of Mathematics 

Lamar University 
Beaumont, TX 77710 USA 

Questions about administrative arrangements for the AIME should be addressed to: 

Professor Walter E. Mientka, Executive Director 
American Mathematics Competitions 

Department of Mathematics and Statistics 
University of Nebraska 

Lincoln, NE 68588-0322 USA 

Information about ordering past copies of the AIME and other examinations In the American 
Mathematics Competitions Is found on the back cover of this examination. 

This booklet should be kept by the participants s ince the statements of the problems Is not 
repeated In the Solutions Pamphlet. 
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1. An ordered pair (m,n) ofnon-negative integers is called "simple" if the addition m + n in base 

10 requires no carrying. Find the number of simple ordered pairs of non-negative integers that sum 

to 1492. 

2. What is the largest possible distance between two points, one on the sphere of radius 19 with center 

( - 2, -10,5) and the other on the sphere of radius 87 with center (12,8, - 16)? 

3. By a proper divisor of a natural number we mean a positive integral divisor other than 1 and the 

number itself. A natural number greater than 1 will be called ''nice'' if it is equal to the product of 

its distinct proper divisors. What is the sum of the first ten nice numbers? 

4. Find the area of the region enclosed by the graph of Ix - 601 + IYI = I 41. 

5. Find 3 x 2 y2 if x and y are integers such that y 2 + 3 x 2 y2 30x2 + 517. 

6. Rectangle ABCD is divided into four pans of equal area by five segments as shown in the figure, 

where XY = YB + BC + CZ = ZW = WD + DA + AX, and PQ is parallel to AB. 
Find the length of AB (in cm) if BC = 19 cm and PQ = 87 cm. 

D 

I )--<( 
A 

w z 



1987 AIME 3 

7. Lee [r,s] denote the lease common multiple of positive integers rands. Find the number 

of ordered triples (a,b,c) of positive integers for which [a,b] = 1000, [b,c] = 2000, 

and [c,a] = 2000. 

8. What is the largest positive integer n for which there IS a uruque integer k such 

h 8 n 7 
t at 15 < n + k < 13 ? 

9. Triangle ABC has right angle at B, and contains a point P for which PA 

and -1 APB = 1'. BPC = 1'. CPA. Find PC. 

A 

B C 

10, PB 6, 

10. Al walks down to che bottom of an escalator that is moving up and he counts 150 steps. His friend, 

Bob, walks up co the cop of the escalator and counts 75 steps. If Al's speed of walking (in seeps per 

unit time) is three times Bob's speed, how many seeps are visible on the escalator at any given 

cime? (Assume that this number is constant.) 

11. Find the largest possible value of k for which 311 is expressible as the sum of k consecutive 

posmve mtegers. 

12. Lee m be che smallest positive integer whose cube root is of the form n + r, where n is a positive 

integer and r is a positive real number less than I/ 1000. Find n. 
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13. A given sequence r,, r2 , •• • , r n of distinct real numbers can be put in ascending order by means of 

one or more ''bubble passes'' . A bubble pass through a given sequence consisrs of comparing the 

second term with the fast term and exchanging them if and only if the second term is smaller, then 

comparing the third term with the current second term and exchanging them if and only if the 

third term is smaller, and so on in order, through comparing the last term, rn, with irs current 

predecessor and exchanging them if and only if the last term is smaller. 

The example on the right shows how the 

sequence 1, 9, 8, 7 is transformed into the 

sequence 1, 8, 7, 9 by one bubble pass. The 

numbers compared at each step are 
underlined. 

1 __ 9 8 7 
1 9 __ 8 7 

8 9 __ 7 

8 7 9 

Suppose that n = 40, and that the terms of the initial sequence r, ,r2 , • •• , r40 are distinct 

from one another and are in random order. Let p I q, in lowest terms, be the probability that the 

number that begins as r20 will end up, after one bubble pass, in the 30th place ( i. e., will have 29 

terms on its left and 10 terms on its right). Find p + q. 

14. Compute 
(104 + 324) (224 + 324) (344 + 324) (464 + 324) (584 + 324) 

( 4" + 324) (164 + 324) (284 + 324) (404 + 324) (524 + 324) 

15. Squares S, and S2 are inscribed in right triangle ABC, as shown in the figures below. 

Find AC + CB if area (S1) = 441 and area (52) = 440. 

A A 

C B C B 
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scoring students on the AIME will be invited to take the USAMO on April 28, 1987. The best 
way to prepare for the USAMO' is to study the exams from previous years and to review 
the content of the ARBELOS. The procedure to be used to purchase these publications is 
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USA and International Mathematical Olympiads (together), 1976-86, $1.00 per copy per 

year. 
National Summary of Results and Awards, 1976-86, $3.00 per copy per year. 

BOOKS. 
Contest Problem Book I ($7.50), AHSME exams and solutions, 1950-60. 
Contest Problem Book II ($7.50), AHSMEs 1961-65. 
Contest Problem Book Ill ($8.50), AHSMEs 1966-72. 
Contest Problem Book IV ($10.00), AHSMEs 1973-82. 
International Mathematical Olympiads ($8.50), exams and solutions, 1959-77. 

JOURNAL. A journal called the ARBELOS containing short articles and challenging 
problems. Recommended for all students, particularly those who qualify for the AIME and 
USAMO. $5.50 plus $1.00 postage and handling charge for each 1986-87 subscription 
(5 issues). Past editions, 1982-83, 83-84, 84-85 and 85-86 are available at $4.50 each. Cana
dian, APO/FPO: Add $2.00 additional postage charge. 
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One commercially available ten- button lock 
may be opened by depressing - in any or- 1 .. 1111 6 
<ler - the correct five buttons. The sample - CJ shown at right has {l,2,3,6,9} as its com- 2 7 

bination . Suppose that these locks are re- 3 - CJ 8 
designed so that sets of as many as nine but-

4 CJ 1111 9 tons or as few as one button could serve as 
combinations. How many additional cornbi- 5 c:::J L_J 10 
nations would this allow? 

F'or any positive integer k, let Ji ( k) denote the square of the sum of the digits 
of k . For n 2: 2, let f n(k) = Ji Un-1 (k)) . Find /1933(ll) . 

Suppose that jx;j < 1 for i = 1, 2, . . . , n. Suppose further that 

What is the smallest possible value of n? 

Let m/n, in lowest terms, be the probability that a randomly chosen positive 
divisor of 1099 is an integer multiple of 1088 . Find m + n . 

It is possible to place positive integers into 
the twenty-one vacant squares of the 5 x 5 
square show on the right so that the numbers 
in eac;h row and column form arithmetic se
quences. Find the number t hat must occupy 
the vacant square marked by the asterisk ( * ). 

0 

74 

* 

186 

103 
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7. In f::::.ABC, tan(LCAB) = 22/7 and the altitude from A divides BC into segmen ts 
of length 3 and 17. What is the area of f::::.ABC? 

8. The function f, defined on the set of ordered pairs of posi tive integers, satisfies 
the following properties: 

f(x,x) = x, J(x,y) = J(y,x), and (x + y)J(x,y) = yf(x ,x + y). 

Calculate J( 14, 52). 

9. Find the smallest positive integer whose cube ends in 888. 

10. A convex polyhedron has for its faces 12 squares , 8 regular hexagons, and 6 
regular oct agons. At each vertex of the polyhedron one square, one hexagon , and 
one octagon meet. How many segments joining vertices of the polyhedron lie in 
the interior of the polyhedron rather than along an edge or a face? 

11. Let w1,w2, . . . ,wn be complex numbers. A line Lin the complex plane is called 
a mean line for the points w 1 , w2 , .. . , Wn if L contains points ( complex numbers) 
z1,z2, . .. , zn such that 

n 

I) zk - wk) = 0. 
k = 1 

For the numbers w1 = 32 + l 70i, w2 = - 7 + 64i, w3 = -9 + 200i, w4 = 1 + 27i, 
and w5 = -14 + 43i there is a un ique mean line with y-intercept 3. Find the 
slope of this mean line. 

12. Let P be an interior point of f::::.ABC and 
extend lines from the vertices through P 
to the opposite sides. Let a, b, c, and d 
denote the lengths of the segments in
dicated in the figure. Find the product 
abc if a+ b + c = 43 and d = 3. 

A 

C 

B 
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3. Fin<l a if a and b are integers such that x 2 - x - l is a factor of ax 17 + bx16 + l. 

J. Let C be the graph of xy = l , and denote by C"' the reflection of C in the line 
y = 2x. Let the equation of C* be written in the form 

12x2 + bxy+ cy2 +cl= 0. 

Find the product be. 

5. In an office, at various times during the day, the boss gives the secretary a letter 
to type, each t ime putting the letter on top of the pile in the secretary's in-box . 
When there is t ime, t he secretary takes the top letter off the pile and types it . 
There are nine letters to be typed during the day, and the boss delivers them in 
the order 1, 2, 3, 4, 5, 6, 7, 8, 9. 

While leaving fo r lunch, the secretary tells a colleague t hat letter 8 has a lready 
been typed, but says nothing else about the morning's typing. The colleague 
wonders which of the nine letters remain to be typed after lunch and in what 
order they will be typed. Based upon the above information, how many such 
after-lunch typing orders a rc possible? (That there are no letters left to be typed 
is one of the possibilities.) 



SOLUTIONS 

A 1988 Solutions Pamphlet will be sent to you for a nominal fee; for details, see below. 

WRITE TO US! 

Address questions and comments about the problems & solutions for this AIME to: 
Professor Elgin H. Johnston 
Department of Mathematics 

Iowa State University, Ames, IA 50011 USA 

Comments about administrative arrangements, and orders for any of the publications listed 
below, should be addressed to: 

Professor Walter E. Mientka, CAMC Executive Director 
Department of Mathematics & Statistics 

University of Nebraska, Lincoln, NE 68588-0322 USA 

1988 USAMO 

The USA Mathematical Olympiad is a 5-question, 3½-hour essay-type examination. Top 
scoring AHSME/AlME students will be invited to take the USAMO on April 26, 1988, see 
the AHSME or AIME Teachers' Manual for more details. The best way to prepare for the 
USAMO is to study the exams from previous years and to review the contents of the 
ARBELOS. The procedure to be used to purchase these publications is indicated below. 

PUBLICATIONS 

MINIMUM ORDER: $5 (before handling fee), US FUNDS ONLY. Individual orders from 
US and Canada must be prepaid. Orders mailed 4th Class, unless you wish 1st Class, in 
which case add a 20% handling fee. Make checks payable to MAA/CAMC. 

FOREIGN ORDERS: do NOT prepay; an invoice will be sent. 
COPYRIGHT: All publications are copyrighted; it is illegal to make copies without 

permission. 
Examinations. Each price is for one copy of an exam and its solutions for one year. 

Specify the years you want and how many copies of each. All prices effective to July 1, 
1988. 

AJHSME (Junior High Exam), 1985-87, 50q; per copy. 
AHSME 1972-88, 50<t per copy per year. 
AIME, 1983-88, $1 per copy per year. 
USA and International Mathematical Olympiads (together), 1976-87, $1 per copy per 

year. 
National Summary of Results and Awards, 1980-87, $3 per copy per year. 

Books. 
Contest Problem Book I ($8.50), AHSME exams and solutions, 1950-60. 
Contest Problem Book II ($8.50), AHSME exams and solutions, 1961-65. 
Contest Problem Book Ill ($9.50), AHSME exams and solutions, 1966-72. 
Contest Problem Book IV ($10.50), AHSME exams and solutions, 1973-82. 
International Mathematics Olympiads ($9.50), exams and solutions, 1959-77. 
International Mathematics Olympiads ($1 1.00), exams and solutions, 1978-85. 

Journal. The ARBELOS contains short articles and challenging problems; recommended 
especially for AIME and USAMO qualifiers. Back volumes (5 issues per year) from 1982-
86 available at $5.50 each. Canadian and APO/FPO orders-add $3 per volume. 
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1. Compute J(31)(30)(29)(28) + 1. 

2. Ten points are marked on a circle. How many distinct convex polygons of three or 
more sides can be drawn using some (or all) of the ten points as vertices? (Polygons 
are distinct unless they have exactly the same vertices.) 

3. Suppose n is a positive integer and d is a single digit in base 10. Find n if 

n • 

810 
= 0.d25d20d25 . .. . 

4. If a < b < c < d < e are consecutive positive integers such that b + c + d is a perfect 
square and a + b + c + d + e is a perfect cube, what is the smallest possible value of c? 

5. When a certain biased coin is flipped 5 times, the probability of getting heads exactly 
once is not equal to 0 and is the same as that of getting heads exactly twice. Let i/j, 
in lowest terms, be the probability that the coin comes up heads exactly 3 times out 
of 5. Find i + j. 

6. T wo skaters, Allie and Billie, are at points A and B, respectively, on a flat, frozen 
lake. The distance between .4. and B is 100 meters. Allie leaves A and skates at a 
speed of 8 meters per second along a straight 
line that makes an angle of 60° with AB, as 
shown. At the same t ime that Allie leaves 
A, Billie leaves B at a speed of 7 meters 
per second and follows the straight line path 
that produces the earliest possible meeting 
of the two skaters, given their speeds. How 
many meters does Allie skate before meeting 
Billie? 

ALll..~
0

- --------- B 
100 

7. If the integer k is added to each of the numbers 36, 300 and 596, one obtains the 
squares of three consecutive terms of an arithmetic sequence. Find k. 
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8. Assume that x 1 , x 2 , •• • , x 7 are real numbers such that 

XJ + 4:z:2 + 9:t:3 + 16:t:4 + 25:i:5 + 36:i:6 + 49:t:7 = 1 

4:i:1 + 9:i:2 + 16:i:3 + 25:i:4 + 36:i:s + 49:i:6 + 64x1 12 

9:i:1 + 16:i:2 + 25:i:3 + 36:t:4 + 49:i:s + 64:i:6 + 8lx1 = 123. 

Find the value of 

3 

9. One of Euler's conjectures was disproved in the 1960s by three American mathemati
cians when they showed that there is a positive integer n such that 

Find the value of n . 

10. Let a, b, c be the three sides of a triangle, and let a, (3, 1 , respectively, be the angles 
opposite them. If a2 + b2 = 1989c2, find 

cot, 
cot a + cot /3 · 

11. A sample of 121 integers is given, each between 1 and 1000 inclusive, with repetitions 
allowed. The sample has a unique mode (most frequent value). Let D be the difference 
between the mode and the arithmetic mean of the sample. If Dis as large as possible, 
what is LDJ? (For real x , LxJ is the greatest integer less than or equal to x .) 

12. Let ABC D be a tetrahedron with AB = 41, 
AC = 7, .4D = 18, BC = 36, BD = 27, 
and CD = 13, as shown in the figure. Let 
d be the distance between the midpoints of 
edges AB and CD. Find d2 • 

D 

A 
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13. Let S be a subset of {l, 2, 3, ... , 1989} such that no two members of S differ by 4 or 7. 
What is the largest number of elements S can have? 

14. Given a positive integer n, it can be shown that every complex number of the form 
r + si, where r and s are integers, can be uniquely expressed in the base - n + i using 
the integers 0,1 ,2, ... ,n2 as "digits." That is, the equation 

is true for a unique choice of non-negative integer m and digits a0 ,a1 , •.. ,am chosen 
from the set {O, 1, 2, ... , n 2 }, with am ,f 0. We then write 

to denote the base -n + i expansion of r + si. T here are only finitely many integers 
k + Oi that have four-digit expansions 

Find the sum of all such k. 

15. Point Pis inside 6.ABC. Line segments 
APD, BPE and CPF are drawn with 
D on BC, E on CA, and F on AB 
(see the figure at the right). Given that 
AP= 6, BP = 9, PD = 6, PE= 3 and 
CF = 20, find the area of 6.ABC. 

C 
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A 1989 Solutions Pamphlet will be sent to exam managers within a few weeks. 

[WiITTE TO US!! 

Questions and comments about the problems and solutions for this AIME (but not re
quests for the Solut ions Pamphlet) should be addressed to: 

Prof Elgin H Johnston, AIME Chairman 
Department of Mathematics 

Iowa State University, Ames, IA 50011 USA 

Comments about administrative arrangements and orders for any publications listed below 
should be addressed to: 

Prof Walter E Mientka, CAMC Executive Director 
Department of Mathematics and Statistics 

University of Nebraska, Lincoln, NE 68588-0322 USA 

11989 USAMOI 

The USA Mathematical Olympiad is a 5-question, 3 ½ hour, essay-type examination. Top
scoring AHSME/AIME students will be invited to take th<- USAMO on April 25, 1989. 
(See the AHSME or AIME Teachers' Manual for more <let.ails.) The best way to prepare 
for the USAMO is to study the exams from previous years and to review the contents of 
the ARBELOS. Copies may be ordered as indicated below. 

!PUBLIC_AT!ONl,J 
MINIMUM ORDER: $5 (before handling fee), US FUNDS ONLY. Canada and US 
orders must be prepaid. Orders are mailed 4th class, w~less you specify 1st class, in which 
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• USA and International Mathematical Olympiads (together), 1976-88, $1 per copy 
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• National Summary of Results and Awards, 1976-88, $4 per copy per year. 

Books (Exams and solutions): 
• Contest Problem Book l, AHSMEs 1950-60, $8.50. 
• Contest Problem Book II, AHSMEs 1961-65, $8.50. 
• Contest Problem Book III, AHSMEs 1966-72, $9.50. 
• Contest Problem Book IV, AHSMEs 1973-82, $10.50. 
• International Mathematical Olympiads, 1959-77, $9.50. 
• International Mathematical Olympiads, 1978-85, $11.00. 

Journal 
• The ARBELOS (short articles and challenging problems); recommended especially 

for AIME and USAMO qualifiers. Six volumes, 1982-1987, $6.00 each. Canada and 
APO/FPO-add $3 per volume. 
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1. The increasing sequence 2, 3, 5, 6, 7, 10, 11, ... consists of all positive integers that are 
neither the square nor the cube of a positive integer. Find the 500th term of this 
sequence. 

. r,,,)3/2 ( r,,, 3/2 2. Fmd the value of (52 + 6v43 - 52 - 6v43) . 

3. Let Pi be a regular 1·-gon and A be a regular s-gon (r ~ s ~ 3) such that each interior 
angle of P1 is ~ as large as each interior angle of P2 • What is the largest possible 
value of s? 

4. Find the positive solution to 

1 + 1 _ 2 = 0. 
x 2 - lOx - 29 x 2 - 10x - 45 x 2 - lOx - 69 

5. Let n be the smallest positive integer that is a multiple of 75 and has exactly 75 
positive integral divisors, including 1 and itself. Find n/75. 

6. A biologist wants to calculate the number of fish in a lake. On May 1 she catches a 
random sample of 60 fish, tags them, and releases them. On September 1 she catches a 
random sample of 70 fish and finds that 3 of them are tagged. To calculate the number 
of fish in the lake on May 1, she assumes that 25% of these fish are no longer in the 
lake on September 1 (because of death and emigrations), that 40% of the fish present 
on September 1 were not in the lake on May 1 (because of births and immigrations) 
and that the numbers of untagged fish and tagged fish in the September 1 sample 
are· representative of the total population. What does the biologist calculate for the 
number of fish in the lake on May 1? 

7. A triangle has vertices P = (-8, 5), Q = (-15, -19) and R = (1, - 7). The equation 
of the bisector of LP can be written in the form ax + 2y + c = 0. Find a + c. 
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8. In a shooting match, eight clay targets are arranged in two hanging columns of three 
each and one column of two, as pictured. A marksman is to break all eight targets ac
cording to the following rules: (I) The 
marksman first chooses a column from 
which a target is to be broken. (2) The 
marksman must then break the lowest 
remaining unbroken target in the cho
sen column. If these rules are followed, 
in how many different orders can the 
eight targets be broken? 

9. A fair coin is to be tossed ten times. Let i/j, in lowest terms, be the probability that 
heads never occur on consecutive tosses. F ind i + j. 

10. The sets A= {z : z18 = I } and B = {w: w48 = I} are both sets of complex roots of 
unity. The set C = {zw : z E A and w E B} is also a set of complex roots of unity. 
How many distinct elements are in C? 

I 1. Someone observed that 6! = 8 · 9 · 10. F ind the largest posit ive integer n for which n! 
can be expressed as the product of n-3 consecutive positive integers. 

12. A regular 12-gon is inscribed in a circle of radius 12. The sum of the lengths of all 
sides and diagonals of the 12-gon can be written in the form 

a+ b-12 + cv'3 + dV6, 

where a, b, c, and d are positive integers. Find a+ b + c + d. 

13. Let T = {9k : k is an integer, 0 S k S 4000}. Given that 94000 has 3817 digits and 
that its first (leftmost) digit is 9, how many elements of T have 9 as their leftmost 
digit? 
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14. The rectangle ABCD at the right has dimensions AB= 12v'3 and BC = 13v'3. 
agonals AC and ED intersect at P. If 
triangle ABP is cut out and removed, 
edges AP and BP are joined, and the 
figure is then creased along segments 
GP and DP, we obtain a triangular 
pyramid, all four of whose faces are 
isosceles triangles. Find the volume of 
this pyramid. 

12v'3 

15. Find ax5 + by5 if the real numbers a, b, x and y satisfy the equations 

ax+ by= 3, ax2 + by2 = 7, ax3 + by3 = 16, ax4 + by4 = 42. 

Di-
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• USA Mathematical Olympiads, 1972-86, $13.00. 
• International Mathematical Olympiads, 1959-77, $10.00. 
• International Mathematical Olympiads, 1978-85, $11.00. 

Journal 
• The ARBELOS (s1:iort articles and challenging problems); reconm1ended especially 

for AIME and USAMO qualifiers. Six volumes, 1982-1987, $7.00 each. 
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1. Find x2 + y2 if x and y a.re positive integers such that 

xy+x+y = 71 and x 2 y + xy2 = 880. 

2. Rectangle ABCD has sides AB of length 4 and CB of length 3. Divide AB into 
168 congruent segments with points A = Po, Pi , ... , P16s = B, and divide CB into 
168 congruent segments with points C = Qo, Qi, . . . ,Q168 = B. For 1 ~ k ~ 167, 
draw the segments P1cQ1c. Repeat this construction on the sides AD and c15, and 
then draw the diagonal E. Find the sum of the lengths of the 335 parallel segments 
drawn. 

3. Expanding (1 + 0.2)1000 by the binomial theorem and doing no further manipulation 
gives 

c~o) (0.2)0 + co
1
00) (0.2)1 + co

2
00) (0.2)2 + ... + G~~~) (0.2)1000 

= Ao + A1 + A2 + · · · + A1000, 

where A1c = c~O) (0.2)" for k = 0, 1, 2, ... , 1000. For which k is A1c the largest? 

4. How many real numbers x satisfy the equation ¼ log2 x = sin( 51rx)? 

5. Given a rational number, write it as a fraction in lowest terms and calculate t he 
product of the resulting numerator and denominator. For how many rational numbers 
between 0 and 1 will 20! be the resulting product? 

6. Suppose r is a real number for which 

lr + ~j + lr + ~j + lr + ~j + • • • + lr + ~j = 546. 100 100 100 100 

Find L lOOr J. (For real x, l x J is the greatest integer less than or equal to x.) 
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7. Find A2 , where A is the sum of the absolute values of all roots of the following 
equation: 

X = v19+-----9_1 ____ _ 
v19 + ____ 9_1 ___ _ 

91 
v19+ 91 

v19+ 91 
v19+-

x 

8. For how many real numbers a does the quadratic equation x2 + ax + 6a = 0 have 
only integer roots for x? 

22 m h m .. 1 9. Suppose that sec x + tan x = -
1 

and that csc x + cot x = - , w ere - 1s m owest 

terms. Find m + n. 
n n 

10. Two three-letter strings, aaa and bbb, are transmitted electronically. Each string is 
sent letter by letter. Due to faulty equipment, each of the six letters has a 1/3 chance 
of being received incorrectly, as an a when it should have been a b, or as a b when 
it should have been an a. However, whether a given letter is received correctly or 
incorrectly is independent of the reception of any other letter. Let Sa be the three
letter string received when aaa is transmitted and let Sb be the three-letter string 
received when bbb is transmitted. Let p be the probability that Sa comes before Sb 
in alphabetical order. When p is written as a fraction in lowest terms, what is its 
numerator? 

11. Twelve congruent disks are placed on a circle C of radius 1 in such a way that the twelve 
disks cover C, no two of the disks over-
lap, and so that each of the twelve disks 
is tangent to its two neighbors. The re
sulting arrangement of disks is shown in 
the figure to the right. The sum of the 
areas of the twelve disks can be written 
in the form ,r( a - b..Jc), where a, b, c 
are positive integers and c is not divis
ible by the square of any prime. Find 
a+b+c. 
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12. Rhombus PQRS is inscribed in rectangle ABCD so that vertices P, Q, R, and S 
are interior points on sides AB, BC, CD, and DA, respectively. It is given that 
PB= 15, BQ = 20, PR= 30, and QS = 40. Let m/n, in lowest terms, denote the 
perimeter of ABCD. Find m + n. 

13. A drawer contains a mixture of red socks and blue socks, at most 1991 in all. It so 
happens that, when two socks are selected randomly without replacement, there is a 
probability of exactly 1/2 that both are red or both are blue. What is the largest 
possible number of red socks in the drawer that is consistent with this data? 

14. A hexagon is inscribed in a circle. Five of the sides have length 81 and the sixth, 
denoted by AB, has length 31. Find the sum of the lengths of the three diagonals 
that can be drawn from A. 

15. For positive integer n, define Sn to be the minimum value of the sum 

n 

L ✓(2k-1)2 + az, 
t=l 

where a1, a2, ... ,an are positive real numbers whose sum is 17. There is a unique 
positive integer ri for which Sn is also an integer. Find this n. 
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COPYRIGHT: all publications are copyrighted; it is illegal to make copies 

without permission. 

Examinations: Each price is for one copy of an exam and its solutions for one year. 
Specify the years you want and how many copies of each. All prices effective to September 
1, 1991. 

• AJHSME (Junior High Exam), 1985-1990, $1 per copy per year. 
• AHSME 1972-91, $1 per copy per year. 
• AIME 1983-91 , $2 per copy per year. 
• USA and International Mathematical Olympiads (together), 1976-90, $3 per copy 

per year. 
• National Summary of Results and Awards, 1980-90, $4 p er copy per year. 

Books (Exams and solutions): 
• Contest Problem Book I, AHSMEs 1950-60, $8.50. 
• Contest Problem Book II, AHSMEs 1961-65, $8.50. 
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• USA Mathematical Olympiads, 1972-86, $13.00. 
• International Mathematical Olympiads, 1959-77, $10.00. 
• International Mathematical Olympiads, 1978-85, $11.00. 

Journal 
• The ARBELOS (short articles and challenging problems); recommended especially 

for AIME and USAMO qualifiers. Five volumes plus a Geometry volume, $7.00 each. 
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1. Find the sum of all positive rational numbers that are less than 10 and t hat have 
denominator 30 when written in lowest terms. 

2. A positive integer is called "ascending" if, in its decimal representation, there are at 
least two digits and each digit is less than any digit to its right. How many ascending 
positive integers are there? 

3. A tennis player computes her "win ratio" by dividing the number of matches she has 
won by the total number of matches she has played. At the start of a weekend, her 
win ratio is exactly .500. During the weekend she plays four matches, winning three 
and losing one. At the end of the weekend her win ratio is greater than .503. What 
is the largest number of matches that she could have won before the weekend began? 

4. In Pascal's triangle, each entry is the sum of the two entries above it. The first few 
rows of the triangle are shown below. 

Row0: 1 

Row 1: 1 1 

Row 2: 1 2 1 

Row 3: 1 3 3 1 

Row 4: 1 4 6 4 1 

Row 5: 1 5 10 10 5 1 

Row 6: 1 6 15 20 15 6 1 

In which row of Pascal's triangle do three consecutive entries occur that are in the 
ratio 3: 4: 5? 

5. Let S be the set of all rational numbers r, 0 < r < 1, that have a repeating decimal 
expansion of the form 

0.abcabcabc . .. = 0.abc, 

where the digits a, b, c are not necessarily distinct. To write the elements of S as 
fractions in lowest terms, how many different numerators are required? 

6. For how many pairs of consecutive integers in {1000, 1001, 1002, ... , 2000} is no car
rying required when the two integers are added? 

7. Faces ABC and BCD of tetrahedron ABCD meet at an angle of 30°. The area of 
face ABC is 120, the area of face BCD is 80, and BC = 10. Find the volume of the 
tetrahedron. 
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8. For any sequence of real numbers A= (a1, a2, a3, ... ) , define ti.A to be the sequence 
( a2 - a 1, a3 - a2, a4 - a3, ... ), whose n th term is an+1 - an. Suppose that all of the 
terms of the sequence 6.(6.A) are 1, and that a19 = a92 = 0. Find a 1 . 

9. Trapezoid ABCD has sides AB= 92, BC= 50, CD= 19, and AD= 70, with AB 
parallel to CD. A circle with center Pon AB is drawn tangent to BC and AD. Given 
that AP= m/n, where m and n are relatively prime positive integers, find m + n. 

10. Consider the region A in the complex plane that consists of all points z such that both 
z/40 and 40/z have real and imaginary parts between 0 and 1 inclusive. What is the 
integer that is nearest the area of A? (If z = x + iy with x and y real, then z = x - iy 
is the conjugate of z.) 

11. Lines £1 and £2 both pass through the origin and make first-quadrant angles of ;
0 

and 

~ radians, respectively, with the positive x-axis. For any line e, the transformation 

R(l) produces another line as follows: e is reflected in £1 , and the resulting line is 
then reflected in £2 • Let R(ll(£) = R(l) , and for integer n 2'. 2 define R<n>(e) = 
R (R(n-J)(£)) . Given that e is the line y = ~~x, find the smallest positive integer m 

for which R(ml(t) = e. 

12. In a game of Chomp, two players alternately take "bites" from a 5-by-7 grid of unit 
squares. To take a bite, the player chooses one of the remaining squares, then re
moves ("eats") all squares found in the quadrant defined by the left edge ( extended 
upward) and the lower edge (extended rightward) of the chosen square. For example, 
the bite determined by the shaded square in the diagram would remove the shaded 
square and the four squares marked by x. (The squares with two or more dot
ted edges have been removed from the 
original board in previous moves.) The 
object of the game is to make one's op
ponent take the last bite. The diagram 
shows one of the many subsets of the set 
of 35 unit squares that can occur dur
ing games of Chomp. How many differ
ent subsets are there in all? Include the 
full board and the empty board in your 
count. 
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13. Triangle ABC has AB= 9 and BC: CA= 40: 41. What is the largest area that this 
triangle can have? 

14. In triangle ABC, A', B', and C' are on sides BC, AC, and AB, respectively. Given 
that AA', BB', and CC' are concurrent at the point 0, and that 

find the value of 

AO BO CO 
OA' + OB' + OC' = 92

' 

AO BO CO 
OA'. OB'. oc1 • 

15. Define a positive integer n to be a ''factorial tail" if there is some positive integer m 
such that the base-ten representation of m! ends with exactly n zeros. How many 
positive integers less than 1992 are not factorial tails? 
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1. How many even integers between 4000 and 7000 have four different digits? 

2. During a recent campaign for office, a candidate made a tour of a country which we 
assume lies in a plane. On the first day of the tour he went east, on the second day 
he went north, on the third day west, on the fourth day south, on the fifth day east, 
etc. If the candidate went n 2 /2 miles on the n th day of his tour, how many miles was 
he from his starting point at the end of the 40th day? 

3. The table below displays some of the results of last summer's Frostbite Falls Fishing 
Festival, showing how many contestants caught n fish for various values of n. 

n 0 1 2 3 13 14 15 

number of contestants 
9 5 7 23 who caught n fish 5 2 1 

In the newspaper story covering the event, it was reported that 
a) the winner caught 15 fish; 
b) those who caught 3 or more fish averaged 6 fish each; 
c) those who caught 12 or fewer fish averaged 5 fish each. 

What was the total number of fish caught during the festival? 

4. How many ordered four-tuples of integers ( a, b, c, d) with O < a < b < c < d < 500 
satisfy a + d = b + c and be - ad = 93? 

5. Let P0 (x) = x3 + 313x2 
- 77x - 8. For integers n 2".: 1, define Pn(x) = Pn-i(x - n). 

What is the coefficient of x in P20 ( x )? 

6. What is the smallest positive int·eger that can be expressed as the sum of nine consec
utive integers, the sum of ten consecutive integers, and the sum of eleven consecutive 
integers? 

7. Three numbers, a 1 , a2, a3, are drawn randomly and without replacement from the 
set {l, 2, 3, ... , 1000}. Three other numbers, b1 , b-i , b3 , are then drawn randomly and 
without replacement from the remaining set of 997 numbers. Let p be the probability 
that, after a suitable rotation, a brick of dimensions a1 x a2 x a3 can be enclosed in a 
box of dimensions b1 x ~ x b3, with the sides of the brick parallel to the sides of the 
box. If p is written as a fraction in lowest terms, what is the sum of the numerator 
and denominator? 
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8. Let S be a set with six elements. In how many different ways can one select two not 
necessarily distinct subsets of S so that the union of the two subsets is S? The order 
of selection does not matter; for example, the pair of subsets { a, c}, { b, c, d, e, f} 
represents the same selection as the pair { b, c, d, e, f}, { a, c}. 

9. Two thousand points are given on a circle. Label one of the points l. From this 
point, count 2 points in the clockwise direction and label this point 2. From the point 
labeled 2, count 3 points in the clockwise direction and label this point 3. (See figure.) 
Continue this process until the labels 1, 2, 3, ... , 1993 are all used. Some of the points 
on the circle will have more than one label and some points will not have a label. 
What is the smallest integer that labels the same point as 1993? 

····~·••' 
3 2 1 

10. Euler's formula states that for a convex polyhedron with V vertices, E edges, and F 
faces, V - E + F = 2. A particular convex polyhedron has 32 faces, each of which is 
either a triangle or a pentagon. At each of its V vertices, T triangular faces and P 
pentagonal faces meet. What is the value of l00P + lOT + V? 

11. Alfred and Bonnie play a game in which they take turns tossing a fair coin. The 
winner of a game is the first person to obtain a head. Alfred and Bonnie play this 
game several times with the stipulation that the loser of a game goes first in the next 
game. Suppose that Alfred goes first in the first game, and t hat the probability that 
he wins the sixth game is m/n, where m and n are relatively prime positive integers. 
What are the last three digits of m + n? 

12. The vertices of !::::.ABC are A= (0,0), B = (0,420), and C = (560,0). The six faces 
of a die are labeled with two A's, two B 's, and two C's. Point Pi = (k, m) is chosen 
in the interior of !::::.ABC, and points P2 , P3 , P4 , ••• are generated by rolling the die 
repeatedly and applying the rule: If the die shows label L , where LE {A, B, C}, and 
Pn is the most recently obtained point, then Pn+I is the midpoint of PnL- Given that 
P7 = (14, 92), what is k + m? 

13. Jenny and Kenny are walking in the same direction, Kenny at 3 feet per second and 
Jenny at 1 foot per second, on parallel paths that are 200 feet apart. A tall circular 
building 100 feet in diameter is centered midway between the paths. At the instant 
when the building first blocks the line of sight between Jenny and Kenny, they are 
200 feet apart. Lett be the amount of time, in seconds, before Jenny and Kenny can 
see each other again. If t is written as a fraction in lowest terms, what is the sum of 
the numerator and denominator? 
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14. A rectangle that is inscribed in a. larger rect~gle (with one vertex on each side) is 
called unltuck if it is possible to rotate (however slightly) the smaller rectangle about 
its center within the confines of the larger. Of all the rectangles that can be inscribed 
unstuck in a 6 by 8 rectangle, the smallest perimeter has the form ,/N, for a positive 
integer N. Find N. 

15. Let CH be an altitude of !:::.ABC. Let R and S be the points where the circles 
inscribed in triangles ACH and BCH are tangent to CH. H AB= 1995, AC= 1994, 
and BC = 1993, then RS can be expressed as m/n, where m and n are relatively 
prime positive integers. Find m + n. 
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1. The increasing sequence 3, 15, 24, 48, ... consists of those positive multiples of 3 that 
are one less than a perfect square. What is the remainder when the 1994th term of 
the sequence is divided by 1000? 

2. A circle with diameter PQ of length 10 is internally 
tangent at P to a circle of radius 20. Square ABCD 
is constructed with A and B on the larger circle, 
CD tangent at Q to the smaller circle, and the 
smaller circle outside ABCD. The length of AB 
can be written in the form m + ,In, where m and 
n are integers. Find m + n . 

p 

D 

Q 

C 

3. The function f has the property that, for each real number x, 

J(x) + f(x - 1) = x2
. 

If J (19) = 94, what is the remainder when !(94) is divided by 1000? 

4. Find the positive integer n for which 

(For real x, LxJ is the greatest integer~ x.) 

5. Given a positive integer n, let p(n) be the product of the non-zero digits of n. (If n 
has only one digit, then p(n) is equal to that digit.) Let 

S = p(l) + p(2) + p(3) + · · · + p(999) . 

What is the largest prime factor of S? 

6. The graphs of the equations 

y = k, y = v'3x + 2k, y= - v'3x + 2k, 

are drawn in the coordinate plane for k = -10, - 9, -8, ... , 9, 10. These 63 lines cut 
part of t he plane into equilateral triangles of side 2/ ,/3. How many such triangles are 
formed? 
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7. For certain ordered pairs ( a, b) of real numbers, the system of equations 

ax+by = l 

x 2 +y2 = 50 

3 

has at least one solution, and each solution is an ordered pair (x, y) of integers. How 
many such ordered pairs (a, b) are there? 

8. The points (0, 0), (a, 11), and (b, 37) are the vertices of an equilateral triangle. Find 
the value of ab. 

9. A solitaire game is played as follows. Six distinct pairs of matched tiles are placed in 
a bag. The player randomly draws tiles one at a time from the bag and retains them, 
except that matching tiles are put aside as soon as they appear in the player's hand. 
The game ends if the player ever holds three tiles, no two of which match; otherwise 
the drawing continues until the bag L'l empty. The probability that the bag will be 
emptied is p/q, where p and q are relatively prime positive integers. Find p + q. 

10. In triangle ABC, angle C is a right angle and the altitude from C meets AB at D. 
The lengths of the sides of 6ABC are integers, BD = 293 , and cosB = m/n, where 
m and n are relatively prime positive integers. Find m + n. 

11. Ninety-four bricks, each measuring 4" x 10" x 19", are to be stacked one on top of 
another to form a tower 94 bricks tall. Each brick can be oriented so it contributes 
4" or 10" or 19" to the total height of the tower. How many different tower heights 
can be achieved using all 94 of the bricks? 

12. A fenced, rectangular field measures 24 meters by 52 meters. An agricultural re
searcher has 1994 meters of fence that can be used for internal fencing to partition 
the field into congruent, square test plots. The entire field must be partitioned, and 
the sides of the squares must be parallel to the edges of the field. What is the largest 
number of square test plots into which the field can be partit ioned using all or some 
of the 1994 meters of fence? 
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13. The equation 
x 10 + (13x - 1)10 = 0 

has 10 complex roots r 1, r 1, r2, r2, r3, r3, r4, r4, r5, r5, where the bar denotes com
plex conjugation. Find the value of 

14. A beam of light strikes BC at point C with angle of incidence a,= 19.94° and reflects 
with an equal angle of reflection as shown. The light beam continues its path, re
flecting off line segments AB and BC accord-
ing to the rule: angle of incidence equals angle 
of reflection. Given that /3 = a/10 = 1.994° 
and AB = BC, determine the number of t imes 
the light beam will bounce off the two line seg
ments. Include the first reflection at C in your 
count. 

~L 
B C 

15. Given a point Pon a triangular piece of paper ABC, consider the creases that are 
formed in the paper when A , B, and Care folded onto P . Let us call Pa fold point 
of 6ABC if these creases, which number three unless P is one of the vertices, do not 
intersect. Suppose that AB= 36, AC= 72, and LB= 90°. Then the area of the set 
of all fold points of 6ABC can be written in the form qrr - r,/s, where q, r, and s are 
positive integers and s is not divisible by the square of any prime. What is q + r + s? 
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1. Square S1 is 1 x 1. For i ~ 1, the lengths of the sides of square S;+1 are half the 
lengths of the sides of square S;, two adjacent sides of square S; are perpendicular 
bisectors of two adjacent sides of square S;+1 , 

and the other two sides of square S;+1 are the 
perpendicular bisectors of two adjacent sides 
of square S;+2- The total area enclosed by at 
least one of S1, S2, S3, S4 , S5 can be written 
in the form m/n, where m and n are relatively 
prime positive integers. Find m - n. 

S; 

2. Find the last three digits of the product of the positive roots of 

J1995 x10
S1•••" = x 2

• 

3. Starting at (0,0), an object moves in the coordinate plane via a sequence of steps, 
each of length one. Each step is left, right, up, or down, all four equally likely. Let 
p be the probability that the object reaches (2, 2) in six or fewer steps. Given that p 

can be written in the form m/n, where m and n are relatively prime positive integers, 
find m + n. 

4. Circles of radius 3 and 6 are externally tan
gent to each other and are internally tangent 
to a circle of radius 9. The circle of radius 9 
has a chord that is a common external tan
gent of the other two circles. Find the square 
of the length of this chord. 

5. For certain real values of a, b, c, and d, the equation x4 + ax3 + bx2 +ex+ d = 0 has 
fo~r non-real roots. The product of two of these roots is 13 + i and the sum of the 
other two roots is 3 + 4i, where i = A. Find b. 
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6. Let n = 231 319. How many positive integer divisors of n2 are less than n but do not 
divide n? 

7. Given that (1 + sin t)(l +cost) = 5/4 and 

(1 - sin t)(l - cost) = m - ../k, 
n 

where k, m, and n are positive integers with m and n relatively prime, find k + m +n. 

8. For how many ordered pairs of positive integers (x,y), with y < x $ 100, are both:. 
y 

d 
x+l. ? an -- mtegers. 
y+l 

9. Triangle ABC is isosceles, with AB = AC 
and altitude AM = 11. Suppose that there 
is a point D on AM with AD = 10 and 
LBDC = 3LBAC. Then the perimeter of 
6ABC may be written in the form a+ -/b, 
where a and b are integers. Find a + b. 

B 

10. What is the largest positive integer that is not the sum of a positive integral multiple 
of 42 and a positive composite integer? 

11. A right rectangular prism P (i.e., a rectangular parallelepiped) has sides of integral 
length a, b, c, with a$ b $ c. A plane parallel to one of the faces of P cuts Pinto two 
prisms, one of which is similar to P, and both of which have nonzero volume. Given 
that b = 1995, for how many ordered triples (a,b,c) does such a plane exist? 

12. Pyramid OABCD has square base ABCD, congruent edges OA, OB, OC, and OD, 
and LAOB = 45°. Let O be the measure of the dihedral angle formed by faces OAB 
and OBC. Given that cos O = m + ,Jn, where m and n are integers, find m + n. 
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13. Let f(n) be the integer closest to v'n- Find L f(k). 

k=l 

4 

14. In a circle of radius 42, two chords of length 78 intersect at a point whose distance 
from the center is 18. The two chords divide the interior of the circle into four regions. 
Two of these regions are bordered by segments of unequal lengths, and the area of 
either of them can be expressed uniquely in the form m1r - nv'd, where m, n, and d 
are positive integers and dis not divisible by the square of any prime number. Find 
m+n + d. 

15. Let p be the probability that, in the process of repeatedly flipping a fair coin, one will 
encounter a run of 5 heads before one encounters a run of 2 tails. Given that p can be 
written in the form m/n, where m and n are relatively prime positive integers, find 
m+n. 
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!WRITE TO US!I 
Correspondence about the problems and solutions for this AIME should be addressed to: 

Mr. Richard Parris, AIME Chairman 
Department of Mathematics 

Phillips Exeter Academy, Exeter, NH 03833-2460 USA 

Comments about administrative arrangements and orders for any publications listed below 
should be addressed to: 

Prof Walter E Mientka, AMC Executive Director 
Department of Mathematics and Statistics 

University of Nebraska, Lincoln, NE 68588-0658 USA 

11995 USAMOI 

The USA Mathematical Olympiad is a 5-question, 3½ hour, essay-type examination. The 
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!PUBLICATIONS I 
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COPYRIGHT: all publications are copyrighted; it is illegal to make 
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Specify the years you want and how many copies of each. All prices effective to September 
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• Contest Problem Book IV, AHSMEs 1973-82, $13.50. 
• USA Mathematical Olympiads, 1972-86, $14.50. 
o International Mathematical Olympiads, 1959-77, $12.50. 
• International Mathematical Olympiads, 1978-85, $1J.50. 

Journal 
• The ARBELOS (short articles and challenging problems); recommended especially 

for AIME and USAMO qualifiers. Five volumes plus a Geometry volume, $7.00 each. 
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1. In a magic jquare, the sum of the three entries in any row, 
column, or diagonal is the same value. The figure shows four 
of the entries of a magic square. Find x . 

2 

2. For each real number x, let L x J denote the greatest integer that does not exceed x . For 
how many positive integers n is it true that n < 1000 and that Llog2 nJ is a positive 
even integer? 

3. Find the smallest positive integer n for which the expansion of ( xy - 3x + 7y - 21 )n, 
after like terms have been collected, has at least 1996 terms. 

4. A wooden cube, whose edges are one centimeter long, rests on a horizontal surface. 
Illuminated by a point source of light that is x centimeters directly above an upper 
vertex, the cube casts a shadow on the horizontal surface. The area of the shadow, 
which does not include the area beneath the cube, is 48 square centimeters. Find the 
greatest integer that does not exceed lO00x. 

5. Suppose that the roots of x 3 + 3x2 + 4x - 11 = 0 are a, b, and c, and that the roots 
of x3 + rx2 + sx + t = 0 are a+ b, b + c, and c + a. Find t. 

6. In a five-team tournament, each team plays one game with every other team. Each 
team has a 50% chance of winning any game it plays. (There are no ties.) Let m/n 
be the probability that the tournament will produce neither an undefeated team nor 
a winless team, where m and n a.re relatively prime positive integers. Find m + n. 

7. Two of the squares of a 7 x 7 checkerboard are painted yellow, and the rest are 
painted green. Two color schemes are equivalent if one can be obtained from the 
other by applying a rotation in the plane of the board. How many inequivalent color 
si;hemes are possible? 

8. The harmonic mean of two positive numbers is the reciprocal of t he arithmetic mean 
of their reciprocals. For how many ordered pairs of positive integers ( x, y) with x < y 
is the harmonic mean of x and y equal to 620? 
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9. A bored student walks down a hall that contains a row of closed lockers, numbered 
1 to 1024. He opens the locker numbered 1, and then alternates between skipping 
and opening each closed locker thereafter. When he reaches the end of the hall, the 
student turns around and starts back. He opens the first closed locker he encounters, 
and then alternates between skipping and opening each closed locker thereafter. The 
student continues wandering back and forth in this manner until every locker is open. 
What is the number of the last locker he opens? 

F. d h all · · · l . 19 o cos 96° + sin 96° 10. m t e sm est positive mteger so ut1on to tan x = . 
96 

. 
COS 96° - Sill 0 

11. Let P be the product of those roots of z6 + z4 + z3 + z2 + 1 = 0 that have positive 
imaginary part, and suppose that P = r( cos 8° +i sin 8°), where 0 < rand 0 ~ 8 < 360. 
Find 8. 

12. For each permutation a1,a2, a3 , ••• , a1o of the integers 1, 2,3, . . . , 10, form the sum 

The average value of all such sums cari be written in the form p/q, where p and q are 
relatively prime positive integers. Find p + q. 

13. In triangle ABC, AB = J30, AC = ""6, and BC = y'lS. There is a point D for 
which AD bisects BC and LADE is a right angle. The ratio 

Area(6ADB) 
Area(6ABC) 

can be written in the form m/n, where m and n are relatively prime positive integers. 
Find m+n. 

14. A 150 x 324 x 375 rectangular solid is made by gluing together 1 x 1 x 1 cubes. An 
internal diagonal of this solid passes through the interiors of how many of the 1 x 1 x 1 
cubes? 

15. In parallelogram ABCD, let O be the intersection of diagonals AC and BD. Angles 
CAB and DEC are each twice as large as angle DBA, and angle ACB is r times as 
large as angle AOB. Find the greatest integer that does not exceed lO00r. 
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• USA Mathematical Olympiad Book 1972-86, $16.00 
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• International Mathematical Olympiad Book II, 1978-85, $11.50 

The Arbelos 
• Short articles and challenging problems recommended especially for AIME and 

USAMO qualifiers. Six volumes, $8.00 each. 
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1. How many of the integers between 1 and 1000, inclusive, can be expressed as the 
difference of the squares of two nonnegative integers? 

2. The nine horizontal and nine vertical lines on an 8 x 8,checkerboard form r rectangles, 
of which s are squares. The number s/r can be written in the form m/n, where m 
and n are relatively prime posit ive integers. Find m + n . 

3. Sarah intended to multiply a two-digit number and a three-digit number, but she left 
out the multiplication sign and simply placed the two-digit number to the left of the 
three-digit number, thereby forming a five-digit number. This number is exactly nine 
times the product Sarah should have obtained. What is the sum of the two-digit 
number and the three-digit number? 

4. Circles of radii 5, 5, 8, and m/n are mutually externally t angent, where m and n are 
relatively prime positive integers. Find m + n. 

5. The number r can be expressed as a four-place decimal 0.abcd, where a, b, c, and 
d represent digits, any of which could be zero. It is desired to approximate r by a 
fraction whose numerator is 1 or 2 and whose denominator is an integer. The closest 
such fraction to r is r What is the number of possible values for r? 

6. Point Bis in the exterior of the regular n-sided polygon A 1A2 . . . An, and A1A2 B is 
an equilateral triangle. What is the largest value of n for which An , A1 , and B are 
consecutive vertices of a regular polygon? 

7. A car travels due east at i mile per minute on a long, straight road. At the same 
time, a circular storm, whose radius is 51 miles, moves southeast at ½./2 m ile per 
minute. At time t = 0, the center of the storm is 110 miles due north of the car. At 
time t = ti minutes, the car enters the storm circle, and at time t = t 2 minutes, the 
car leaves the storm circle. Find ½Ct1 + tz). 

8. How many different 4 x 4 arrays whose entries are all l's and -1 's have the property 
that the sum of the entries in each row is O and the sum of the entries in each column 
is O? 

9. Given a nonnegative real number x, let (x) denote the fractional part of x; that is, 
(x) = x - l x J, where l x J denotes the greatest integer less than or equal to x. Suppose 
that a is positive, (a-1 ) = (a2 ) , and 2 < a 2 < 3. Find the value of a 12 - 144a- 1 . 
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10. Every card in a deck has a picture of one shape - circle, square, or triangle, which 
is painted in one of three colors - red, blue, or green. Furthermore, each color is 
applied in one of three shades - light, medium, or dark. The deck has 27 cards, with 
every shape-color-shade combination represented. A set of three cards from the deck 
is called complementary if all of the following statements are true: 

1. Either each of the three cards has a different shape or all three of the cards have 
the same shape. 

11. Either each of the three cards has a different color or all three of the cards have 
the same color. · 

m. Either each of the three cards has a different shade or all three of the cards have 
the same shade. 

How many different complementary three-card sets are there? 

44 

I::cos n° 

11 L .::n=- c.,_1 __ _ . et X = 
44 

What is the greatest integer that does not exceed lOOx? 

12. 

I:: sin n° 
n=l 

. ax +b 
The function f defined by f(x) = - - -d, where a, b, c, and d are nonzero real 

ex+ 
numbers, has the properties f(l9) = 19, f(97) = 97, and f(f(x)) = x for all values of 
x except - d/ c. Find the unique number that is not in the range of f. 

13. Let S be the set of points in the Cartesian plane that satisfy 

If a model of S were built from wire of negligible thickness, then the total length of 
wire required would be a,/b, where a and b are positive integers and b is not divisible 
by the square of any prime number. Find a+ b. 

14. Let v and w be distinct, r andomly chosen roots of the equation z1997 - 1 = 0. Let 
m/n be the probability that J2 + ./3 $ Iv+ wl, where m and n are relatively prime 
positive integers. Find m + n. 

15. The sides of rectangle ABC D have lengths 10 and 11. An equilateral triangle is drawn 
so that no point of the triangle lies outside ABCD. The maximum possible area of 
such a triangle can be written in the form p,.fij - r, where p, q, and r are positive 
integers, and q is not divisible by the square of any prime number. Find p + q + r. 
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year. Specify the years you want and how many copies of each. All prices effective 
to September 1, 1997. 

• A HSME 1983-97, $1 per copy per year. 
• A IME 1983-97, $2 per...copy per year. 
• USA and Intematio~ Mathematical. Olym piads (together), 1983-96, $5 per 

copy per year. 
• National Summary of Results and Awards, 1980-97, $10 per copy per year. 
• Problem Book I, AHSMEs 1950-60, $8.00 
• Problem Book II, AHSMEs 1961-65, $8.00 
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1. For how many values of k is 1212 the least common multiple of the positive integers 
66, 88

, and k? 

2. Find the number of ordered pairs (x, y) of positive integers that satisfy x ~ 2y ~ 60 
and y ~ 2x ~ 60. 

3. The graph of y2 + 2xy + 40lx l = 400 partitions the plane into several regions. What 
is the area of the bounded region? 

4. Nine tiles are numbered 1, 2, 3, . .. , 9, respectively. Each of three players randomly 
selects and keeps three of the tiles, and sums those three values. The probability 
that all three players obtain an odd sum is m/n, where m and n are relatively prime 
positive integers. Find m + n. 

k(k - 1) k(k - l)1r 
5. Given that A.1: = 

2 
cos 

2 
, find IA19 + A20 + · · · + A9sl-

6. Let ABCD be a parallelogram. Extend DA though A to a point P, and let PC meet 
AB at Q and DB at R. Given that PQ = 735 and QR= 112, find RC. 

7. Let n be the number of ordered quadruples (x1,x2 , x3,x4) of positive odd integers 
4 

"' . n that satisfy L.., x; = 98. Fmd 
100 

• 
i= l 

8. Except for the first two terms, each term of the sequence 1000, x, 1000 - x, ... is 
obtained by subtracting the preceding term from the one before that. The last term of 
the sequence is the first negative term encountered. What positive integer x produces 
a sequence of maximum length? 

9. Two mathematicians take a morning coffee break each day. T hey arrive at the cafeteria 
independently, at random times between 9 a.m. and 10 a.m., and stay for exactly m 
minutes. The probability that either one arrives while the other is in the cafeteria is 
40%, and m = a - b../c, where a, b, and care positive integers, and c is not divisible 
by the square of any prime. Find a + b + c. 
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10. Eight spheres of radius 100 are placed on a flat surface so that each sphere is tangent 
to two others and their centers are the vertices of a regular octagon. A ninth sphere 
is placed on the flat surface so that it is tangent to each of the other eight spheres. 
The radius of this last sphere is a + bye, where a, b, and c are positive integers, and 
c is not divisible by the square of any prime. Find a + b + c. 

11. Three of the edges of a cube are AB, BC, and CD, and AD is an interior diagonal. 
Points P, Q, and Rare on AB, BC, and CD, respectively, so that AP = 5, PB = 15, 
BQ = 15, and CR = 10. What is the area of the polygon that is the intersection of 
plane PQR and the cube? 

12. Let ABC be equilateral, and D , E, and F be 
the midpoints of BC, CA, and AB, respec
tively. There exist points P, Q, and Ron DE, 
EF, and FD, respectively, with the property 
that Pis on CQ, Q is on AR, and Rison BP. 
The ratio of the area of triangle ABC to the 
area of triangle PQ R is a + bye, where a, b, 
and c are integers, and c is not divisible by the 
square of any prime. What is a2 + b2 + c2 ? C 

A 

B 

13. If { a1, a2, a3, . .. , an} is a set of real numbers, indexed so that a1 < a2 < a3 < . .. < an, 
its complex power sum is defim;d to be a1i + a2i2 + a3i3'+ • • · + anin, where i2 = - 1. 
Let Sn be the sum of the complex power sums of all nonempty subsets of { 1, 2, ... , n}. 
Given that Ss = - 176 - 64i and S9 = p + qi, where p and q are integers, find IPI + lql. 

14. An m x n x p rectangular box has half the volume of an (m + 2) x (n + 2) x (p + 2) 
rectangular box, where m, n, and pare integers, and m:::; n:::; p. What is the largest 
possible value of p? 

15. Define a domino to be an ordered pair of distinct positive integers. A proper sequence 
of dominos is a list of distinct dominos in which the first coordinate of each pair 
after the first equals the second coordinate of the immediately preceding pair, and 
in which (i,j) and (j,i) do not both appear for any i and j. Let D40 be the set of 
all dominos whose coordinates are no larger than 40. Find the length of the longest 
proper sequence of dominos that can be formed using the dominos of D40 . 
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A 1998 Solutions Pamphlet will be sent to exam managers within a few weeks. 

IWRI_TE TO US!! 
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11998 USAMO! 
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/PUBLICATIONS! 
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US orders must be prepaid. Orders are mailed 4th class, unless you specify 1st class, 
in which case add 20% of the total order, with a minimum of $3 and a maximum of 
$15. Please note that if the correct 1st class cost is not included, the 
order will be sent 4th class. Make checks payable to the American Mathematics 
Competitions; or give Visa or MasterCard number and expiration date. 

FOREIGN ORDERS: Do NOT prepay; an invoice will be sent. 
COPYRIGHT: All publications are copyrighted; it is illegal to make 
copies or transmit them via internet or www without p ermission. 

Examinations: Each price is for one copy of an exam and its solutions for 
one year. Specify the years you want and how many copies of each. All prices effective 
to September 1, 1998. 

• AHSME 1983-98, $1 per copy per year. 
• AIME 1983-98, $2 per copy per year. 
• USA and International Mathematical Olympiads (together), 1976-97, $5 per 

copy per year. 
• National Summary of Results and Awards, 1980-98, $10 per copy per year. 
• Problem Book I, AHSMEs 1950-60, $9.00 
• Problem Book II, AHSMEs 1961-65, $9.00 
• Problem Book III, AHSMEs 1966-72, $13.00 
• Problem Book IV, AHSMEs 1973-82, $13.00 
• USA Mathematical Olympiad Book 1972-86, $16.00 
• International Mathematical Olympiad Book I, 1959-77, $14.00 
• International Mathematical Olympiad Book II, 1978-85, $14.00 
• World Olympiad Problems and Solutions, $15.00 

T h e Arbelos 
• Short articles and challenging problems recommended especially for AIME and 

USAMO qualifiers. Six volumes, $8.00 each. 
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1. DO NOT OPEN THIS BOOKLET UNTIL TOLD TO DO SO BY YOUR 
PROCTOR. 

2. This is a 15-question, 3-hour examination. All answers are integers ranging 
from 000 to 999, inclusive. Your score will be the number of correct answers; 
i.e., there is neither partial credit nor a penalty for wrong answers. 

3. No aids other than scratch paper, graph paper, ruler, compass, and protractor 
are permitted. In particular, calculators are not permitted. 

4. A combination of the AIME and AHSME scores is used to determine eligibility 
for participation in the U.S.A. Mathematical Olympiad (USAMO). The USAMO 
will be given on TUESDAY, April 27, 1999. 

5. Record all your answers, and certain other information, on the AIME answer 
form. Only the answer form will be collected from you. 
This examination was prepared during the tenure of American Mathematics 

Competitions Executive Director, Dr. Walter E. Mientka 

The publication, reproduction, or communication of the problems or solut ions 
of the AIME during the period when students are eligible to participate, seriously 
jeopardizes the integrity of the results. Duplication at any time via copier, tele
phone, eMail, World Wide Web, or media of any type is a violation of the copyright 
law. 

Copyright (s}1999, Committee on the American Mathematics Competitions 
Mathematical Association of America 
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1. Find the smallest prime that is the fifth term of an increasing arithmetic sequence, all 
four preceding terms also being prime. 

2. Consider the parallelogram with vertices (10, 45), (10, 114), (28,153), and (28, 84). A 
line through the origin cuts this figure into two congruent polygons. The slope of the 
line is m/n, where m and n are relatively prime positive integers. Find m + n. 

3. Find the sum of all positive integers n for which n 2 - 19n + 99 is a perfect square. 

4. The two squares shown share the same center 0 
and have sides of length 1. The length of AB is 
43/99 and the area of octagon ABCDEFGH is 
m/n, wh1;re m and n are relatively prime positive 
integers. Find m + n. 

5. For any positive integer x, let S(x) be the sum of the digits of x, and let T(x) be 
IS(x + 2) - S(x)I. For example, T(199) = IS(201) - S(199)1 = 13 - 191 = 16. How 
many values T(x) do not exceed 1999? 

6. A transformation of the first quadrant of the coordinate plane maps each point ( x, y) 
to the point ( y'x, ..fii). The vertices of quadrilateral ABC D are A = (900,300), 
B = (1800, 600), C = (600, 1800), and D = (300,900). Let k be the area of the region 
enclosed by the image of quadrilateral ABCD. Find the greatest integer that does 
not exceed k . 

7. There is a set of 1000 switches, each of which has four positions, called A, B , C, and 
D. When the position of any switch changes, it is only from A to B, from B to C, 
from C to D, or from D to A. Initially each switch is in position A. The switches are 
labeled with the 1000 different integers 2"3Y5z, where x, y, and z take on the values 
0, 1, ... , 9. At step i of a 1000-step process, the ith switch is advanced one step, and 
so are all the other switches whose labels divide the label on the ith switch. After 
step 1000 has been completed, how many switches will be in position A? 
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8. Let T be the set of ordered triples (x, y, z) of nonnegative real numbers that lie in the 
plane x + y + z = 1. Let us say that (x,y,z) supports (a,b,c) when exactly two of 
the following are true: x ~ a, y ~ b, z ~ c. Let S consist of those triples in T that 
support(½,½,¼)- The area of S divided by the area of Tis m/n, where m and n are 
relatively prime positive integers. Find m + n . 

9. A function f is defined on the complex numbers by f(z) = (a+bi)z, where a and bare 
positive numbers. This function has the property that the image of each point in the 
complex plane is equidistant from that point and the origin. Given that la+ bil = 8 
and that b2 = m/n, where m and n are relatively prime positive integers, find m + n. 

10. Ten points in the plane are given, with no three collinear. Four distinct segments 
joining pairs of these points are chosen at random, all such segments being equally 
likely. The probability that some three of the segments form a triangle whose vertices 
are among the ten given points is m/n, where m and n are relatively prime positive 
integers. Find m + n. 

35 

11. Given that L sin 5k = tan:, where angles are measured in degrees, and m and n 
k=l 

m 
are relatively prime positive integers that satisfy - < 90, find m + n. 

n 

12. The inscribed circle of triangle ABC is tangent to AB at P, and its radius is 21. 
Given that AP = 23 and PB = 27, find the perimeter of the triangle. 

13. Forty teams play a tournament in which every team plays every other team exactly 
once. No ties occur, and each team has a 50% chance of winning any game it plays. 
The probability that no two teams win the same number of games is m/n, where m 
and n are relatively prime positive integers. Find log2 n. 

14. Point P is located inside triangle ABC so that· angles P AB, P BC, and PC A are all 
congruent. The sides of the triangle have lengths AB = 13, BC = 14, and CA = 15, 
and the tangent of angle P AB is m/n, where m and n are relatively prime positive 
integers. Find m + n. 

15. Consider the paper triangle whose vertices are (0,0), (34,0), and (16,24). The vertices 
of its midpoint triangle are the midpoints of its sides. A triangular pyramid is formed 
by folding the triangle along the sides of its midpoint triangle. What is the volume of 
this pyramid? 



Your Exam Manager will be sent a copy of the 1999 AIME Solutions Pamphlet. 
!WRITE TO US!! 

Correspondence about the problems and solutions should be addressed to: 
Mr. Richard Parris, AIME Chair 

Dept. of Math. Phillips Exeter Academy, Exeter, NH 03833-2460 USA 
eMail: rparris@exeter.edu 

Orders for any publications listed below should be addressed to: 
Titu Andreescu, Director 

American Mathematics Competitions 
University of Nebraska, P.O. box 81606 Lincoln, NE 68501-1606 USA 

eMail: titu@amc.unl.edu; Web: ht tp:/www .unl.edu/amc 
Phone: 402-472-6566; Fax: 402-472-6087 

!1999 USAMOI 
THE USA MATHEMATICAL OLYMPIAD (USAMO) is a 6-question, 6-hour, essay
type examination. The USAMO will be held on Tuesday, April 27, 1999. Your teacher 
hae more details on who qualifiers for the USAMO in the AHSME and AIME Teach
ers' Manuals. The best way to prepare for the USAMO is to study previous years 
of these exams, the World Olympiad Problems/Solutions and review the contents of 
the ARBELOS. Copies may be ordered as indicated below . 

. !PUBLICATIONS ! 
TER MS U.S.A.: MINIMUM ORDER: $5 (before postage and handling fee). 4th 
Class or UPS (Surface) Postage and Hanc:IJing Charge for prepaid orders- Add 10% of 
total order with a $3 minimum and $8 maximum. First Class/ Air Mail Postage and 
Handling: add 20% of the total order, with a minimum of $3 and a maximum of $15. 
Please n o te t h at if t h e corre ct First C lass cost is not include d , the 
o rde r will b e sent 4th class. Schools with zip codes outside the continental U.S. 
should request First Class/ Air Mail service. Canadia n Schoo ls: Surface Postage 
and Handling add 15% of total order with a $3 min. and $20 max. Air Mail Postage 
and Hanc:IJing add 20% with a $4 min. and $20 max. Make checks payable to 
the American Mathematics Competitions; or give Visa or MasterCard number and 
expiration date. 

FOREIGN ORDERS: Do NOT prepay. A Proforma invoice will be sent 
including Postage and Handling Fees. 
C OPYRIGHT: All pub licatio ns are cop y r ighted; it is illegal t o make 

copies or tra ns mit them o n t he inte rnet or www wit hou t permission. 
Examinat ions: Each price is for one copy of an exam and its solutions for one 
year. Specify the years you want and how many copies of each. All prices effective 
to September 1, 1999. 

• AHSME 1980-99, $1 per copy per year. 
• AIME 1983-99, $2 per copy per year. 
• USA and International Math Olympiad s, 1983-98, $5 per copy per year. 
• National Summary of Results and Awards, 1980-99, $10 per copy per year. 
• Problem Book I, AHSMEs 1950-60, $10.00 
• Problem Book II, AHSMEs 1961-65, $10.00 
• Problem Book Ill, AHSMEs 1966-72, $13.00 
• Problem Book IV, AHSMEs 1973-82, $13.00 
• Problem Book V, AHSMEs and AlMEs 1983-88, $28.00 
• USA Mathematical Olympiad Book 1972-86, $15.00 
• International Mathematical Olympiad Book I, 1959-77, $15.00 
• International Mathematical Olympiad Book 11, 1978-85, $18.00 
• World Olympiad Problems/Solutions 1995-96, 1996-97 $15.00 each 

The Arbelos 
• Short articles and challenging problems recommended especially for AIME and 
• USAMO qualifiers. Six volumes, $8.00 each. 
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1. DO NOT OPEN THIS BOOKLET UNTIL TOLD TO DO SO BY YOUR 
PROCTOR. 

2. This is a 15-question, 3-hour examination. All answers are integers ranging 
from 000 to 999, inclusive. Your score will be the number of correct answers; 
i.e., there is neither partial credit nor a penalty for wrong answers. 

3. No aids other than scratch paper, graph paper, ruler, compass, and protractor 
are permitted. In particular, calculators are not permitted. 

4. A combination of the AIME and the American Mathematics Contest ➔ l O or 
the American Mathematics Contest ➔ 12 scores are used to determine eligibility 
for participation in the U.S.A. Mathematical Olympiad (USAMO). The 
USAMO will be given on TUESDAY, May 2, 2000. 

5. Record all of your answers, and certain other information, on the AIME answer 
form. Only the answer form will be collected from you. 

The publication, reproduction, or communication of the problems or solutions of the 
AIME during the period when students are eligible to participate, seriously jeopardizes 
the integrity of the results. Duplication at any time via copier, telephone, email, world 
wide web, or media of any type is a violation of the copyright law. 

Copyright© 2000, Committee on the American Mathematics Competitions 
Mathematical Association of America 
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1. Find the least positjve integer n such that no matter how ion is expressed 
as the product of two positive integers, at least one of these two integers 
contains the digit 0. 

2. Let u and v be integers satisfying O < v < u. Let A= (u, v), let B be the 
reflection of A across the line y = x, let C be the reflection of B across 
the y-axis, let D be the reflection of C across the x-axis, and let E be the 
reflection of D across the y-axis. The area of the pentagon ABC DE is 451. 
Find u + v . 

3. In the expansion of (ax+b) 2000 , where a and bare relatively prime positive 
integers, the coefficients of x 2 and x3 are equal. Find a + b. 

4. The diagram shows a rectangle 
that has been dissected into nine 
non-overlapping squares. Given 
that the width and the height of 
the rectangle are relatively prime 
positive integers, find the perime
ter of the rectangle. 

l-

5. Each of two boxes contains both black and white marbles, and the total 
number of marbles in the two boxes is 25. One marble is taken out of each 
box randomly. The probability that both marbles are black is 27 /50, and 
the probability that both marbles are white is m/n, where m and n are 
relatively prime positive integers. What ism+ n? 
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6. For how many ordered pairs (x, y) of integers is it true that O < x < y < 106 

and that the arithmetic mean of x and y is exactly 2 more than the geometric 
mean of x and y? 

7. Suppose that x, y, and z are three positive numbers that satisfy the equa-
. 1 1 1 m 

t10ns xyz = 1, x + - = 5, and y + - = 29. Then z + - =-,where m and 
Z X y n 

n are relatively prime positive integers. Find m + n. 

8. A container in the shape of a right circular cone is 12 inches tall and its 
base has a 5-inch radius. The liquid that is sealed inside is 9 inches deep 
when the cone is held with its point down and its base horizontal. When the 
cone is held with its point up and its base horizontal, t he liquid ism - n~ 
inches deep, where m, n, and p are positive integers and p is not divisible 
by the cube of any prime number. Find m + n + p. 

9. T he system of equations 

log10(2OOOxy) - (log10 x)(log10 y) = 4 

log10 (2yz) - (log10 y)(log10 z) = 1 

log10(zx) - (log10 z)(log10 x) = 0 

10. A sequence of numbers x1, x2, x3, ... , X100 has the property that, for every 
integer k between 1 and 100, inclusive, the number Xk is k less than the 
sum of the other 99 numbers. Given that x5o = m/n, where m and n are 
relatively prime positive integers, find m + n . 

11. Let S be the sum of all numbers of the form a/b, where a and b are relatively 
prime positive divisors of 1000. What is the greatest integer that does not 
exceed S/1O? 
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12. Given a function / for which 

f(x) = f(398 - x) = /(2158 - x) = /(3214 - x) 

holds for all real x, what is the largest number of different values that can 
appear in the list J(0), J(l) , J(2), .. . , !(999)? 

13. In the middle of a vast prairie, a fire truck is stationed at the intersection of 
two perpendicular straight highways. The truck travels at 50 miles per hour 
along the highways and at 14 miles per hour across the prairie. Consider 
the set of points that can be reached by the fire truck within six minutes. 
The area of this region is m/n square miles, where m and n are relatively 
prime positive integers. Find m + n. 

14. In triangle ABC, it is given that angles B and C are congruent. Points P 
and Q lie on AC and AB, respectively, so that AP= PQ =QB= BC. 
Angle ACE is r times as large as angle APQ, where r is a positive real 
number. Find the greatest integer that does not exceed lO00r. 

15. A stack of 2000 cards is labeled with the integers from 1 to 2000, with 
different integers on different cards. The cards in the stack are not in 
numerical order. The top card is removed from the stack and placed on the 
table, and the next card in the stack is moved to the bottom of the stack. 
The new top card is removed from the stack and placed on the table, to the 
right of the card already there, and the next card in the stack is moved to 
the bottom of the stack. This process - placing the top card to the right 
of the cards already on the table and moving the next card in the stack to 
the bottom of the stack - is repeated until all cards are on the table. It 
is found that, reading from left to right, the labels on the cards are now in 
ascending order: 1, 2, 3, ... , 1999, 2000. In the original stack of cards, how 
many cards were above the card labeled 1999? 



Your Exam Manager will be sent a copy of the 2000 AIME Solution Pamphlet. 

I WRITE TO US!! 
Correspondence about the problems and solutions should be addressed to: 

Mr. David Hankin, AIME Chair 
Hunter College High School, Dept. of Mathematics, 71 East 94th St., New York, NY 10128 USA 

Phone: 978-486-9883; Fax: 978-486-0518; eMail: xhankin@juno.com 

Orders for any publications listed below should be addressed to: 
Titu Andreescu, Director 

American Mathematics Competitions 
University of Nebraska, P.O. Box 81606 

Lincoln, NE 68501- 1606 
Phone: 402-472-2257; Fax: 402-472-6087; eMail: titu@amc.unl.edu; www.unl.edu/amc 

l2000USAMO) 
THE USA MATHEMATICAL OLYMPIAD (USAMO) is a 6-question, 6-hour, essay
type examination. The USAMO will be held on Tuesday, May 2, 2000. Your teacher has 
more details on who qualifies for the USAMO in the AMC ➔10/12 and AIME Teachers' 
Manuals. The best way to prepare for the USAMO is to study previous years of these 
exams, the World Olympiad Problems/Solutions and review the contents oftheARBELOS. 
Copies may be ordered as indicated below. 

I PUBLICATIONS I 
MINIMUM ORDER: $10 (before shipping/handling fee), PAYMENT IN US FUNDS 

ONLY made payable to the American Mathematics Competitions or VISA/MASTERCARD 
accepted. Include card number, expiration date, cardholder name and address. U.S.A. 
and Canadian orders must be prepaid and will be shipped Priority Mail, UPS or Air Mail. 
INTERNATIONAL ORDERS: Do NOT prepay. An invoice will be sent to you. 
COPYRIGHT: All publications are copyrighted; it is illegal to make copies or transmit 
them on the internet without permission. 
Examinations: Each price is for one copy of an exam and its solutions for one year. Specify the 
years you want and how many copies of each. All prices effective to September 1, 2000. 

• AHSME (AMC ➔ 12) 1989-2000, $1 per copy per year. 
• AIME 1989-2000, $2 per copy per year. 
• USA and International Math Olympiads, 1989-99, $5 per copy per year. 
• National Summary of Results and Awards, 1989-2000, $10 per copy per year. 
• Problem Book I, AHSMEs 1950-60, Problem Book II, AHSMEs 1961-65, $10/ea 
• Problem Book Ill, AHSMEs 1966-72, Problem Book IV, AHSMEs 1973-82, $13/ea 
• Problem Book V, AHSMEs and AIMEs 1983-88, $28/ea 
• USA Mathematical Olympiad Book 1972-86, $ I 8/ea 
• International Mathematical Olympiad Book I. 1959-77, $15/ea 
• International Mathematical Olympiad Book II, 1978-85, $18/ea 
• World Olympiad Problems/Solutions 1995-96, 1996-97, 1997-98, $ I 5/ea 
• The Arbelos, Volumes 1-Y, and a Special Geometry Issue, $8/ea 

Shipping & Handling charges for Publication Orders: 
Order Total A!lit Order Total Mll.:. 
$ 10.00 -- S 30.00 $ 5 $ 40.01 -- $ 50.00 $ 9 
$ 30.01 -- S 40.00 $ 7 $ 50.01 ·- $ 75.00 $ 12 

$ 75.01 •· up $15 
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2. This is a l 5-question, 3-hour examination. Ali answers are integers ranging from 000 co 
999, inclusive. Your score will be the number of correct answers; i.e., there is neither 
partial credit nor a penal()' for wrong answers. 
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The publication, reproduction, or communication of the problems or solutions of the AIME 
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results. Duplication at any time via copier; telephone, email, world wide web, or media of any type 
is a vio/,ation of the copyright law. 

Copyright © 200 l , Committee on the American Mathematics Competit ions 
Mathematical Association of America 



1. Find the sum of all positive two-digit integers that are divisible by
each of their digits.

2. A finite set S of distinct real numbers has the following properties:
the mean of S ∪ {1} is 13 less than the mean of S, and the mean of
S ∪ {2001} is 27 more than the mean of S.

3. Find the sum of all the roots, real and non-real, of the equation
x2001 + (1

2 − x)2001 = 0, given that there are no multiple roots.

4. In triangle ABC, angles A and B measure 60 degrees and 45 degrees,
respectively. The bisector of angle A intersects BC at T , and AT = 24.
The area of the triangle ABC can be written in the form a+b

√
c, where

a, b, and c are positive integers, and c is not divisible by the square of
any prime. Find a + b + c.

5. An equilateral triangle is inscribed in the ellipse whose equationis
x2 + 4y2 = 4. One vertex of the triangle is (0, 1), one altitude is con-
tained in the y-axis, and the length of each side is

√
m
n , where m and

n are relatively prime positive integers. Find m + n.

6. A fair die is rolled four times. The probability that each of the final
three rolls is at least as large as the roll preceding it may be expressed
in the form m/n, where m and n are relatively prime positive integers.
Find m + n.

7. Triange ABC has AB = 21, AC = 22, and BC = 20. Points D and
E are located on AB and AC, respectively, such that DE is parallel
to BC and contains the center of the inscribed circle of triangle ABC.
Then DE = m/n, where m and n are relatively prime positive integers.
Find m + n.

8. Call a positive integer N a 7-10 double if the digits of the base-7 rep-
resentation of N form a base-10 number that is twice N . For example,
51 is a 7-10 double because its base-7 representation is 102. What is
the largest 7-10 double?

9. in triangle ABC, AB = 13, BC = 15 and CA = 17. Point D is on
AB, E is on BC, and F is on CA. Let AD = p ·AB, BE = q ·BC, and
CF = r ·CA, where p, q, and r are positive and satisfy p + q + r = 2/3
and p2 + q2 + r2 = 2/5. The ratio of the area of triangle DEF to the
area of triangle ABC can be written in the form m/n, where m and
n are relatively prime positive integers. Find m + n.



10. Let S be the set of points whose coordinates x, y, and z are integers
that satisfy 0 ≤ x ≤ 2, 0 ≤ y ≤ 3, and 0 ≤ z ≤ 4. Two distinct points
are randomly chosen from S. The probability that the midpoint of the
segment they determine also belongs to S is m/n, where m and n are
relatively prime positive integers. Find m + n.

11. In a rectangular array of points, with 5 rows and N columns, the points
are numbered consecutively from left to right beginning with the top
row. Thus the top row is numbered 1 through N , the second row is
numbered N +1 through 2N , and so forth. Five points, P1, P2, P3, P4,
and P5, are selected so that each Pi is in row i. Let xi be the number
associated with Pi. Now renumber the array consecutively from top
to bottom, beginning with the first column. Let yi be the number
associated with Pi after renumbering. It is found that x1 = y2, x2 = y1,
x3 = y4, x4 = y5, and x5 = y3. Find the smallest possible value of N .

12. A sphere is inscribed in the tetrahedron whose vertices are A = (6, 0, 0),
B = (0, 4, 0), C = (0, 0, 2), and D = (0, 0, 0). The radius of the sphere
is m/n, where m and n are relatively prime positive integers. Find
m + n.

13. In a certain circle, the chord of a d-degree arc is 22 centimeters longer
than the chord of a 3d-degree arc, where d < 120. The length of the
chord of a 3d-degree arc is −m +

√
n centimeters, where m and n are

positive integers. Find m + n.

14. A mail carrier delivers mail to the nineteen houses on the east side
of Elm Street. The carrier notices that no two adjacent houses ever
get mail on the same day, but that there are never more than two
houses in a row that get no mail on the same day. How many different
patterns of mail delivery are possible?

15. The numbers 1, 2, 3, 4, 5, 6, 7, and 8 are randomly written on the faces
of a regular octahedron so that each face contains a different number.
The probability that no two consecutive numbers, where 8 and 1 are
considered to be consecutive, are written on faces that share an edge
is m/n, where m and n are relatively prime positive integers. Find
m + n.



Your Exam Manager will have a copy of the 2001 AlME Solution Pamphlet. 
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Mr. David Hankin, AlM E Chair 

Hunrer College High School, Depc. of Mathematics, 7 1 East 94ch St., New York, NY IO I 28 USA 

Phone: 212/860-1281; Fax: 7 18/891-33 12; email: xhankin@juno.com 

Orders for any puhlications fisted below should be addressed to: 

Tirn Andreescu, Director 
Mathematical Associacion of America American Machemacics Comperirions 

Universiry of Nebraska, P. 0 . Box 81606, Lincoln, NE 68501 -1606 
Phone: 402/472-2257; Fax: 402/472-6087; tiru@amc.unl.edu; hrrp://www.unl.edu/amc 

2001 USAMO 
THE USA MATHEMATICAL OLYMPIAD (USAMO) is a 6-question, 6-hour, essay- type 
examination. The USAMO will be held on Tue~day, May 1, 2001 . Your teacher has more 
derails on who qualifies for rhe USAt\110 in rhe AMC I 0/ l 2 and AIME Teachers' Manuals. 
The best way to prepare for the USANIO is to study previous years of these exams, the World 
Olympiad Problems/Solutions and review rhe conrems of rhe Arbelos. Copies may be ordered 
as ind icated below. 

PUBLI CATIONS 
M IN IMUM O RDER: $10. (before shipping/handling fee), PAYMENT IN US FUNDS ONLY made 
payable to the American Mathematics Competitions or VISNMASTERCARD/AMERICAN EXPRESS 
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l. Let N be the largest positive ia teger with Lhe following prnper ty : readi ng from left to 
r ight. . each pair of consecu t ive d igits of N forms a per fect. squa re. \-\That arc the leftmost 
duce digits of' N" 

2. Eacl1 o f t he 2001 ,;tudents at a hig h schoo l studies e it her Spa nis h or French. and some study 
both. The nurnber who st udy Spanish is between O percent a nd 85 percent o f' t he school 
populat ion. and the number who study French is between 30 percent. a ucl -JO percent. Let 
m be the smallest number of students who cou ld study both languages. and let /1/ be the 
largest number of st udents who c·r)ldd swdy both la niruagcs. Find 1\ f - ,n . 

3. Given that 
I'j = 211 , 

XJ = 375 . 

. 1;3 = -120 . 

.L' ,1 = 523. :i.ml 

:l'n = .C11-l - .Cu-2 + x,,_3 - Xro- •I when 11 2'. 5. 

find the v;ilue of :1::;31 -'- :r753 + :i-975 . 

-l. Lrr R = (.::!, 6) . Tlw lines whose equations a rc Sy = 15.r aml l Oy = 3;i- contain poi11Ls 
P a nd Q . respectively. such Lhal' R is the midpoim of P(J. The length PQ cq un.ls rn./ 11. 
where m and n are relaLively prime posit ive integern. Find m + n . 

!J. A s<'f, of posit ive• 11umbers ha~ t lw trin.ngle property if it has three d istinc t <' lem enl:s Lh,u a re 
t h!:' lc•ngt l1s or t lw s ide,: of a t riangle whose aren. is positive. Consider sets {-1, 5. G, .. .. n} of' 
conse,ur.ive positi1·r imcgers . a ll of wliose tcn-elemcut s nbsrLs have the t riangle propcr t~·. 
Vd1at is t he largest possib le value o f n,? 

6. Squa re ABCD is inscr ibed in a circle . Square EFGH has ver tices E uncl F 011 CD and 
1·en ices C and J-1 on tlw circle. The ratio of the-: area o f square EFGH w t he a rea or square 
A BC I] can be ex p re;;scd as m/ n wl1crc m and n a re rcla t ivt' ly prime posiLive integers and 
m < 11 . Find I On - 111. 

7. Let 6.PQfl b<' a right t r iangle with PQ = 90,PR = 120. ,md QR = 150. Let C 1 be t he 
inscr ibed , irclc. Construn ST. with S 011 PR a nd T o n QR. such that ST is pPrpeudicula r 
to PR and tangent to C 1. C'on~truC't UV with /J 011 PQ and 1 · on Q R such th;},( ff'I 
is perpe11dicu la r to PQ and cangem to C 1. Le L C.2 he t lw inscr ibed circle o f' 6.RST a nd 
C3 1.lw insnihed ('i rcle o f 6.QUV. Tile d istance beLwee n t lie centers of C2 a nd C3 can be 
wri tten as v'ion. \,VhaL is n'? 
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8. A certain function f has the proper t ies t hat f(3x) = 3/ (:c) fo1· al l posit ive real values of :i;. 
,111cl that f (:c) = 1 - l:c - 21 for 1 :S x :S 3. Find the smallest ,: for wh ich f (:c) = / (2001). 

9. Each unit square of a 3-by-3 unit-square grid i~ to be colored either blue or reel. For each 
square. either color is equally likely to be used. The probability of obtaining a grid t hat 
does not have a 2-by-2 red square is m/n. where m and 7l a re relatively prime positive 
int.1:gcrs. F ind m + n. 

10. How n1any posi t ive integer multiples of 1001 can be expressed in Llw form l Oi - l Oi, where 
·i and .i are integers and O :S 'i < j :S gg? 

11. Club Truncator is in a sl)ccer leag11e wit h s ix other teams. each of which it. p lays once. I11 
any of its 6 matches. t he probabilities thaL Club Truncaror wil l win. lose. or t ie are each 
1/ 3. The probabili ty Lhal Club Truncator will finish the season with more wins than losse~ 
is m/n. where m a11J n are rnlatively prime positive integers. F ind m + n. 

12. Given a t.riangle, its llli dpoinl triangle is obtained by joining tlH; 111idpoin1,s or its s ides. 
A sequence of polyhedra A is defined recursively as follows: 'Po is a regular tetrahedron 
whose volume is 1 To obtain 'Pi+ 1 , replace the midpoint triangle of every face of 'P, by 
an outward-pointing regular tetrahedron that has the midpoint t riangle as a face. The 
volume of 'P3 is m/n. where m and n are relat ively pri1ne positive integers. F ind rn + n. 

13. In quadrilateral ABCD, LBA.D ~ LA.DC and L 4BD "' LIJCD , AB = 8. BD = 10. and 
BC = G. The length CD 111ay be written in the form rn/ n. where m a11d n are relatively 
pri11 H, positive integers. Find m. + '11. 

1-1. There ,1l'c 2n complex numbers that satis(y both .:28 - 2 8 - 1 = 0 Md lzl = l. These 
numbers have the form z," = cos 0,,, + i sin Bm . where O :S 01 < 02 < .. . < 02,.. < 360 and 
angles a rc measured iu degrees. F ind the value of 02 + 0~ + · · · + 02n , 

15. Let EFGH, EFDC, and, EH BC be t hree adjacent srJ11are faces or a cube, for which 
EC= 8. and let A be the eighth vertex of the cube. Let I , J, and [( be points on EF, 
EH, and EC, respect ively. so that EI = E J = E K = 2. A solid S is obtained by drilling a 
tunnel through the cube. The sides or the tunnel a re planes parallel to AE. an<l containing 
the edges I J. J [\. , and f( I . The surface area of S. including t he walls of t he tunnel, is 
m + n,fi, where m., n, and p arc positive integers and p is not divis ible by t he square or 
any prime. F ind m + n + p. 



Your Exam Manager will have a copy of the 2001 AlME Solution Pamphlet. 
WRITE TO US : 

Correspondence about the problems and solutions should be addressed to: 
Mr. David Hankin, AlM E Chair 

Hunrer College High School, Depc. of Mathematics, 7 1 East 94ch St., New York, NY IO I 28 USA 

Phone: 212/860-1281; Fax: 7 18/891-33 12; email: xhankin@juno.com 

Orders for any puhlications fisted below should be addressed to: 

Tirn Andreescu, Director 
Mathematical Associacion of America American Machemacics Comperirions 

Universiry of Nebraska, P. 0 . Box 81606, Lincoln, NE 68501 -1606 
Phone: 402/472-2257; Fax: 402/472-6087; tiru@amc.unl.edu; hrrp://www.unl.edu/amc 

2001 USAMO 
THE USA MATHEMATICAL OLYMPIAD (USAMO) is a 6-question, 6-hour, essay- type 
examination. The USAMO will be held on Tue~day, May 1, 2001 . Your teacher has more 
derails on who qualifies for rhe USAt\110 in rhe AMC I 0/ l 2 and AIME Teachers' Manuals. 
The best way to prepare for the USANIO is to study previous years of these exams, the World 
Olympiad Problems/Solutions and review rhe conrems of rhe Arbelos. Copies may be ordered 
as ind icated below. 

PUBLI CATIONS 
M IN IMUM O RDER: $10. (before shipping/handling fee), PAYMENT IN US FUNDS ONLY made 
payable to the American Mathematics Competitions or VISNMASTERCARD/AMERICAN EXPRESS 
accepted. Include card number, expiration dare, card holder name and add ress. U.S.A. and Canadian 
orders must be prepaid and will be shipped Prioriry Mail, UPS or Air Mail. 
INTER.i'\JATIONAL ORDERS: Do NOT prepay. An invoice wi ll be senr co you. 
COPYRIGHT: All publications are copyrighted; it is il legal to make copies or transmit chem on the 
internee wichom permission. 
Examinations: Each price is for one copy ofan exam and its solutions for one year. Specify the years you 
wane and how many copies of each. All prices effective rn Seprember l , 200 I. 

'11 AHSJvlE (AMC 12) 1989-200 I , SI per copy per year. 

J AIME 1989-200 I, $2.00 per copy per year 
d USA and Jmernational Marh O lympiads, 1989- 1999, $5 per copy per year 

2000, $10 per copy 
4 National Summary of Results and Awards, 1989-2000, $ 1 0 per copy per year 
-J Problem Book I. /\HSME.s 1950-60, Problem Book II, AI-ISMEs 1961-65, $10/ea 
.,J Problem Book IIl, AHSMEs 1966-72, Problem Book IV, AHSMEs 1973-82, $13/ea 
'1 Problem V, AHSMEs and AIMEs 1983-88, $30/ea. Problem Book VI, 1989-1994 , $24/ca 
d USA Mathematical Olympiad Book 1972-86, $ I 8/ca 
-J lnccrnacional Marhcmarical Olympiad Book I, 1959-77, $20/ea 
,Q Imcrnarional Mathcmarical Olympiad Book JI, 1978-85, $20/ea 
-d World Olympiad Problcms/Solurions 1996-97, 1997-98, SI 5/ca; I 998-99, $25/ca 
J T he Arbelos, Volumes 1-V, and a Special Geometry Issue, $8/ea 

Shipping & Handling: Charge5 for Publication Orders: 
Order Total Add: 
$10.00- $30.00 ......... ... $ 5 
$30.0 1 - $40.00 ............ $ 7 
$40.01 - $50.00 ..... ... .. .. $ 9 
$50.0 I - $75.00 ............ $ I 2 
$75.01 - up .................. $15 



rr1/i,e 

American Invitational Mathematics Examination 
(AIME) 

Major 5_,ponsors 

r:r-1/ie 'Matfienzatfca{ IJlssodatkm ef tJl.merz'ca 

rfze tJl.famar 'Foundation 

1.lnfversf ty ef '1'/eGraska-Lfnco!iz 

Contri6utors 

So.:icCV q/'Jlctuaries 

'}. 111 'll!JJlia 'Tlieta 

'Jlatio11af Co1111rif q/ 'leadiirs cf'lvlatliematics 

Carna!cy 91..:tuariaf Socief"}; 

'J/111crica11 Stat,:,tica( 'Jlssvciatio11 

'A111crica11 '}. lntlie111atica{'Jlssocintio11 -:f'Tivo-Year Co!ieges 

'llllh'rlCl7/I 'lvlatlic111atka(S1x1~·cv 

'J/.merimn SoC1tf"}/ qf 1'e11sio11 'Actuaries 

Cvmo1t111111j;r 'lvlatli,matics a11d-its 'llpp{ications 

'Pi 'Mu :E_psifu11 

w;,ricma( 'lfssvciation cf '.t\1/atlic111aticia11s 

Sclioo(Soi·11cc a11J'Jvtatlic111atics :Associatic111 

Cfi~y 'Jvl11the11111tk·s '111stit11tc 

'l<ty;11a '}.,tu :Ejmfi111 



MATHEMATICAL ASSOCIATION OF AMERICA 

AMER ICAN MATHEMATICS COMPETITIONS 

PRESENTED BY TH£ AK11MA1 FouNDATION 

20th Annual 

AMERICAN INVITATIONAL 

MATHEMATICS EXAMINATION 
(AIME) 

Tuesday, March 26, 2002 

1. DO NOT OPEN THIS BOOKLET UNTIL TOLD T O DO SO BY YOUR PROC
TOR. 

2. This is a 15-question, 3-hour examination. All answers are integers ranging from 000 to 

999, inclusive. Your score will be the number of correct answers; i.e., there is neither 
partial credit nor a penalty For wrong answers. 

3. No aids other than scratch paper, graph paper, ruler, compass, and protractor are permit
ted. 1n particular, calculators are not permined. 

4. A combination of the AIME and che American Mathematics Contest 10 or the American 
Mathematics Comest 12 scores are used co determine eligibility fo r participation in che 
U.S.A. Marhemacical Olympiad (USAMO). The USAMO will be given on FRIDAY and 
SATURDAY, May 3 & 4, 2002. 

5. Record all of your answers, and certain ocher information, on the AIME answer form. 
Only che answer form will be collected from you. 

The publication, reproduction, or communication of the problems or solutions of the AIME 
tluring the period when students are eligible to participate, seriously jeopardizes the integrity of the 
results. Duplication at any time via copie1; telephone, email, world wide web, or media of any type 
is a violation of the copyright law. 

Copyright © 2002, Committee on the American Mathematics Competitions 
Mathematical Association of America 



2002 AIME 2

1. Many states use a sequence of three letters followed by a sequence of three digits
as their standard license-plate pattern. Given that each three-letter three-digit
arrangement is equally likely, the probability that such a license plate will contain
at least one palindrome (a three-letter arrangement or a three-digit arrangement
that reads the same left-to-right as it does right-to-left) is m/n, where m and n
are relatively prime positive integers. Find m + n.

2. The diagram shows twenty congruent circles arranged in three rows and enclosed
in a rectangle. The circles are tangent to one another and to the sides of the
rectangle as shown in the diagram. The ratio of the longer dimension of the
rectangle to the shorter dimension can be written as 1

2 (
√

p− q), where p and q are
positive integers. Find p + q.
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3. Jane is 25 years old. Dick is older than Jane. In n years, where n is a positive
integer, Dick’s age and Jane’s age will both be two-digit numbers and will have
the property that Jane’s age is obtained by interchanging the digits of Dick’s age.
Let d be Dick’s present age. How many ordered pairs of positive integers (d, n)
are possible?

4. Consider the sequence defined by ak =
1

k2 + k
for k ≥ 1. Given that am +am+1 +

· · ·+ an−1 = 1/29, for positive integers m and n with m < n, find m + n.

5. Let A1, A2, A3, . . . , A12 be the vertices of a regular dodecagon. How many dis-
tinct squares in the plane of the dodecagon have at least two vertices in the set
{A1, A2, A3, . . . , A12}?

6. The solutions to the system of equations

log225 x + log64 y = 4
logx 225− logy 64 = 1
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are (x1, y1) and (x2, y2). Find log30(x1y1x2y2).

7. The Binomial Expansion is valid for exponents that are not integers. That is, for
all real numbers x, y, and r with |x| > |y|,

(x + y)r = xr + rxr−1y +
r(r − 1)

2!
xr−2y2 +

r(r − 1)(r − 2)
3!

xr−3y3 + . . .

What are the first three digits to the right of the decimal point in the decimal
representation of (102002 + 1)10/7?

8. Find the smallest integer k for which the conditions
(1) a1, a2, a3, . . . is a nondecreasing sequence of positive integers
(2) an = an−1 + an−2 for all n > 2
(3) a9 = k

are satisfied by more than one sequence.

9. Harold, Tanya, and Ulysses paint a very long picket fence.
Harold starts with the first picket and paints every hth picket;
Tanya starts with the second picket and paints every tth picket; and
Ulysses starts with the third picket and paints every uth picket.
Call the positive integer 100h+10t+u paintable when the triple (h, t, u) of positive
integers results in every picket being painted exactly once. Find the sum of all the
paintable integers.

10. In the diagram below, angle ABC is a right angle. Point D is on BC, and AD
bisects angle CAB. Points E and F are on AB and AC, respectively, so that
AE = 3 and AF = 10. Given that EB = 9 and FC = 27, find the integer closest
to the area of quadrilateral DCFG.
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11. Let ABCD and BCFG be two faces of a cube with AB = 12. A beam of light
emanates from vertex A and reflects off face BCFG at point P , which is 7 units
from BG and 5 units from BC. The beam continues to be reflected off the faces
of the cube. The length of the light path from the time it leaves point A until it
next reaches a vertex of the cube is given by m

√
n, where m and n are integers

and n is not divisible by the square of any prime. Find m + n.

12. Let F (z) =
z + i

z − i
for all complex numbers z 6= i, and let zn = F (zn−1) for all

positive integers n. Given that z0 = 1
137 + i and z2002 = a + bi, where a and b are

real numbers, find a + b.

13. In triangle ABC, the medians AD and CE have lengths 18 and 27, respectively,
and AB = 24. Extend CE to intersect the circumcircle of ABC at F . The area of
triangle AFB is m

√
n, where m and n are positive integers and n is not divisible

by the square of any prime. Find m + n.

14. A set S of distinct positive integers has the following property: for every integer
x in S, the arithmetic mean of the set of values obtained by deleting x from S is
an integer. Given that 1 belongs to S and that 2002 is the largest element of S,
what is the greatest number of elements that S can have?

15. Polyhedron ABCDEFG has six faces. Face ABCD is a square with AB = 12;
face ABFG is a trapezoid with AB parallel to GF , BF = AG = 8, and GF = 6;
and face CDE has CE = DE = 14. The other three faces are ADEG, BCEF ,
and EFG. The distance from E to face ABCD is 12. Given that EG2 = p−q

√
r,

where p, q, and r are positive integers and r is not divisible by the square of any
prime, find p + q + r.
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1. Given that
(1) x and y are both integers between 100 and 999, inclusive;
(2) y is the number formed by reversing the digits of x; and
(3) z = |x− y|.

How many distinct values of z are possible?

2. Three of the vertices of a cube are P = (7, 12, 10), Q = (8, 8, 1), and R = (11, 3, 9).
What is the surface area of the cube?

3. It is given that log6 a + log6 b + log6 c = 6, where a, b, and c are positive integers
that form an increasing geometric sequence and b− a is the square of an integer.
Find a + b + c.

4. Patio blocks that are regular hexagons 1 unit on a side are used to outline a garden
by placing the blocks edge to edge with n on each side. The diagram indicates the
path of blocks around the garden when n = 5.

.........

.........

.........

.........

.........
.........
.........
.........
.........
..
..
..
..

.........
.........
.........
.........
.........
..
..
..
......
.........
.........
.........
.........
....

.........
.........
.........
.........
.........
..
..
..
......
.........
.........
.........
.........
....

.........
.........
.........
.........
.........
..
..
..
......
.........
.........
.........
.........
....

.........
.........
.........
.........
.........
..
..
..
..

.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
........

.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
...

.........
.........
.........
.........
........

.........
.........
.........
.........
........ .........

.........
.........
.........
........ .........

.........
.........
.........
........

.........
.........
.........
.........
........ .........

.........
.........
.........
........ .........

.........
.........
.........
........

..
..
..
..
. ..

..
..
..
. ..

..
..
..
. ..

..
..
..
.

.........
.........
.........
.........
........ .........

.........
.........
.........
........ .........

.........
.........
.........
........

.........
.........
.........
.........
........ .........

.........
.........
.........
........ .........

.........
.........
.........
........

..
..
..
..
. ..

..
..
..
. ..

..
..
..
..........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
...

.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
........

.........

.........

.........

.........

............................................ ............................................ ............................................

............................................ ............................................ ............................................ ............................................

..
..
..
..
...

..
..
..
...

..
..
..
...

..
..
..
.

If n = 202, then the area of the garden enclosed by the path, not including the
path itself, is m(

√
3/2) square units, where m is a positive integer. Find the

remainder when m is divided by 1000.
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5. Find the sum of all positive integers a = 2n3m, where n and m are non-negative
integers, for which a6 is not a divisor of 6a.

6. Find the integer that is closest to 1000
10000∑
n=3

1
n2 − 4

.

7. It is known that, for all positive integers k,

12 + 22 + 32 + · · ·+ k2 =
k(k + 1)(2k + 1)

6
.

Find the smallest positive integer k such that 12 + 22 + 32 + · · ·+ k2 is a multiple
of 200.

8. Find the least positive integer k for which the equation
⌊

2002
n

⌋
= k has no integer

solutions for n. (The notation bxc means the greatest integer less than or equal
to x.)

9. Let S be the set {1, 2, 3, . . . , 10}. Let n be the number of sets of two non-empty
disjoint subsets of S. (Disjoint sets are defined as sets that have no common
elements.) Find the remainder obtained when n is divided by 1000.

10. While finding the sine of a certain angle, an absent-minded professor failed to
notice that his calculator was not in the correct angular mode. He was lucky to
get the right answer. The two least positive real values of x for which the sine of
x degrees is the same as the sine of x radians are

mπ

n− π
and

pπ

q + π
, where m, n,

p and q are positive integers. Find m + n + p + q.

11. Two distinct, real, infinite geometric series each have a sum of 1 and have the
same second term. The third term of one of the series is 1/8, and the second term

of both series can be written in the form
√

m− n

p
, where m, n, and p are positive

integers and m is not divisible by the square of any prime. Find 100m + 10n + p.
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12. A basketball player has a constant probability of .4 of making any given shot,
independent of previous shots. Let an be the ratio of shots made to shots at-
tempted after n shots. The probability that a10 = .4 and an ≤ .4 for all n such
that 1 ≤ n ≤ 9 is given to be paqbr/(sc), where p, q, r, and s are primes, and a,
b, and c are positive integers. Find (p + q + r + s)(a + b + c).

13. In triangle ABC, point D is on BC with CD = 2 and DB = 5, point E is on AC
with CE = 1 and EA = 3, AB = 8, and AD and BE intersect at P . Points Q
and R lie on AB so that PQ is parallel to CA and PR is parallel to CB. It is
given that the ratio of the area of triangle PQR to the area of triangle ABC is
m/n, where m and n are relatively prime positive integers. Find m + n.

14. The perimeter of triangle APM is 152, and angle PAM is a right angle. A circle
of radius 19 with center O on AP is drawn so that it is tangent to AM and PM .
Given that OP = m/n, where m and n are relatively prime positive integers, find
m + n.

15. Circles C1 and C2 intersect at two points, one of which is (9, 6), and the product
of their radii is 68. The x-axis and the line y = mx, where m > 0, are tangent to
both circles. It is given that m can be written in the form a

√
b/c, where a, b, and

c are positive integers, b is not divisible by the square of any prime, and a and c
are relatively prime. Find a + b + c.
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1. Given that
((3!)!)!

3!
= k ·n!, where k and n are positive integers and n is as large

as possible, find k + n.

2. One hundred concentric circles with radii 1, 2, 3, . . . , 100 are drawn in a plane.
The interior of the circle of radius 1 is colored red, and each region bounded by
consecutive circles is colored either red or green, with no two adjacent regions
the same color. The ratio of the total area of the green regions to the area of
the circle of radius 100 can be expressed as m/n, where m and n are relatively
prime positive integers. Find m + n.

3. Let the set S = {8, 5, 1, 13, 34, 3, 21, 2}. Susan makes a list as follows: for each
two-element subset of S, she writes on her list the greater of the set’s two
elements. Find the sum of the numbers on the list.

4. Given that log10 sin x+log10 cos x = −1 and that log10(sin x+cos x) = 1
2
(log10 n−1),

find n.

5. Consider the set of points that are inside or within one unit of a rectangular
parallelepiped (box) that measures 3 by 4 by 5 units. Given that the volume

of this set is
m + nπ

p
, where m, n, and p are positive integers, and n and p are

relatively prime, find m + n + p.

6. The sum of the areas of all triangles whose vertices are also vertices of a 1 by 1
by 1 cube is m +

√
n +

√
p, where m, n, and p are integers. Find m + n + p.

7. Point B is on AC with AB = 9 and BC = 21. Point D is not on AC so that
AD = CD, and AD and BD are integers. Let s be the sum of all possible
perimeters of 4ACD.
Find s.

8. In an increasing sequence of four positive integers, the first three terms form an
arithmetic progression, the last three terms form a geometric progression, and
the first and fourth terms differ by 30. Find the sum of the four terms.



2003 AIME 3

9. An integer between 1000 and 9999, inclusive, is called balanced if the sum of
its two leftmost digits equals the sum of its two rightmost digits. How many
balanced integers are there?

10. Triangle ABC is isosceles with AC = BC and 6 ACB = 106◦. Point M is in
the interior of the triangle so that 6 MAC = 7◦ and 6 MCA = 23◦. Find the
number of degrees in 6 CMB.

11. An angle x is chosen at random from the interval 0◦ < x < 90◦. Let p be the
probability that the numbers sin2 x, cos2 x, and sinx cos x are not the lengths
of the sides of a triangle. Given that p = d/n, where d is the number of degrees
in arctanm and m and n are positive integers with m + n < 1000, find m + n.

12. In convex quadrilateral ABCD, 6 A ∼= 6 C, AB = CD = 180, and AD 6= BC.
The perimeter of ABCD is 640. Find b1000 cos Ac. (The notation bxc means
the greatest integer that is less than or equal to x.)

13. Let N be the number of positive integers that are less than or equal to 2003 and
whose base-2 representation has more 1’s than 0’s. Find the remainder when N
is divided by 1000.

14. The decimal representation of m/n, where m and n are relatively prime positive
integers and m < n, contains the digits 2, 5, and 1 consecutively, and in that
order. Find the smallest value of n for which this is possible.

15. In 4ABC, AB = 360, BC = 507, and CA = 780. Let M be the midpoint of
CA, and let D be the point on CA such that BD bisects angle ABC. Let F be
the point on BC such that DF⊥BD. Suppose that DF meets BM at E. The
ratio DE : EF can be written in the form m/n, where m and n are relatively
prime positive integers. Find m + n.
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1. The product N of three positive integers is 6 times their sum, and one of the
integers is the sum of the other two. Find the sum of all possible values of N .

2. Let N be the greatest integer multiple of 8, no two of whose digits are the same.
What is the remainder when N is divided by 1000?

3. Define a good word as a sequence of letters that consists only of the letters A,
B, and C — some of these letters may not appear in the sequence — and in
which A is never immediately followed by B, B is never immediately followed
by C, and C is never immediately followed by A. How many seven-letter good
words are there?

4. In a regular tetrahedron, the centers of the four faces are the vertices of a smaller
tetrahedron. The ratio of the volume of the smaller tetrahedron to that of the
larger is m/n, where m and n are relatively prime positive integers. Find m+n.

5. A cylindrical log has diameter 12 inches. A wedge is cut from the log by making
two planar cuts that go entirely through the log. The first is perpendicular to
the axis of the cylinder, and the plane of the second cut forms a 45◦ angle with
the plane of the first cut. The intersection of these two planes has exactly one
point in common with the log. The number of cubic inches in the wedge can be
expressed as nπ, where n is a positive integer. Find n.

6. In 4ABC, AB = 13, BC = 14, AC = 15, and point G is the intersection of
the medians. Points A′, B′, and C ′ are the images of A, B, and C, respectively,
after a 180◦ rotation about G. What is the area of the union of the two regions
enclosed by the triangles ABC and A′B′C ′?

7. Find the area of rhombus ABCD given that the radii of the circles circumscribed
around triangles ABD and ACD are 12.5 and 25, respectively.

8. Find the eighth term of the sequence 1440, 1716, 1848, . . ., whose terms are
formed by multiplying the corresponding terms of two arithmetic sequences.

9. Consider the polynomials P (x) = x6−x5−x3−x2−x and Q(x) = x4−x3−x2−1.
Given that z1, z2, z3, and z4 are the roots of Q(x) = 0, find P (z1) + P (z2) +
P (z3) + P (z4).
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10. Two positive integers differ by 60. The sum of their square roots is the square
root of an integer that is not a perfect square. What is the maximum possible
sum of the two integers?

11. Triangle ABC is a right triangle with AC = 7, BC = 24, and right angle at
C. Point M is the midpoint of AB, and D is on the same side of line AB as C
so that AD = BD = 15. Given that the area of 4CDM can be expressed as
m
√

n

p
, where m, n, and p are positive integers, m and p are relatively prime,

and n is not divisible by the square of any prime, find m + n + p.

12. The members of a distinguished committee were choosing a president, and each
member gave one vote to one of the 27 candidates. For each candidate, the
exact percentage of votes the candidate got was smaller by at least 1 than the
number of votes for that candidate. What is the smallest possible number of
members of the committee?

13. A bug starts at a vertex of an equilateral triangle. On each move, it randomly
selects one of the two vertices where it is not currently located, and crawls
along a side of the triangle to that vertex. Given that the probability that the
bug moves to its starting vertex on its tenth move is m/n, where m and n are
relatively prime positive integers, find m + n.

14. Let A = (0, 0) and B = (b, 2) be points on the coordinate plane. Let ABCDEF
be a convex equilateral hexagon such that 6 FAB = 120◦, AB ‖ DE, BC ‖ EF ,
CD ‖ FA, and the y-coordinates of its vertices are distinct elements of the set
{0, 2, 4, 6, 8, 10}. The area of the hexagon can be written in the form m

√
n,

where m and n are positive integers and n is not divisible by the square of any
prime. Find m + n.

15. Let

P (x) = 24x24 +
23∑

j=1

(24− j)
(
x24−j + x24+j

)
.

Let z1, z2, . . . , zr be the distinct zeros of P (x), and let z2
k = ak + bki for

k = 1, 2, . . . , r, where i =
√−1, and ak and bk are real numbers. Let

r∑

k=1

|bk| = m + n
√

p,

where m, n, and p are integers and p is not divisible by the square of any prime.
Find m + n + p.
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1. The digits of a positive integer n are four consecutive integers in decreasing
order when read from left to right. What is the sum of the possible remainders
when n is divided by 37?

2. Set A consists of m consecutive integers whose sum is 2m, and set B consists of
2m consecutive integers whose sum is m. The absolute value of the difference
between the greatest element of A and the greatest element of B is 99. Find m.

3. A convex polyhedron P has 26 vertices, 60 edges, and 36 faces, 24 of which
are triangular, and 12 of which are quadrilaterals. A space diagonal is a line
segment connecting two non-adjacent vertices that do not belong to the same
face. How many space diagonals does P have?

4. A square has sides of length 2. Set S is the set of all line segments that have
length 2 and whose endpoints are on adjacent sides of the square. The midpoints
of the line segments in set S enclose a region whose area to the nearest hundredth
is k. Find 100k.

5. Alpha and Beta both took part in a two-day problem-solving competition. At
the end of the second day, each had attempted questions worth a total of 500
points. Alpha scored 160 points out of 300 points attempted on the first day,
and scored 140 points out of 200 points attempted on the second day. Beta,
who did not attempt 300 points on the first day, had a positive integer score
on each of the two days, and Beta’s daily success ratio (points scored divided
by points attempted) on each day was less than Alpha’s on that day. Alpha’s
two-day success ratio was 300/500 = 3/5. The largest possible two-day success
ratio that Beta could have achieved is m/n, where m and n are relatively prime
positive integers. What is m + n?

6. An integer is called snakelike if its decimal representation a1a2a3 . . . ak satisfies
ai < ai+1 if i is odd and ai > ai+1 if i is even. How many snakelike integers
between 1000 and 9999 have four distinct digits?

7. Let C be the coefficient of x2 in the expansion of the product

(1 − x)(1 + 2x)(1 − 3x) . . . (1 + 14x)(1 − 15x).

Find |C|.
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8. Define a regular n-pointed star to be the union of n line segments
P1P2, P2P3, . . . , PnP1 such that

• the points P1, P2, . . . , Pn are coplanar and no three of them are collinear,

• each of the n line segments intersects at least one of the other line segments
at a point other than an endpoint,

• all of the angles at P1, P2, . . . , Pn are congruent,

• all of the n line segments P1P2, P2P3, . . . , PnP1 are congruent, and

• the path P1P2 . . . PnP1 turns counterclockwise at an angle of less than 180◦

at each vertex.

There are no regular 3-pointed, 4-pointed, or 6-pointed stars. All regular 5-
pointed stars are similar, but there are two non-similar regular 7-pointed stars.
How many non-similar regular 1000-pointed stars are there?

9. Let ABC be a triangle with sides 3, 4, and 5, and DEFG be a 6-by-7 rectangle.
A segment is drawn to divide triangle ABC into a triangle U1 and a trapezoid
V1, and another segment is drawn to divide rectangle DEFG into a triangle U2

and a trapezoid V2 such that U1 is similar to U2 and V1 is similar to V2. The
minimum value of the area of U1 can be written in the form m/n, where m and
n are relatively prime positive integers. Find m + n.

10. A circle of radius 1 is randomly placed in a 15-by-36 rectangle ABCD so that
the circle lies completely within the rectangle. Given that the probability that
the circle will not touch diagonal AC is m/n, where m and n are relatively prime
positive integers, find m + n.

11. A solid in the shape of a right circular cone is 4 inches tall and its base has a
3-inch radius. The entire surface of the cone, including its base, is painted. A
plane parallel to the base of the cone divides the cone into two solids, a smaller
cone-shaped solid C and a frustum-shaped solid F , in such a way that the ratio
between the areas of the painted surfaces of C and F and the ratio between the
volumes of C and F are both equal to k. Given that k = m/n, where m and n
are relatively prime positive integers, find m + n.

12. Let S be the set of ordered pairs (x, y) such that 0 < x ≤ 1, 0 < y ≤ 1, and
�log2(

1
x )� and �log5(

1
y )� are both even. Given that the area of the graph of S

is m/n, where m and n are relatively prime positive integers, find m + n. The
notation �z� denotes the greatest integer that is less than or equal to z.
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13. The polynomial

P (x) = (1 + x + x2 + . . . + x17)2 − x17

has 34 complex zeros of the form zk = rk [cos(2παk) + i sin(2παk)],
k = 1, 2, 3, . . . , 34, with 0 < α1 ≤ α2 ≤ α3 ≤ . . . ≤ α34 < 1 and rk > 0. Given
that α1 +α2 +α3 +α4 +α5 = m/n, where m and n are relatively prime positive
integers, find m + n.

14. A unicorn is tethered by a 20-foot silver rope to the base of a magician’s cylin-
drical tower whose radius is 8 feet. The rope is attached to the tower at ground
level and to the unicorn at a height of 4 feet. The unicorn has pulled the rope
taut, the end of the rope is 4 feet from its nearest point on the tower, and the

length of rope that is touching the tower is
a −√

b

c
feet, where a, b, and c are

positive integers, and c is prime. Find a + b + c.

15. For all positive integers x, let

f(x) =

{ 1 if x = 1,
x/10 if x is divisible by 10,
x + 1 otherwise,

and define a sequence as follows: x1 = x and xn+1 = f(xn) for all positive
integers n. Let d(x) be the smallest n such that xn = 1. (For example, d(100) =
3 and d(87) = 7.) Let m be the number of positive integers x such that d(x) =
20. Find the sum of the distinct prime factors of m.
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1. A chord of a circle is perpendicular to a radius at the midpoint of the radius.
The ratio of the area of the larger of the two regions into which the chord divides

the circle to the smaller can be expressed in the form
aπ + b

√
c

dπ − e
√

f
, where a, b, c,

d, e, and f are positive integers, a and e are relatively prime, and neither c nor
f is divisible by the square of any prime. Find the remainder when the product
a · b · c · d · e · f is divided by 1000.

2. A jar has 10 red candies and 10 blue candies. Terry picks two candies at ran-
dom, then Mary picks two of the remaining candies at random. Given that the
probability that they get the same color combination, irrespective of order, is
m/n, where m and n are relatively prime positive integers, find m + n.

3. A solid rectangular block is formed by gluing together N congruent 1-cm cubes
face to face. When the block is viewed so that three of its faces are visible,
exactly 231 of the 1-cm cubes cannot be seen. Find the smallest possible value
of N .

4. How many positive integers less than 10,000 have at most two different digits?

5. In order to complete a large job, 1000 workers were hired, just enough to com-
plete the job on schedule. All the workers stayed on the job while the first
quarter of the work was done, so the first quarter of the work was completed
on schedule. Then 100 workers were laid off, so the second quarter of the work
was completed behind schedule. Then an additional 100 workers were laid off,
so the third quarter of the work was completed still further behind schedule.
Given that all workers work at the same rate, what is the minimum number
of additional workers, beyond the 800 workers still on the job at the end of
the third quarter, that must be hired after three-quarters of the work has been
completed so that the entire project can be completed on schedule or before?

6. Three clever monkeys divide a pile of bananas. The first monkey takes some
bananas from the pile, keeps three-fourths of them, and divides the rest equally
between the other two. The second monkey takes some bananas from the pile,
keeps one-fourth of them, and divides the rest equally between the other two.
The third monkey takes the remaining bananas from the pile, keeps one-twelfth
of them, and divides the rest equally between the other two. Given that each
monkey receives a whole number of bananas whenever the bananas are divided,
and the numbers of bananas the first, second, and third monkeys have at the
end of the process are in the ratio 3 : 2 : 1, what is the least possible total for
the number of bananas?
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7. ABCD is a rectangular sheet of paper that has been folded so that corner B
is matched with point B′ on edge AD. The crease is EF , where E is on AB
and F is on CD. The dimensions AE = 8, BE = 17, and CF = 3 are given.
The perimeter of rectangle ABCD is m/n, where m and n are relatively prime
positive integers. Find m + n.
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8. How many positive integer divisors of 20042004 are divisible by exactly 2004
positive integers?

9. A sequence of positive integers with a1 = 1 and a9 + a10 = 646 is formed so
that the first three terms are in geometric progression, the second, third, and
fourth terms are in arithmetic progression, and, in general, for all n ≥ 1, the
terms a2n−1, a2n, and a2n+1 are in geometric progression, and the terms a2n,
a2n+1, and a2n+2 are in arithmetic progression. Let an be the greatest term in
this sequence that is less than 1000. Find n + an.

10. Let S be the set of integers between 1 and 240 whose binary expansions have
exactly two 1’s. If a number is chosen at random from S, the probability that
it is divisible by 9 is p/q, where p and q are relatively prime positive integers.
Find p + q.

11. A right circular cone has a base with radius 600 and height 200
√

7. A fly starts
at a point on the surface of the cone whose distance from the vertex of the cone
is 125, and crawls along the surface of the cone to a point on the exact opposite
side of the cone whose distance from the vertex is 375

√
2. Find the least distance

that the fly could have crawled.
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12. Let ABCD be an isosceles trapezoid, whose dimensions are AB = 6, BC = 5 =
DA, and CD = 4. Draw circles of radius 3 centered at A and B, and circles of
radius 2 centered at C and D. A circle contained within the trapezoid is tangent

to all four of these circles. Its radius is
−k + m

√
n

p
, where k, m, n, and p are

positive integers, n is not divisible by the square of any prime, and k and p are
relatively prime. Find k + m + n + p.

13. Let ABCDE be a convex pentagon with AB ‖ CE, BC ‖ AD, AC ‖ DE,
6 ABC = 120◦, AB = 3, BC = 5, and DE = 15. Given that the ratio between
the area of 4ABC and the area of 4EBD is m/n, where m and n are relatively
prime positive integers, find m + n.

14. Consider a string of n 7’s, 7 7 7 7 . . . 7 7, into which + signs are
inserted to produce an arithmetic expression. For example, 7+77+777+7+7 =
875 could be obtained from eight 7’s in this way. For how many values of n is
it possible to insert + signs so that the resulting expression has value 7000?

15. A long thin strip of paper is 1024 units in length, 1 unit in width, and is divided
into 1024 unit squares. The paper is folded in half repeatedly. For the first fold,
the right end of the paper is folded over to coincide with and lie on top of the
left end. The result is a 512 by 1 strip of double thickness. Next, the right
end of this strip is folded over to coincide with and lie on top of the left end,
resulting in a 256 by 1 strip of quadruple thickness. This process is repeated
8 more times. After the last fold, the strip has become a stack of 1024 unit
squares. How many of these squares lie below the square that was originally the
942nd square counting from the left?
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1. Six congruent circles form a ring with each circle externally tangent to the two
circles adjacent to it. All six circles are internally tangent to a circle C with
radius 30. Let K be the area of the region inside C and outside all of the six
circles in the ring. Find bKc. (The notation bKc denotes the greatest integer
that is less than or equal to K.)

2. For each positive integer k, let Sk denote the increasing arithmetic sequence of
integers whose first term is 1 and whose common difference is k. For example,
S3 is the sequence 1, 4, 7, . . .. For how many values of k does Sk contain the
term 2005?

3. How many positive integers have exactly three proper divisors, each of which
is less than 50? (A proper divisor of a positive integer n is a positive integer
divisor of n other than n itself.)

4. The director of a marching band wishes to place the members into a formation
that includes all of them and has no unfilled positions. If they are arranged in
a square formation, there are 5 members left over. The director finds that if
they are arranged in a rectangular formation with 7 more rows than columns,
the desired result can be obtained. Find the maximum number of members this
band can have.

5. Robert has 4 indistinguishable gold coins and 4 indistinguishable silver coins.
Each coin has an engraving of a face on one side, but not on the other. He wants
to stack the eight coins on a table into a single stack so that no two adjacent
coins are face to face. Find the number of possible distinguishable arrangements
of the 8 coins.

6. Let P be the product of the nonreal roots of x4 − 4x3 + 6x2 − 4x = 2005. Find
bP c. (The notation bP c denotes the greatest integer that is less than or equal
to P .)

7. In quadrilateral ABCD, BC = 8, CD = 12, AD = 10, and m 6 A = m 6 B = 60◦.
Given that AB = p +

√
q, where p and q are positive integers, find p + q.
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8. The equation
2333x−2 + 2111x+2 = 2222x+1 + 1

has three real roots. Given that their sum is m/n, where m and n are relatively
prime positive integers, find m + n.

9. Twenty-seven unit cubes are each painted orange on a set of four faces so that
the two unpainted faces share an edge. The 27 cubes are then randomly arranged
to form a 3 × 3 × 3 cube. Given that the probability that the entire surface of
the larger cube is

orange is
pa

qbrc
, where p, q, and r are distinct primes and a, b, and c are positive

integers,

find a + b + c + p + q + r.

10. Triangle ABC lies in the Cartesian plane and has area 70. The coordinates
of B and C are (12, 19) and (23, 20), respectively, and the coordinates of A are
(p, q). The line containing the median to side BC has slope −5. Find the largest
possible value of p + q.

11. A semicircle with diameter d is contained in a square whose sides have length
8. Given that the maximum value of d is m−√n, where m and n are integers,
find m + n.

12. For positive integers n, let τ(n) denote the number of positive integer divisors
of n, including 1 and n. For example, τ(1) = 1 and τ(6) = 4. Define S(n) by

S(n) = τ(1) + τ(2) + · · ·+ τ(n).

Let a denote the number of positive integers n ≤ 2005 with S(n) odd, and let b
denote the number of positive integers n ≤ 2005 with S(n) even. Find |a− b|.

13. A particle moves in the Cartesian plane from one lattice point to another ac-
cording to the following rules:

• From any lattice point (a, b), the particle may move only to (a+1, b), (a, b+1),
or (a + 1, b + 1).

• There are no right angle turns in the particle’s path. That is, the sequence of
points visited contains neither a subsequence of the form (a, b), (a + 1, b), (a +
1, b + 1) nor a subsequence of the form (a, b), (a, b + 1), (a + 1, b + 1).

How many different paths can the particle take from (0, 0) to (5, 5)?
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14. Consider the points A(0, 12), B(10, 9), C(8, 0), and D(−4, 7). There is a unique
square S such that each of the four points is on a different side of S. Let K be
the area of S. Find the remainder when 10K is divided by 1000.

15. In 4ABC, AB = 20. The incircle of the triangle divides the median containing
C into three segments of equal length. Given that the area of 4ABC is m

√
n,

where m and n are integers and n is not divisible by the square of any prime,
find m + n.
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1. A game uses a deck of n different cards, where n is an integer and n ≥ 6. The
number of possible sets of 6 cards that can be drawn from the deck is 6 times
the number of possible sets of 3 cards that can be drawn. Find n.

2. A hotel packed a breakfast for each of three guests. Each breakfast should have
consisted of three types of rolls, one each of nut, cheese, and fruit rolls. The
preparer wrapped each of the nine rolls, and, once they were wrapped, the rolls
were indistinguishable from one another. She then randomly put three rolls in
a bag for each of the guests. Given that the probability that each guest got one
roll of each type is m/n, where m and n are relatively prime positive integers,
find m + n.

3. An infinite geometric series has sum 2005. A new series, obtained by squaring
each term of the original series, has sum 10 times the sum of the original series.
The common ratio of the original series is m/n, where m and n are relatively
prime positive integers. Find m + n.

4. Find the number of positive integers that are divisors of at least one of 1010, 157,
1811.

5. Determine the number of ordered pairs (a, b) of integers such that loga b +
6 logb a = 5, 2 ≤ a ≤ 2005, and 2 ≤ b ≤ 2005.

6. The cards in a stack of 2n cards are numbered consecutively from 1 through 2n
from top to bottom. The top n cards are removed, kept in order, and form pile
A. The remaining cards form pile B. The cards are now restacked into a single
stack by taking cards alternately from the tops of pile B and pile A, respectively.
In this process, card number (n + 1) is the bottom card of the new stack, card
number 1 is on top of this card, and so on, until piles A and B are exhausted. If,
after the restacking process, at least one card from each pile occupies the same
position that it occupied in the original stack, the stack is called magical. For
example, eight cards form a magical stack because cards number 3 and number
6 retain their original positions. Find the number of cards in the magical stack
in which card number 131 retains its original position.

7. Let
x =

4
(
√

5 + 1)( 4
√

5 + 1)( 8
√

5 + 1)( 16
√

5 + 1)
.

Find (x + 1)48.
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8. Circles C1 and C2 are externally tangent, and they are both internally tangent
to circle C3. The radii of C1 and C2 are 4 and 10, respectively, and the centers of
the three circles are collinear. A chord of C3 is also a common external tangent
of C1 and C2. Given that the length of the chord is m

√
n/p, where m, n, and p

are positive integers, m and p are relatively prime, and n is not divisible by the
square of any prime, find m + n + p.

9. For how many positive integers n less than or equal to 1000 is

(sin t + i cos t)n = sin nt + i cosnt

true for all real t?

10. Given that O is a regular octahedron, that C is the cube whose vertices are the
centers of the faces of O, and that the ratio of the volume of O to that of C is
m/n, where m and n are relatively prime positive integers, find m + n.

11. Let m be a positive integer, and let a0, a1, . . . , am be a sequence of real numbers
such that a0 = 37, a1 = 72, am = 0, and

ak+1 = ak−1 − 3
ak

for k = 1, 2, . . . ,m− 1. Find m.

12. Square ABCD has center O, AB = 900, E and F are on AB with AE < BF and
E between A and F , m 6 EOF = 45◦, and EF = 400. Given that BF = p+q

√
r,

where p, q, and r are positive integers and r is not divisible by the square of any
prime, find p + q + r.

13. Let P (x) be a polynomial with integer coefficients that satisfies P (17) = 10 and
P (24) = 17. Given that the equation P (n) = n + 3 has two distinct integer
solutions n1 and n2, find the product n1 · n2.

14. In 4ABC, AB = 13, BC = 15, and CA = 14. Point D is on BC with CD = 6.
Point E is on BC such that 6 BAE ∼= 6 CAD. Given that BE = p/q, where p
and q are relatively prime positive integers, find q.

15. Let ω1 and ω2 denote the circles x2 + y2 + 10x − 24y − 87 = 0 and x2 + y2 −
10x− 24y + 153 = 0, respectively. Let m be the smallest positive value of a for
which the line y = ax contains the center of a circle that is internally tangent
to ω1 and externally tangent to ω2. Given that m2 = p/q, where p and q are
relatively prime positive integers, find p + q.
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AMERICAN INVITATIONAL

MATHEMATICS EXAMINATION
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Tuesday, March 7, 2006

1.	 DO	NOT	OPEN	THIS	BOOKLET	UNTIL	YOUR	PROCTOR	GIVES	THE	SIGNAL	
TO	BEGIN.

2.	 This	is	a	15-question,	3-hour	examination.		All	answers	are	integers	ranging	from	000	to	
999,	inclusive.		Your	score	will	be	the	number	of	correct	answers;	i.e.,	there	is	neither	partial	
credit	nor	a	penalty	for	wrong	answers.

3.	 No	aids	other	than	scratch	paper,	graph	paper,	ruler,	compass,	and	protractor	are	permitted.		
In	particular,	calculators and computers are not permitted.

4.	 A	combination	of	the	AIME	and	the	American	Mathematics	Contest	10	or	the	American	
Mathematics	Contest	12	scores	are	used	to	determine	eligibility	for	participation	in	the	
U.S.A.	Mathematical	Olympiad	(USAMO).		The	USAMO	will	be	given	in	your	school	
on	TUESDAY	and	WEDNESDAY,	April	18	&	19,	2006.

5.	 Record	all	of	your	answers,	and	certain	other	information,	on	the	AIME	answer	form.		
Only	the	answer	form	will	be	collected	from	you.

	 The	publication,	 reproduction	or	communication	of	 the	problems	or	 solutions	of	 the	AIME	
during	the	period	when	students	are	eligible	to	participate	seriously	jeopardizes	the	integrity	of	the	
results.		Duplication	at	any	time	via	copier,	telephone,	email,	world	wide	web,	or	media	of	any	type	
is	a	violation	of	the	competition	rules.

Copyright © 2006, The Mathematical Association of America
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1. In quadrilateral ABCD, 6 B is a right angle, diagonal AC is perpendicular to CD,
AB = 18, BC = 21, and CD = 14. Find the perimeter of ABCD.

2. Let set A be a 90-element subset of {1, 2, 3, . . . , 100}, and let S be the sum of the elements
of A. Find the number of possible values of S.

3. Find the least positive integer such that when its leftmost digit is deleted, the resulting
integer is 1/29 of the original integer.

4. Let N be the number of consecutive 0’s at the right end of the decimal representation of
the product 1! 2! 3! 4! · · · 99! 100! . Find the remainder when N is divided by 1000.

5. The number √
104

√
6 + 468

√
10 + 144

√
15 + 2006

can be written as a
√

2 + b
√

3 + c
√

5, where a, b, and c are positive integers. Find a · b · c.

6. Let S be the set of real numbers that can be represented as repeating decimals of the form
0.abc where a, b, c are distinct digits. Find the sum of the elements of S.

7. An angle is drawn on a set of equally spaced
parallel lines as shown. The ratio of the area
of shaded region C to the area of shaded
region B is 11/5. Find the ratio of the area
of shaded region D to the area of shaded
region A.
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8. Hexagon ABCDEF is divided into five rhombuses,
P, Q, R, S, and T , as shown. Rhombuses P, Q, R,
and S are congruent, and each has area

√
2006. Let K

be the area of rhombus T . Given that K is a positive
integer, find the number of possible values for K.
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9. The sequence a1, a2, . . . is geometric with a1 = a and common ratio r, where a and r are
positive integers. Given that log8 a1 + log8 a2 + · · · + log8 a12 = 2006, find the number of
possible ordered pairs (a, r).

10. Eight circles of diameter 1 are packed in the first quadrant of
the coordinate plane as shown. Let region R be the union of
the eight circular regions. Line `, with slope 3, divides R into
two regions of equal area. Line `’s equation can be expressed
in the form ax = by + c, where a, b, and c are positive integers
whose greatest common divisor is 1. Find a2 + b2 + c2. .....................
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11. A collection of 8 cubes consists of one cube with edge-length k for each integer k, 1 ≤ k ≤ 8.
A tower is to be built using all 8 cubes according to the rules:

• Any cube may be the bottom cube in the tower.
• The cube immediately on top of a cube with edge-length k must have edge-length at
most k + 2.

Let T be the number of different towers that can be constructed. What is the remainder
when T is divided by 1000?

12. Find the sum of the values of x such that cos3 3x + cos3 5x = 8 cos3 4x cos3 x, where x is
measured in degrees and 100 < x < 200.

13. For each even positive integer x, let g(x) denote the greatest power of 2 that divides x.

For example, g(20) = 4 and g(16) = 16. For each positive integer n, let Sn =
2n−1∑

k=1

g(2k).

Find the greatest integer n less than 1000 such that Sn is a perfect square.

14. A tripod has three legs each of length 5 feet. When the tripod is set up, the angle between
any pair of legs is equal to the angle between any other pair, and the top of the tripod is 4
feet from the ground. In setting up the tripod, the lower 1 foot of one leg breaks off. Let
h be the height in feet of the top of the tripod from the ground when the broken tripod is
set up. Then h can be written in the form

m√
n

, where m and n are positive integers and

n is not divisible by the square of any prime. Find bm +
√

nc. (The notation bxc denotes
the greatest integer that is less than or equal to x.)

15. Given that a sequence satisfies x0 = 0 and |xk| = |xk−1 + 3| for all integers k ≥ 1, find the
minimum possible value of |x1 + x2 + · · ·+ x2006|.
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1. In convex hexagon ABCDEF , all six sides are congruent, 6 A and 6 D are right angles,
and 6 B, 6 C, 6 E, and 6 F are congruent. The area of the hexagonal region is 2116(

√
2+1).

Find AB.

2. The lengths of the sides of a triangle with positive area are log10 12, log10 75, and log10 n,
where n is a positive integer. Find the number of possible values for n.

3. Let P be the product of the first 100 positive odd integers. Find the largest integer k such
that P is divisible by 3k.

4. Let (a1, a2, a3, . . . , a12) be a permutation of (1, 2, 3, . . . , 12) for which

a1 > a2 > a3 > a4 > a5 > a6 and a6 < a7 < a8 < a9 < a10 < a11 < a12.

An example of such a permutation is (6, 5, 4, 3, 2, 1, 7, 8, 9, 10, 11, 12). Find the number of
such permutations.

5. When rolling a certain unfair six-sided die with faces numbered 1, 2, 3, 4, 5, and 6, the
probability of obtaining face F is greater than 1/6, the probability of obtaining the face
opposite face F is less than 1/6, the probability of obtaining each of the other faces is 1/6,
and the sum of the numbers on each pair of opposite faces is 7. When two such dice are
rolled, the probability of obtaining a sum of 7 is 47/288. Given that the probability of
obtaining face F is m/n, where m and n are relatively prime positive integers, find m+n.

6. Square ABCD has sides of length 1. Points E and F are on BC and CD, respectively, so
that 4AEF is equilateral. A square with vertex B has sides that are parallel to those of

ABCD and a vertex on AE. The length of a side of this smaller square is
a−

√
b

c
, where

a, b, and c are positive integers and b is not divisible by the square of any prime. Find
a + b + c.

7. Find the number of ordered pairs of positive integers (a, b) such that a + b = 1000 and
neither a nor b has a zero digit.

8. There is an unlimited supply of congruent equilateral triangles made
of colored paper. Each triangle is a solid color with the same color
on both sides of the paper. A large equilateral triangle is constructed
from four of these paper triangles as shown. Two large triangles are
considered distinguishable if it is not possible to place one on the other,
using translations, rotations, and/or reflections, so that their corresponding small triangles
are of the same color. Given that there are six different colors of triangles from which to
choose, how many distinguishable large equilateral triangles can be constructed?

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
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.........
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.........
......................................................................................................................................................................................
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9. Circles C1, C2, and C3 have their centers at (0, 0), (12, 0), and (24, 0), and have radii 1, 2,
and 4, respectively. Line t1 is a common internal tangent to C1 and C2 and has a positive
slope, and line t2 is a common internal tangent to C2 and C3 and has a negative slope.
Given that lines t1 and t2 intersect at (x, y), and that x = p− q

√
r, where p, q, and r are

positive integers and r is not divisible by the square of any prime, find p + q + r.

10. Seven teams play a soccer tournament in which each team plays every other team exactly
once. No ties occur, each team has a 50% chance of winning each game it plays, and the
outcomes of the games are independent. In each game, the winner is awarded 1 point and
the loser gets 0 points. The total points are accumulated to decide the ranks of the teams.
In the first game of the tournament, team A beats team B. The probability that team A
finishes with more points than team B is m/n, where m and n are relatively prime positive
integers. Find m + n.

11. A sequence is defined as follows: a1 = a2 = a3 = 1, and, for all positive integers n,
an+3 = an+2+an+1+an. Given that a28 = 6090307, a29 = 11201821, and a30 = 20603361,

find the remainder when
28∑

k=1

ak is divided by 1000.

12. Equilateral 4ABC is inscribed in a circle of radius 2. Extend AB through B to point D
so that AD = 13, and extend AC through C to point E so that AE = 11. Through D,
draw a line `1 parallel to AE, and through E, draw a line `2 parallel to AD. Let F be the
intersection of `1 and `2. Let G be the point on the circle that is collinear with A and F
and distinct from A. Given that the area of 4CBG can be expressed in the form p

√
q/r,

where p, q, and r are positive integers, p and r are relatively prime, and q is not divisible
by the square of any prime, find p + q + r.

13. How many integers N less than 1000 can be written as the sum of j consecutive positive
odd integers for exactly 5 values of j ≥ 1?

14. Let Sn be the sum of the reciprocals of the nonzero digits of the integers from 1 to 10n,
inclusive. Find the smallest positive integer n for which Sn is an integer.

15. Given that x, y, and z are real numbers that satisfy

x =

√
y2 − 1

16
+

√
z2 − 1

16

y =

√
z2 − 1

25
+

√
x2 − 1

25

z =

√
x2 − 1

36
+

√
y2 − 1

36
,

and that x + y + z = m/
√

n, where m and n are positive integers, and n is not divisible
by the square of any prime, find m + n.
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1.	 DO	NOT	OPEN	THIS	BOOKLET	UNTIL	YOUR	PROCTOR	GIVES	THE	SIGNAL	
TO	BEGIN.

2.	 This	is	a	15-question,	3-hour	examination.		All	answers	are	integers	ranging	from	000	to	
999,	inclusive.		Your	score	will	be	the	number	of	correct	answers;	i.e.,	there	is	neither	partial	
credit	nor	a	penalty	for	wrong	answers.

3.	 No	aids	other	than	scratch	paper,	graph	paper,	ruler,	compass,	and	protractor	are	permitted.		
In	particular,	calculators and computers are not permitted.

4.	 A	combination	of	the	AIME	and	the	American	Mathematics	Contest	10	or	the	American	
Mathematics	Contest	12	scores	are	used	to	determine	eligibility	for	participation	in	the	
U.S.A.	Mathematical	Olympiad	(USAMO).		The	USAMO	will	be	given	in	your	school	
on	TUESDAY	and	WEDNESDAY,	April	24-25,	2007.

5.	 Record	all	of	your	answers,	and	certain	other	information,	on	the	AIME	answer	form.		
Only	the	answer	form	will	be	collected	from	you.

After the contest period, permission to make copies of individual problems in paper or electronic 
form including posting on web-pages for educational use is granted without fee provided that 
copies are not made or distributed for profit or commercial advantage and that copies bear 
the copyright notice.
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1. How many positive perfect squares less than 106 are multiples of 24?

2. A 100 foot long moving walkway moves at a constant rate of 6 feet per second.
Al steps onto the start of the walkway and stands. Bob steps onto the start
of the walkway two seconds later and strolls forward along the walkway at a
constant rate of 4 feet per second. Two seconds after that, Cy reaches the start
of the walkway and walks briskly forward beside the walkway at a constant rate
of 8 feet per second. At a certain time, one of these three persons is exactly
halfway between the other two. At that time, find the distance in feet between
the start of the walkway and the middle person.

3. The complex number z is equal to 9 + bi, where b is a positive real number and
i2 = −1. Given that the imaginary parts of z2 and z3 are equal, find b.

4. Three planets revolve about a star in coplanar circular orbits with the star at
the center. All planets revolve in the same direction, each at a constant speed,
and the periods of their orbits are 60, 84, and 140 years. The positions of the
star and all three planets are currently collinear. They will next be collinear
after n years. Find n.

5. The formula for converting a Fahrenheit temperature F to the corresponding
Celsius temperature C is C = 5

9
(F − 32). An integer Fahrenheit temperature

is converted to Celsius and rounded to the nearest integer; the resulting integer
Celsius temperature is converted back to Fahrenheit and rounded to the nearest
integer. For how many integer Fahrenheit temperatures T with 32 ≤ T ≤ 1000
does the original temperature equal the final temperature?

6. A frog is placed at the origin on the number line, and moves according to the
following rule: in a given move, the frog advances to either the closest point
with a greater integer coordinate that is a multiple of 3, or to the closest point
with a greater integer coordinate that is a multiple of 13. A move sequence is a
sequence of coordinates which correspond to valid moves, beginning with 0, and
ending with 39. For example, 0, 3, 6, 13, 15, 26, 39 is a move sequence. How
many move sequences are possible for the frog?
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7. Let

N =

1000∑
k=1

k(⌈log√
2
k⌉ − ⌊log√

2
k⌋).

Find the remainder when N is divided by 1000. (Here ⌊x⌋ denotes the greatest
integer that is less than or equal to x, and ⌈x⌉ denotes the least integer that is
greater than or equal to x.)

8. The polynomial P (x) is cubic. What is the largest value of k for which the
polynomials Q1(x) = x2 + (k − 29)x − k and Q2(x) = 2x2 + (2k − 43)x + k are
both factors of P (x) ?

9. In right triangle ABC with right angle C, CA = 30 and CB = 16. Its legs CA
and CB are extended beyond A and B. Points O1 and O2 lie in the exterior of
the triangle and are the centers of two circles with equal radii. The circle with
center O1 is tangent to the hypotenuse and to the extension of leg CA, the circle
with center O2 is tangent to the hypotenuse and to the extension of leg CB,
and the circles are externally tangent to each other. The length of the radius of
either circle can be expressed as p/q, where p and q are relatively prime positive
integers. Find p + q.

10. In the 6× 4 grid shown, 12 of the 24 squares are to be shaded so that there are
two shaded squares in each row and three shaded squares in each column. Let
N be the number of shadings with this property. Find the remainder when N
is divided by 1000.

11. For each positive integer p, let b(p) denote the unique positive integer k such

that |k−√
p| < 1

2
. For example, b(6) = 2 and b(23) = 5. If S =

∑2007

p=1
b(p), find

the remainder when S is divided by 1000.
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12. In isosceles triangle ABC, A is located at the origin and B is located at (20, 0).
Point C is in the first quadrant with AC = BC and 6 BAC = 75◦. If △ABC is
rotated counterclockwise about point A until the image of C lies on the positive
y-axis, the area of the region common to the original triangle and the rotated
triangle is in the form p

√
2 + q

√
3 + r

√
6 + s where p, q, r, s are integers. Find

(p − q + r − s)/2 .

13. A square pyramid with base ABCD and vertex E has eight edges of length
4. A plane passes through the midpoints of AE, BC, and CD. The plane’s
intersection with the pyramid has an area that can be expressed as

√
p. Find p.

14. Let a sequence be defined as follows: a1 = 3, a2 = 3, and for n ≥ 2,
an+1an−1 = a2

n + 2007. Find the largest integer less than or equal

to
a2
2007 + a2

2006

a2007a2006

.

15. Let ABC be an equilateral triangle, and let D and F be points on sides BC
and AB, respectively, with FA = 5 and CD = 2. Point E lies on side CA such
that 6 DEF = 60◦. The area of triangle DEF is 14

√
3. The two possible values

of the length of side AB are p ± q
√

r, where p and q are rational, and r is an
integer not divisible by the square of a prime. Find r.
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1. A mathematical organization is producing a set of commemorative license plates.
Each plate contains a sequence of five characters chosen from the four letters
in AIME and the four digits in 2007. No character may appear in a sequence
more times than it appears among the four letters in AIME or the four digits
in 2007. A set of plates in which each possible sequence appears exactly once
contains N license plates. Find N

10 .

2. Find the number of ordered triples (a, b, c) where a, b, and c are positive integers,
a is a factor of b, a is a factor of c, and a + b + c = 100.

3. Square ABCD has side length 13, and points E and F are exterior to the square
such that BE = DF = 5 and AE = CF = 12. Find EF 2.

BA

E

CD

F

4. The workers in a factory produce widgets and whoosits. For each product,
production time is constant and identical for all workers, but not necessarily
equal for the two products. In one hour, 100 workers can produce 300 widgets
and 200 whoosits. In two hours, 60 workers can produce 240 widgets and 300
whoosits. In three hours, 50 workers can produce 150 widgets and m whoosits.
Find m.

5. The graph of the equation 9x+223y = 2007 is drawn on graph paper with each
square representing one unit in each direction. How many of the 1 by 1 graph
paper squares have interiors lying entirely below the graph and entirely in the
first quadrant?
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6. An integer is called parity-monotonic if its decimal representation a1a2a3 . . . ak

satisfies ai < ai+1 if ai is odd, and ai > ai+1 if ai is even. How many four-digit
parity-monotonic integers are there?

7. Given a real number x, let bxc denote the greatest integer less than or equal to
x. For a certain integer k, there are exactly 70 positive integers n1, n2, . . . , n70

such that k = b 3
√

n1c = b 3
√

n2c = · · · = b 3
√

n70c and k divides ni for all i such
that 1 ≤ i ≤ 70.
Find the maximum value of

ni

k
for 1 ≤ i ≤ 70.

8. A rectangular piece of paper measures 4 units by 5 units. Several lines are drawn
parallel to the edges of the paper. A rectangle determined by the intersections
of some of these lines is called basic if

(i) all four sides of the rectangle are segments of drawn line segments, and

(ii) no segments of drawn lines lie inside the rectangle.

Given that the total length of all lines drawn is exactly 2007 units, let N be the
maximum possible number of basic rectangles determined. Find the remainder
when N is divided by 1000.

9. Rectangle ABCD is given with AB = 63 and BC = 448. Points E and F lie
on AD and BC respectively, such that AE = CF = 84. The inscribed circle of
triangle BEF is tangent to EF at point P , and the inscribed circle of triangle
DEF is tangent to EF at point Q. Find PQ.

10. Let S be a set with six elements. Let P be the set of all subsets of S. Subsets
A and B of S, not necessarily distinct, are chosen independently and at random
from P. The probability that B is contained in at least one of A or S−A is

m

nr
,

where m, n, and r are positive integers, n is prime, and m and n are relatively
prime. Find m + n + r. (The set S −A is the set of all elements of S which are
not in A .)

11. Two long cylindrical tubes of the same length but different diameters lie parallel
to each other on a flat surface. The larger tube has radius 72 and rolls along the
surface toward the smaller tube, which has radius 24. It rolls over the smaller
tube and continues rolling along the flat surface until it comes to rest on the same
point of its circumference as it started, having made one complete revolution. If
the smaller tube never moves, and the rolling occurs with no slipping, the larger
tube ends up a distance x from where it starts. The distance x can be expressed
in the form aπ + b

√
c, where a, b, and c are integers and c is not divisible by the

square of any prime. Find a + b + c.
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12. The increasing geometric sequence x0, x1, x2, . . . consists entirely of integral pow-
ers of 3. Given that

7∑
n=0

log3(xn) = 308 and 56 ≤ log3

(
7∑

n=0

xn

)
≤ 57,

find log3(x14).

13. A triangular array of squares has one square in the first row, two in the second,
and, in general, k squares in the kth row for 1 ≤ k ≤ 11. With the exception
of the bottom row, each square rests on two squares in the row immediately
below, as illustrated in the figure. In each square of the eleventh row, a 0 or a
1 is placed. Numbers are then placed into the other squares, with the entry for
each square being the sum of the entries in the two squares below it. For how
many initial distributions of 0’s and 1’s in the bottom row is the number in the
top square a multiple of 3?

14. Let f(x) be a polynomial with real coefficients such that f(0) = 1, f(2)+f(3) =
125, and for all x, f(x)f(2x2) = f(2x3 + x). Find f(5).

15. Four circles ω, ωA, ωB , and ωC with the same radius are drawn in the interior
of triangle ABC such that ωA is tangent to sides AB and AC, ωB to BC and
BA, ωC to CA and CB, and ω is externally tangent to ωA, ωB , and ωC . If the
sides of triangle ABC are 13, 14, and 15, the radius of ω can be represented in
the form m

n , where m and n are relatively prime positive integers. Find m + n.
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1. Of the students attending a school party, 60% of the students are girls,
and 40% of the students like to dance. After these students are joined by
20 more boy students, all of whom like to dance, the party is now 58%
girls. How many students now at the party like to dance?

2. Square AIME has sides of length 10 units. Isosceles triangle GEM has
base EM , and the area common to triangle GEM and square AIME is
80 square units. Find the length of the altitude to EM in 4GEM .

3. Ed and Sue bike at equal and constant rates. Similarly, they jog at equal
and constant rates, and they swim at equal and constant rates. Ed covers
74 kilometers after biking for 2 hours, jogging for 3 hours, and swim-
ming for 4 hours, while Sue covers 91 kilometers after jogging for 2 hours,
swimming for 3 hours, and biking for 4 hours. Their biking, jogging, and
swimming rates are all whole numbers of kilometers per hour. Find the
sum of the squares of Ed’s biking, jogging, and swimming rates.

4. There exist unique positive integers x and y that satisfy the equation
x2 + 84x + 2008 = y2. Find x + y .

5. A right circular cone has base radius r and height h. The cone lies on its
side on a flat table. As the cone rolls on the surface of the table without
slipping, the point where the cone’s base meets the table traces a circular
arc centered at the point where the vertex touches the table. The cone
first returns to its original position on the table after making 17 complete
rotations. The value of h/r can be written in the form m

√
n, where m and

n are positive integers and n is not divisible by the square of any prime.
Find m + n .

6. A triangular array of numbers has a first row consisting of the odd inte-
gers 1, 3, 5,. . ., 99 in increasing order. Each row below the first has one
fewer entry than the row above it, and the bottom row has a single entry.
Each entry in any row after the top row equals the sum of the two entries
diagonally above it in the row immediately above it. How many entries in
the array are multiples of 67 ?

1 3 5 . . . 97 99
4 8 12 196

...
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7. Let Si be the set of all integers n such that 100i ≤ n < 100(i + 1). For
example, S4 is the set {400, 401, 402, . . . , 499}. How many of the sets
S0, S1, S2, . . . , S999 do not contain a perfect square?

8. Find the positive integer n such that

arctan
1
3

+ arctan
1
4

+ arctan
1
5

+ arctan
1
n

=
π

4
.

9. Ten identical crates each have dimensions 3 ft × 4 ft × 6 ft. The first crate
is placed flat on the floor. Each of the remaining nine crates is placed, in
turn, flat on top of the previous crate, and the orientation of each crate
is chosen at random. Let m

n be the probability that the stack of crates
is exactly 41 ft tall, where m and n are relatively prime positive integers.
Find m .

10. Let ABCD be an isosceles trapezoid with AD‖BC whose angle at the
longer base AD is π

3 . The diagonals have length 10
√

21, and point E is
at distances 10

√
7 and 30

√
7 from vertices A and D, respectively. Let

F be the foot of the altitude from C to AD. The distance EF can be
expressed in the form m

√
n, where m and n are positive integers and n is

not divisible by the square of any prime. Find m + n .

11. Consider sequences that consist entirely of A’s and B’s and that have the
property that every run of consecutive A’s has even length, and every run
of consecutive B’s has odd length. Examples of such sequences are AA,
B, and AABAA, while BBAB is not such a sequence. How many such
sequences have length 14 ?

12. On a long straight stretch of one-way single-lane highway, cars all travel
at the same speed and all obey the safety rule: the distance from the back
of the car ahead to the front of the car behind is exactly one car length for
each 15 kilometers per hour of speed or fraction thereof. (Thus the front
of a car traveling 52 kilometers per hour will be four car lengths behind
the back of the car in front of it.) A photoelectric eye by the side of the
road counts the number of cars that pass in one hour. Assuming that each
car is 4 meters long and that the cars can travel at any speed, let M be
the maximum whole number of cars that can pass the photoelectric eye in
one hour. Find the quotient when M is divided by 10 .
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13. Let

p(x, y) = a0+a1x+a2y+a3x
2+a4xy+a5y

2+a6x
3+a7x

2y+a8xy2+a9y
3.

Suppose that

p(0, 0) = p(1, 0) = p(−1, 0) = p(0, 1) = p(0,−1)
= p(1, 1) = p(1,−1) = p(2, 2) = 0.

There is a point
(

a
c , b

c

)
for which p

(
a
c , b

c

)
= 0 for all such polynomials,

where a, b, and c are positive integers, a and c are relatively prime, and
c > 1. Find a + b + c .

14. Let AB be a diameter of circle ω. Extend AB through A to C. Point
T lies on ω so that line CT is tangent to ω. Point P is the foot of the
perpendicular from A to line CT . Suppose AB = 18, and let m denote
the maximum possible length of segment BP . Find m2 .

15. A square piece of paper has sides of length 100. From each corner a wedge
is cut in the following manner: at each corner, the two cuts for the wedge
each start at distance

√
17 from the corner, and they meet on the diagonal

at an angle of 60◦ (see the figure below). The paper is then folded up along
the lines joining the vertices of adjacent cuts. When the two edges of a
cut meet, they are taped together. The result is a paper tray whose sides
are not at right angles to the base. The height of the tray, that is, the
perpendicular distance between the plane of the base and the plane formed
by the upper edges, can be written in the form n

√
m, where m and n are

positive integers, m < 1000, and m is not divisible by the nth power of
any prime. Find m + n .

√17

√17

fold

fold

30°
30°

cut

cut
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1. Let N = 1002 + 992 − 982 − 972 + 962 + · · ·+ 42 + 32 − 22 − 12, where the
additions and subtractions alternate in pairs. Find the remainder when
N is divided by 1000 .

2. Rudolph bikes at a constant rate and stops for a five-minute break at the
end of every mile. Jennifer bikes at a constant rate which is three-quarters
the rate that Rudolph bikes, but Jennifer takes a five-minute break at the
end of every two miles. Jennifer and Rudolph begin biking at the same
time and arrive at the 50-mile mark at exactly the same time. How many
minutes has it taken them?

3. A block of cheese in the shape of a rectangular solid measures 10 cm by 13
cm by 14 cm. Ten slices are cut from the cheese. Each slice has a width
of 1 cm and is cut parallel to one face of the cheese. The individual slices
are not necessarily parallel to each other. What is the maximum possible
volume in cubic cm of the remaining block of cheese after ten slices have
been cut off?

4. There exist r unique nonnegative integers n1 > n2 > · · · > nr and r
unique integers ak (1 ≤ k ≤ r) with each ak either 1 or -1 such that

a13n1 + a23n2 + · · ·+ ar3nr = 2008.

Find n1 + n2 + · · ·+ nr .

5. In trapezoid ABCD with BC ‖ AD, let BC = 1000 and AD = 2008. Let
∠A = 37◦, ∠D = 53◦, and M and N be the midpoints of BC and AD,
respectively. Find the length MN .

6. The sequence {an} is defined by

a0 = 1, a1 = 1, and an = an−1 +
a2

n−1

an−2
for n ≥ 2.

The sequence {bn} is defined by

b0 = 1, b1 = 3, and bn = bn−1 +
b2
n−1

bn−2
for n ≥ 2.

Find
b32

a32
.
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7. Let r, s, and t be the three roots of the equation

8x3 + 1001x + 2008 = 0.

Find (r + s)3 + (s + t)3 + (t + r)3 .

8. Let a = π/2008. Find the smallest positive integer n such that

2[cos(a) sin(a) + cos(4a) sin(2a) + cos(9a) sin(3a) + · · ·+ cos(n2a) sin(na)]

is an integer.

9. A particle is located on the coordinate plane at (5, 0). Define a move for
the particle as a counterclockwise rotation of π/4 radians about the origin
followed by a translation of 10 units in the positive x-direction. Given that
the particle’s position after 150 moves is (p, q), find the greatest integer
less than or equal to |p|+ |q| .

10. The diagram below shows a 4 × 4 rectangular array of points, each of
which is 1 unit away from its nearest neighbors.

Define a growing path to be a sequence of distinct points of the array with
the property that the distance between consecutive points of the sequence
is strictly increasing. Let m be the maximum possible number of points
in a growing path, and let r be the number of growing paths consisting of
exactly m points. Find mr.

11. In triangle ABC, AB = AC = 100, and BC = 56. Circle P has radius 16
and is tangent to AC and BC. Circle Q is externally tangent to circle P
and is tangent to AB and BC. No point of circle Q lies outside of 4ABC.
The radius of circle Q can be expressed in the form m−n

√
k, where m, n,

and k are positive integers and k is the product of distinct primes. Find
m + nk .

12. There are two distinguishable flagpoles, and there are 19 flags, of which
10 are identical blue flags, and 9 are identical green flags. Let N be the
number of distinguishable arrangements using all of the flags in which
each flagpole has at least one flag and no two green flags on either pole
are adjacent. Find the remainder when N is divided by 1000 .
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13. A regular hexagon with center at the origin in the complex plane has
opposite pairs of sides one unit apart. One pair of sides is parallel to
the imaginary axis. Let R be the region outside the hexagon, and let
S = { 1

z | z ∈ R}. Then the area of S has the form aπ +
√

b, where a and
b are positive integers. Find a + b .

14. Let a and b be positive real numbers with a ≥ b. Let ρ be the maximum
possible value of a

b for which the system of equations

a2 + y2 = b2 + x2 = (a− x)2 + (b− y)2

has a solution (x, y) satisfying 0 ≤ x < a and 0 ≤ y < b. Then ρ2 can
be expressed as a fraction m

n , where m and n are relatively prime positive
integers. Find m + n .

15. Find the largest integer n satisfying the following conditions:
(i) n2 can be expressed as the difference of two consecutive cubes;
(ii) 2n + 79 is a perfect square .
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1. Call a 3-digit number geometric if it has 3 distinct digits which, when read
from left to right, form a geometric sequence. Find the difference between
the largest and smallest geometric numbers.

2. There is a complex number z with imaginary part 164 and a positive
integer n such that

z

z + n
= 4i.

Find n .

3. A coin that comes up heads with probability p > 0 and tails with proba-
bility 1− p > 0 independently on each flip is flipped eight times. Suppose
the probability of three heads and five tails is equal to 1

25 of the probabil-
ity of five heads and three tails. Let p = m

n , where m and n are relatively
prime positive integers. Find m + n .

4. In parallelogram ABCD, point M is on AB so that AM
AB = 17

1000 , and point
N is on AD so that AN

AD = 17
2009 . Let P be the point of intersection of AC

and MN . Find AC
AP .

5. Triangle ABC has AC = 450 and BC = 300. Points K and L are located
on AC and AB respectively so that AK = CK, and CL is the angle
bisector of angle C. Let P be the point of intersection of BK and CL,
and let M be the point on line BK for which K is the midpoint of PM .
If AM = 180, find LP .

6. How many positive integers N less than 1000 are there such that the
equation xbxc = N has a solution for x ? (The notation bxc denotes the
greatest integer that is less than or equal to x.)

7. The sequence (an) satisfies a1 = 1 and 5(an+1−an) − 1 =
1

n + 2
3

for n ≥ 1.

Let k be the least integer greater than 1 for which ak is an integer. Find
k.

8. Let S = {20, 21, 22, . . . , 210}. Consider all possible positive differences of
pairs of elements of S. Let N be the sum of all of these differences. Find
the remainder when N is divided by 1000.

9. A game show offers a contestant three prizes A, B and C, each of which
is worth a whole number of dollars from $1 to $9999 inclusive. The con-
testant wins the prizes by correctly guessing the price of each prize in the
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order A, B, C. As a hint, the digits of the three prices are given. On a
particular day, the digits given were 1, 1, 1, 1, 3, 3, 3. Find the total
number of possible guesses for all three prizes consistent with the hint.

10. The Annual Interplanetary Mathematics Examination (AIME) is written
by a committee of five Martians, five Venusians, and five Earthlings. At
meetings, committee members sit at a round table with chairs numbered
from 1 to 15 in clockwise order. Committee rules state that a Martian must
occupy chair 1 and an Earthling must occupy chair 15. Furthermore, no
Earthling can sit immediately to the left of a Martian, no Martian can sit
immediately to the left of a Venusian, and no Venusian can sit immediately
to the left of an Earthling. The number of possible seating arrangements
for the committee is N · (5!)3. Find N .

11. Consider the set of all triangles OPQ where O is the origin and P and Q
are distinct points in the plane with nonnegative integer coordinates (x, y)
such that 41x+y = 2009. Find the number of such distinct triangles whose
area is a positive integer.

12. In right 4ABC with hypotenuse AB, AC = 12, BC = 35, and CD is the
altitude to AB. Let ω be the circle having CD as a diameter. Let I be a
point outside 4ABC such that AI and BI are both tangent to circle ω.
The ratio of the perimeter of 4ABI to the length AB can be expressed in
the form

m

n
, where m and n are relatively prime positive integers. Find

m + n .

13. The terms of the sequence (ai) defined by an+2 =
an + 2009
1 + an+1

for n ≥ 1 are

positive integers. Find the minimum possible value of a1 + a2 .

14. For t = 1, 2, 3, 4, define St =
350∑

i=1

at
i, where ai ∈ {1, 2, 3, 4}. If S1 = 513

and S4 = 4745, find the minimum possible value for S2 .

15. In triangle ABC, AB = 10, BC = 14, and CA = 16. Let D be a point in
the interior of BC. Let IB and IC denote the incenters of triangles ABD
and ACD, respectively. The circumcircles of triangles BIBD and CICD
meet at distinct points P and D. The maximum possible area of 4BPC
can be expressed in the form a−b

√
c, where a, b and c are positive integers

and c is not divisible by the square of any prime. Find a + b + c.
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1. Before starting to paint, Bill had 130 ounces of blue paint, 164 ounces of
red paint, and 188 ounces of white paint. Bill painted four equally sized
stripes on a wall, making a blue stripe, a red stripe, a white stripe, and a
pink stripe. Pink is a mixture of red and white, not necessarily in equal
amounts. When Bill finished, he had equal amounts of blue, red, and
white paint left. Find the total number of ounces of paint Bill had left.

2. Suppose that a, b, and c are positive real numbers such that alog3 7 = 27,
blog7 11 = 49, and clog11 25 =

√
11. Find

a(log3 7)2 + b(log7 11)2 + c(log11 25)2 .

3. In rectangle ABCD, AB = 100. Let E be the midpoint of AD. Given
that line AC and line BE are perpendicular, find the greatest integer less
than AD .

4. A group of children held a grape-eating contest. When the contest was
over, the winner had eaten n grapes, and the child in kth place had eaten
n + 2 − 2k grapes. The total number of grapes eaten in the contest was
2009. Find the smallest possible value of n .

5. Equilateral triangle T is inscribed in circle A, which has radius 10. Circle
B with radius 3 is internally tangent to circle A at one vertex of T . Circles
C and D, both with radius 2, are internally tangent to circle A at the
other two vertices of T . Circles B, C, and D are all externally tangent to
circle E, which has radius m

n , where m and n are relatively prime positive
integers. Find m + n .

A

B

C D

E

6. Let m be the number of five-element subsets that can be chosen from the
set of the first 14 natural numbers so that at least two of the five numbers
are consecutive. Find the remainder when m is divided by 1000 .
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7. Define n!! to be n(n−2)(n−4) . . . 3 ·1 for n odd and n(n−2)(n−4) . . . 4 ·2

for n even. When
2009∑

i=1

(2i− 1)!!
(2i)!!

is expressed as a fraction in lowest terms,

its denominator is 2ab with b odd. Find
ab

10
.

8. Dave rolls a fair six-sided die until a six appears for the first time. Inde-
pendently, Linda rolls a fair six-sided die until a six appears for the first
time. Let m and n be relatively prime positive integers such that m

n is
the probability that the number of times Dave rolls his die is equal to or
within one of the number of times Linda rolls her die. Find m + n .

9. Let m be the number of solutions in positive integers to the equation
4x + 3y + 2z = 2009, and let n be the number of solutions in positive
integers to the equation 4x + 3y + 2z = 2000. Find the remainder when
m− n is divided by 1000.

10. Four lighthouses are located at points A, B, C, and D. The lighthouse
at A is 5 kilometers from the lighthouse at B, the lighthouse at B is
12 kilometers from the lighthouse at C, and the lighthouse at A is 13
kilometers from the lighthouse at C. To an observer at A, the angle
determined by the lights at B and D and the angle determined by the
lights at C and D are equal. To an observer at C, the angle determined
by the lights at A and B and the angle determined by the lights at D
and B are equal. The number of kilometers from A to D is given by
p
√

r

q
, where p, q, and r are relatively prime positive integers, and r is not

divisible by the square of any prime. Find p + q + r .

11. For certain pairs (m,n) of positive integers with m ≥ n there are exactly
50 distinct positive integers k such that | log m− log k| < log n. Find the
sum of all possible values of the product mn .

12. From the set of integers {1, 2, 3, . . . , 2009}, choose k pairs {ai, bi} with
ai < bi so that no two pairs have a common element. Suppose that all
the sums ai + bi are distinct and less than or equal to 2009. Find the
maximum possible value of k .

13. Let A and B be the endpoints of a semicircular arc of radius 2. The arc is
divided into seven congruent arcs by six equally spaced points C1, C2,. . . ,
C6. All chords of the form ACi or BCi are drawn. Let n be the product of
the lengths of these twelve chords. Find the remainder when n is divided
by 1000 .
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14. The sequence (an) satisfies a0 = 0 and an+1 =
8
5
an +

6
5

√
4n − a2

n for
n ≥ 0. Find the greatest integer less than or equal to a10 .

15. Let MN be a diameter of a circle with diameter 1. Let A and B be
points on one of the semicircular arcs determined by MN such that A is
the midpoint of the semicircle and MB = 3

5 . Point C lies on the other
semicircular arc. Let d be the length of the line segment whose endpoints
are the intersections of diameter MN with the chords AC and BC. The
largest possible value of d can be written in the form r − s

√
t, where r,

s, and t are positive integers and t is not divisible by the square of any
prime. Find r + s + t .
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1. Maya lists all the positive divisors of 20102 • She then randomly selects 
two distinct divisors from this list. Let p be the probability that exactly 
one of the selected divisors is a perfect square. The probability p can be 
expressed in the form If!, where m and n are relatively prime positive 
integers. Find m. + n . 

2. Find the remainder when 

is divided by 1000. 

9 · 99 · 999 · · · · · 99 ... 9 .._,,__,, 
999 9's 

3. Suppose that y = ~ :r and xY = yx. The quantity x + .IJ can be expressed as 
a rational number ~, where r and s are relatively prime positive integers. 
Find r + s. 

4. Jackie and Phil have two fair coins and a third coin that comes up heads 
with probability r .Jackie flips the three coins, and then Phil flips the 
three coins. Let ~ be the probability that Jackie gets the same number of 
heads as Phil, where m and n are relatively prime positive integers. Find 
m+n. 

5. Positive integers a, b, c, and d satisfy a > b > c > d, a+ b + c + d = 2010, 
and a2 - b2 + c2 - d2 = 2010. Find the number of possible values of a. 

6. Let P(:r) be a quadratic polynomial with real coefficients satisfying 

x2 - 2x + 2 <:: P(x) <:: 2x2 - 4.r + 3 

for all real numbers :r, arid suppose P(ll) = 181. Find P(16). 

7. Define an ordered triple (A, B, C) of sets to be minimally intersecting if 
IA n Bl = IB n Cl = IC n Al = 1 and A n B n C = 0. For example, 
({1,2},{2,3},{l,3,4}) is a minimally intersecting triple. Let N be the 
number of minimally intersecting ordered triples of sets for which each set 
is a subset of {1, 2, 3, 4, 5, 6, 7}. Find the remainder when N is divided by 
1000. 

Note: ISi represents the number of elements in the set S. 

8. For a real number a, let la J denote the greatest integer less than or equal 
to a. Let R denote the region in the coordinate plane consisting of points 
(x, y) such that 

lxJ 2 + lYJ 2 = 25. 
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The region R is completely contained in a disk of radius r (a disk is the 
union of a circle and its interior). The minimum value of r can be written 

as ,;::, , where m and n are integers and m is not divisible by the square 
of any prime. Find m + n . 

9. Let ( a, b, c) be a real solution of the system of equations 

x:' - :ryz = 2 

y3 - xyz = 6 

z3 - xyz = 20. 

The greatest possible value of a3 + b3 + c3 can be written in the form ~' 
where m and n arc relatively prime po;;itive integers. Find m + n. 

10. Let N be the number of ways to write 2010 in the form 

2010 = a3 · 103 + a2 · 102 + a1 · 10 + ao, 

where the a;'s are integers, and 0 s:; ai s; 99. An example of such a 
representation is 1 · 103 + 3 · 102 + 67 · 101 + 40 · 10°. Find N . 

11. Let R be the region consisting of the set of points in the coordinate plane 
that satisfy both 18 - xi + y s; 10 and 3y - x 2 15. When R is revolved 
around the line whose equation is 3y - x = 15, the volume of the result

m1r 
ing solid is -- , where m, n, and p are positive integers, m and n are 

ny1p 
relatively prime, and p is not divisible by the square of any prime. Find 
m+n+p. 

12. Let m 2 3 be an integer and let S = {3, 4, 5, ... , m }. Find the smallest 
value of m such that for every partition of S into two subsets, at least one 
of the subsets contains integers a, b, and c (not necessarily distinct) such 
that ab= c. 

Note: a partition of Sis a pair of sets A, B such that AnB = 0, AUE= S. 

13. Rectangle ABC D and a semicircle with diameter AB are coplanar and 
have nonoverlapping interiors. Let R demote the region enclosed by the 
semicircle and the rectangle. Linc /! meets the semicircle, segment AB, 
and segment CD at distinct points N, U, and T, respectively. Line £ 
divides region R into two regions with areas in the ratio 1 : 2. Suppose 
that AU= 84, AN= 126, and UB = 168. Then DA can be represented 
as my'n, where m and n are positive integers and n is not divisible by the 
square of any prime. Find m + n . 
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100 

14. For each positive integer n, let f(n) = :~::)log10 (kn)J. Find the largest 
k=l 

value of n for which f(n) :S 300. 

Note: LxJ is the greatest integer less than or equal to x. 

15. In !:,ABC with AB = 12, BC = 13, and AC = 15, let M be a point on 
AC such that the incircles of !:,ABM and !:,BCM have equal radii. Let 

p and q be positive relatively prime integers such that i: = ~. Find 

p+q. 
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1 Let N be the greatest integer multiple of 36 all of whose digits are even and no two of whose
digits are the same. Find the remainder when N is divided by 1000.

2 A point P is chosen at random in the interior of a unit square S. Let d(P ) denote the distance
from P to the closest side of S. The probability that 1

5 ≤ d(P ) ≤ 1
3 is equal to m

n , where m
and n are relatively prime positive integers. Find m + n.

3 Let K be the product of all factors (b−a) (not necessarily distinct) where a and b are integers
satisfying 1 ≤ a < b ≤ 20. Find the greatest positive integer n such that 2n divides K.

4 Dave arrives at an airport which has twelve gates arranged in a straight line with exactly 100
feet between adjacent gates. His departure gate is assigned at random. After waiting at that
gate, Dave is told the departure gate has been changed to a different gate, again at random.
Let the probability that Dave walks 400 feet or less to the new gate be a fraction m

n , where
m and n are relatively prime positive integers. Find m + n.

5 Positive numbers x, y, and z satisfy xyz = 1081 and (log10 x)(log10 yz) + (log10 y)(log10 z) =
468. Find

√
(log10 x)2 + (log10 y)2 + (log10 z)2.

6 Find the smallest positive integer n with the property that the polynomial x4 − nx + 63 can
be written as a product of two nonconstant polynomials with integer coefficients.

7 Let P (z) = z3 + az2 + bz + c, where a, b, and c are real. There exists a complex number
w such that the three roots of P (z) are w + 3i, w + 9i, and 2w − 4, where i2 = − 1. Find
|a + b + c|.

8 Let N be the number of ordered pairs of nonempty sets A and B that have the following
properties:

A ∪ B = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}, A ∩ B = ∅, The number of elements of A is not
an element of A, The number of elements of B is not an element of B.

Find N .

9 Let ABCDEF be a regular hexagon. Let G, H, I, J , K, and L be the midpoints of sides
AB, BC, CD, DE, EF , and AF , respectively. The segments AH, BI, CJ , DK, EL, and
FG bound a smaller regular hexagon. Let the ratio of the area of the smaller hexagon to the
area of ABCDEF be expressed as a fraction m

n where m and n are relatively prime positive
integers. Find m + n.
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10 Find the number of second-degree polynomials f(x) with integer coefficients and integer zeros
for which f(0) = 2010.

11 Define a T-grid to be a 3× 3 matrix which satisfies the following two properties:

(1) Exactly five of the entries are 1’s, and the remaining four entries are 0’s. (2) Among the
eight rows, columns, and long diagonals (the long diagonals are {a13, a22, a31} and {a11, a22, a33},
no more than one of the eight has all three entries equal.

Find the number of distinct T-grids.

12 Two noncongruent integer-sided isosceles triangles have the same perimeter and the same
area. The ratio of the lengths of the bases of the two triangles is 8 : 7. Find the minimum
possible value of their common perimeter.

13 The 52 cards in a deck are numbered 1, 2, . . . , 52. Alex, Blair, Corey, and Dylan each picks a
card from the deck without replacement and with each card being equally likely to be picked,
The two persons with lower numbered cards from a team, and the two persons with higher
numbered cards form another team. Let p(a) be the probability that Alex and Dylan are
on the same team, given that Alex picks one of the cards a and a + 9, and Dylan picks the
other of these two cards. The minimum value of p(a) for which p(a) ≥ 1

2 can be written as
m
n . where m and n are relatively prime positive integers. Find m + n.

14 In right triangle ABC with right angle at C, ∠BAC < 45 degrees and AB = 4. Point P on
AB is chosen such that ∠APC = 2∠ACP and CP = 1. The ratio AP

BP can be represented
in the form p + q

√
r, where p, q, r are positive integers and r is not divisible by the square of

any prime. Find p + q + r.

15 In triangle ABC, AC = 13, BC = 14, and AB = 15. Points M and D lie on AC with
AM = MC and ∠ABD = ∠DBC. Points N and E lie on AB with AN = NB and
∠ACE = ∠ECB. Let P be the point, other than A, of intersection of the circumcircles of
4AMN and 4ADE. Ray AP meets BC at Q. The ratio BQ

CQ can be written in the form m
n ,

where m and n are relatively prime positive integers. Find m− n.

http://www.artofproblemsolving.com/
This file was downloaded from the AoPS Math Olympiad Resources Page Page 4
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1. Jar A contains four liters of a solution that is 4Ei% acid. Jar B contains 
five liters of a solution that is 48% acid. Jar C contains one liter of a 
solution that is k% acid. From jar C, ';- liters of the solution is added to 
jar A, and the remainder of the solution in jar C is added to jar B. At the 
end both jar A and jar B contain solutions that are GO% acid. Given that 
rn. and n are relatively prime positive integers, find k + m + n. 

2. In rectangle ABCD, AB= 12 and BC= 10. Points E and F lie inside 
rectangle ABCD so that BE= 9, DF = 8, BE II DF, EF II AB, and line 
BE intersects segment AD. The length EF can he expressed in the form 
m fo - p, where m, n, and JJ are positive integers and n is not divisible hy 
the square of any prime. Find rn + n + p. 

:l. Let L be the line with slope -fu that contains the point A = (24, -1), 
and let !v1 be the line perpendicular to line L that contains the point 
B = (G, 6). The original coordinate axes are erased, and line L is made 
the x-axis and line !v[ the y-axis. In the new coordinate system, point A 
is on the positive x-axis, and point B is on the positive y-axis. The point 
P with coordinates ( -14, 27) in the original system has coordinates ( c;, B) 
in the new coordinate system. Find a + (J . 

4. In triangle ABC, AB = 12G, AC = 117, and BC = 120. The angle 
bisector of angle A intersects BC at point L. and the angle bisector of 
angle B intersects AC at point I<. Let 1\1 and N be the feet of the 
perpendiculars from C to BI< a11d AL, respectively. Find !v[N. 

5. The vertices of a regular nonagon (9-sided polygon) are to be labeled with 
the digits 1 through 9 in such a way that the sum of the numbers on every 
three consecutive vertices is a multiple of :i. Two acceptable arrangements 
are considered to be indistinguishable if one can he obtained from the other 
by rotating the nonagon in the plane. Find the number of distinguishable 
acceptable arrangements. 

6. Suppose that a parabola has vertex ( ¼, - ~) and equation y = a:r2 + b:r + c, 
where a > () and a+ b + c is an integer. The minimum possible value of a 
can be written in the form ~, where p and q are relatively prime positive 
integers. Find p + q. 

7. Find the number of positive integers m for which there exist nonnegative 
integers ::rn, 1-·1, ... , X2011, such that 

2011 

rnJ'n = L rnxk . 

k=l 
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8. In 6ABC, BC = 23, CA = 27, and AB = :30. Points V and Ware 
on AC with Von AW, points X and Y are on BC with X on CY, and 
points Z and U are on AB with Z on BU. In addition, the points are 
positioned so that UV II BC, WX II AB, and YZ II CA. Right angle folds 
are then made along UV, TV X, and Y Z. The resulting figure is placed on 
a level floor to make a table with triangular legs. Let h be the maximum 
possible height of a table constructed from 6ABC whose top is parallel 
to the floor. Then h can be written in the form k~, where k and n are 
relatively prime positive integers and m is a positive integer that is not 
divisible by the square of any prime. Find k + m + n. 

A 

z 

C X y B 

9. Suppose xis in the interval [0,1r/2] and log24 sinx(24cosx) = t 
Find 24 cot2 x. 

10. The probability that a set of three distinct vertices chosen at random from 
among the vertices of a regular n-gon determine an obtuse triangle is 1

9/ 5 . 

Find the sum of all possible values of n. 

11. Let. R be the set of all possible remainders when a number of the form 
271 • n a nonnegative integer, is divided by 1000. Let S be the sum of the 
elements in R. Find the remainder when S is divided by 1000. 

12. Six men and some number of women stand in a line in random order. Let 
p be the probability that a group of at least four men stand together in the 
line, given that every man stands next to at least one other man. Find the 
least number of women in the line such that p does not exceed 1 percent. 

13. A cube with side length 10 is suspended above a plane. The vertex closest 
to the plane is labeled A The three vertices adjacent to vertex A are at 
heights 10. 11, and 12 above the plane. The distance from vertex A to the 
plane can be expressed as r-;,fs, where r, s, and t are positive integers 
and .s is not divisible by the square of any prime. Find r + s + t. 
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14. Let A 1 A2A3A4A5A6A1As be a regular octagon. Let M1. M3, M5, and M1 
he the midpoints of sides A1A2, A3A4, A 5A6, and A1A8 • respectively. For 
i = 1, 3, 5, 7, ray Ri is constructed from .Mi towards the interior of the 
octagon such that R 1 J_ R:i, R3 .l_ R 5, R5 .l_ R1, and R1 .l_ R 1 . Pairs 
of rays R1 and R3, R3 and R5, R5 and R1, and R1 and R1 meet at 
B1, B3, B5, and B1, respectively. If B1B3 = A1A2, then cos 2L'.'.A3M3B1 
can be written in the form m - Jn, where m and n are positive integers. 
Find m+n. 

15. For some integer m, the polynomial x 3 - 201 lx + m has the three integer 
roots a, b, and c. Find lal + lbl + lei . 



2011 AIME I Problems Errata 

Problem 13 on page 3: 

The last two sentences should read: 

r-,/s 
"The distance from vertex A to the plane can be expressed as--, where r, s and 

t 

tare positive integers. Find r + s + t." 

That is, omit the phrase: 

"ands is not divisible by the square of any prime." 
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Problem 1  

Gary purchased a large beverage, but only drank m/n of it, where m and n are 

relatively prime positive integers. If he had purchased half as much and drunk twice 

as much, he would have wasted only 2/9 as much beverage. Find m+n.  

Problem 2  

On square , point lies on side and point lies on side , so that 

. Find the area of the square .  

Problem 3  

The degree measures of the angles in a convex 18-sided polygon form an increasing 

arithmetic sequence with integer values. Find the degree measure of the smallest 

angle.  

Problem 4  

In triangle ABC, AB=(20/11)AC. The angle bisector of angle A intersects BC at point 

D, and point M is the midpoint of AD. Let P be the point of intersection of AC and the 

line BM. The ratio of CP to PA can be expresses in the form m/n, where m and n are 

relatively prime positive integers. Find m+n.  

Problem 5  

The sum of the first 2011 terms of a geometric sequence is 200. The sum of the first 

4022 terms is 380. Find the sum of the first 6033 terms.  

Problem 6  

Define an ordered quadruple (a, b, c, d) as interesting if , 

and a+d>b+c. How many interesting ordered quadruples are there?  

Problem 7  
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Ed has five identical green marbles, and a large supply of identical red marbles. He 

arranges the green marbles and some of the red ones in a row and finds that the 

number of marbles whose right hand neighbor is the same color as themselves is 

equal to the number of marbles whose right hand neighbor is the other color. An 

example of such an arrangement is GGRRRGGRG. Let be the maximum number 

of red marbles for which such an arrangement is possible, and let be the number 

of ways he can arrange the marbles to satisfy the requirement. Find the 

remainder when is divided by .  

Problem 8  

Let , , , , be the 12 zeroes of the polynomial . For each , 

let be one of or . Then the maximum possible value of the real part of 

can be written as , where and are positive integers. Find 

.  

Problem 9  

Let , , , be nonnegative real numbers such that 

, and . Let and be 

positive relatively prime integers such that is the maximum possible value of 

. Find .  

Problem 10  

A circle with center has radius 25. Chord of length 30 and chord of 

length 14 intersect at point . The distance between the midpoints of the two 

chords is 12. The quantity can be represented as , where and are 

relatively prime positive integers. Find the remainder when is divided by 

1000.  

Problem 11  

Let be the matrix with entries as follows: for , ; for 

, ; all other entries in are zero. Let be 
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the determinant of matrix . Then can be represented as , 

where and are relatively prime positive integers. Find . Note: The 

determinant of the matrix is , and the determinant of the matrix 

; for , the determinant of an matrix with first row 

or first column is equal to 

, where is the determinant of the 

matrix formed by eliminating the row and column containing .  

Problem 12  

Nine delegates, three each from three different countries, randomly select chairs at 

a round table that seats nine people. Let the probability that each delegate sits next 

to at least one delegate from another country be , where and are relatively 

prime positive integers. Find .  

Problem 13  

Point lies on the diagonal of square with . Let and 

be the circumcenters of triangles and , respectively. Given that 

and , then , where and are 

positive integers. Find .  

Problem 14  

There are permutations of such that for 

, divides for all integers with . 

Find the remainder when is divided by 1000.  

Problem 15  

Let . A real number is chosen at random from the interval 

. The probability that is equal to 
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, where , , , , and are positive integers, and none of 

, , or is divisible by the square of a prime. Find .  

 

Problem 1  

Gary purchased a large beverage, but only drank m/n of it, where m and n are 

relatively prime positive integers. If he had purchased half as much and drunk twice 

as much, he would have wasted only 2/9 as much beverage. Find m+n.  

Solution  

Let be the fraction consumed, then is the fraction wasted. We have 

, or , or or . 

Therefore,  

Problem 2  

On square ABCD, point E lies on side AD and point F lies on side BC, so that 

BE=EF=FD=30. Find the area of the square ABCD.  

Solution  

Drawing the square and examining the given lengths, 

you find that the three segments cut the square 

into three equal horizontal sections. Therefore, (  being the side length), 
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, or . Solving for , we get , 

and  

Area of the square is  

Problem 3  

The degree measures of the angles in a convex 18-sided polygon form an increasing 

arithmetic sequence with integer values. Find the degree measure of the smallest 

angle.  

Solution  

The average angle in an 18-gon is . In an arithmetic sequence the average is 

the same as the median, so the middle two terms of the sequence average to . 

Thus for some positive (the sequence is increasing and thus non-constant) integer 

, the middle two terms are and . Since the step is the 

last term of the sequence is , which must be less than , since the 

polygon is convex. This gives , so the only suitable positive integer is 1. 

The first term is then  

Problem 4  

In triangle , . The angle bisector of intersects at point 

, and point is the midpoint of . Let be the point of the intersection of 

and . The ratio of to can be expressed in the form , where 

and are relatively prime positive integers. Find .  

Solutions  

Solution 1  
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Let be on such that . It follows that 

, so by the Angle Bisector 

Theorem. Similarly, we see by the midline theorem that . Thus, 

and .  

Solution 2  

Assign mass points as follows: by Angle-Bisector Theorem, , so 

we assign . Since , then 

, and .  

Solution 3  

By Menelaus' Theorem on with transversal , 

 

Problem 5 

The sum of the first 2011 terms of a geometric sequence is 200. The sum of the first 

4022 terms is 380. Find the sum of the first 6033 terms.  

Solution 
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Since the sum of the first terms is , and the sum of the fist terms is 

, the sum of the second terms is . This is decreasing from the first 

2011, so the common ratio (or whatever the term for what you multiply it by is) is 

less than one.  

Because it is a geometric sequence and the sum of the first 2011 terms is , 

second is , the ratio of the second terms to the first terms is 

. Following the same pattern, the sum of the third terms is 

.  

Thus,  

Sum of the first is  

Problem 6 

Define an ordered quadruple as interesting if , 

and . How many interesting ordered quadruples are there?  

Solution 

Rearranging the inequality we get . Let , then 

is a partition of 11 into 5 positive integers or 

equivalently: is a partition of 6 

into 5 non-negative integer parts. Via a standard balls and urns argument, the 

number of ways to partition 6 into 5 non-negative parts is . 

The interesting quadruples correspond to partitions where the second number is 

less than the fourth. By symmetry there as many partitions where the fourth is less 

than the second. So, if is the number of partitions where the second element is 

equal to the fourth, our answer is .  

We find as a sum of 4 cases:  

 two parts equal to zero, ways,  

 two parts equal to one, ways,  
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 two parts equal to two, ways,  

 two parts equal to three, way.  

Therefore, and our answer is  

Problem 7 

Ed has five identical green marbles, and a large supply of identical red marbles. He 

arranges the green marbles and some of the red ones in a row and finds that the 

number of marbles whose right hand neighbor is the same color as themselves is 

equal tot he number of marbles whose right hand neighbor is the other color. An 

example of such an arrangement is GGRRRGGRG. Let m be the maximum number 

of red marbles for which such an arrangement is possible, and let N be the number 

of ways he can arrange the m+5 marbles to satisfy the requirement. Find the 

remainder when N is divided by 1000.  

Solution 

We are limited by the number of marbles whose right hand neighbor is not the same 

color as the marble. By surrounding every green marble with red marbles - 

RGRGRGRGRGR. That's 10 "not the same colors" and 0 "same colors." Now, for 

every red marble we add, we will add one "same color" pair and keep all 10 "not the 

same color" pairs. It follows that we can add 10 more red marbles for a total of 16 

= m. We can place those ten marbles in any of 6 "boxes": To the left of the first 

green marble, to the right of the first but left of the second, etc. up until to the right 

of the last. This is a stars-and-bars problem, the solution of which can be found as 

where n is the number of stars and k is the number of bars. There are 10 

stars (The unassigned Rs, since each "box" must contain at least one, are not 

counted here) and 5 "bars," the green marbles. So the answer is , 

take the remainder when divided by 1000 to get the answer:  

Problem 8 
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Let , , , , be the 12 zeroes of the polynomial . For each , 

let be one of or . Then the maximum possible value of the real part of 

can be written as , where and are positive integers. Find 

.  

Solution  

 

The twelve dots above represent the 12 roots of the equation . If we 

write , then the real part of is and the real part of is . The blue 

dots represent those roots for which the real part of is greater than the real part 

of , and the red dots represent those roots for which the real part of is 

greater than the real part of . Now, the sum of the real parts of the blue dots is 

easily seen to be and the negative of the sum of the 

imaginary parts of the red dots is easily seen to also be . Hence our 

desired sum is , giving the answer .  

Problem 9 

Let be non-negative real numbers such that 

, and . Let and be 

positive relatively prime integers such that is the maximum possible value of 

. Find .  
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Solution 

Note that neither the constraint nor the expression we need to maximize involves 

products with . Factoring out say and we see that 

the constraint is , while the expression we want to 

maximize is . Adding the 

left side of the constraint to the expression we get: 

. This 

new expression is the product of three non-negative terms whose sum is equal to 1. 

By AM-GM this product is at most . Since we have added at least the desired 

maximum is at most . It is easy to see that this upper bound can in fact 

be achieved by ensuring that the constraint expression is equal to with 

—for example, by choosing and small 

enough—so our answer is  

An example is:  

Another example is  

Problem 10  

A circle with center O has radius 25. Chord of length 30 and chord of 

length 14 intersect at point P. The distance between the midpoints of the two chords 

is 12. The quantity can be expressed as , where m and n are relatively 

prime positive integers. Find the remainder when m + n is divided by 1000.  

Solution  

Let and be the midpoints of and , respectively, such that 

intersects .  
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Since and are midpoints, and .  

and are located on the circumference of the circle, so .  

The line through the midpoint of a chord of a circle and the center of that circle is 

perpendicular to that chord, so and are right triangles (with 

and being the right angles). By the Pythagorean Theorem, 

, and .  

Let , , and be lengths , , and , respectively. OEP and OFP are 

also right triangles, so , and 

 

We are given that has length 12, so, using the Law of Cosines with :  

 

Substituting for and , and applying the Cosine of Sum formula:  

 

and are acute angles in right triangles, so substitute 

opposite/hypotenuse for sines and adjacent/hypotenuse for cosines:  

 

Combine terms and multiply both sides by : 

 

Combine terms again, and divide both sides by 64: 

 

Square both sides: 

 

This reduces to ; (4050 + 7) divided by 1000 has remainder 

.  

Problem 11 
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Let be the n x n matrix with entries as follows: for , ; for 

, ; all other entries in are zero. Let be 

the determinant of the matrix . Then can be represented as 

where p and q are relatively prime positive integers. Find p + q.  

Note: The determinant of the 1 x 1 matrix is a, and the determinant of 

the 2 x 2 matrix is ad-bc; for n 2, the determinant of an n x n matrix 

with first row or first column . . . . is equal to 

where is the determinant of the 

(n-1) x (n-1) matrix found by eliminating the row and column containing .  

 

Solution 

 

 

 

 

 

Using the expansionary/recursive definition of determinants (also stated in the 

problem):  

 

 

This pattern repeats because the first element in the first row of is always 10, 

the second element is always 3, and the rest are always 0. The ten element directly 

expands to . The three element expands to 3 times the determinant of the 
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the matrix formed from omitting the second column and first row from the original 

matrix. Call this matrix . has a first column entirely of zeros except for the 

first element, which is a three. A property of matrices is that the determinant can be 

expanded over the rows instead of the columns (still using the recursive definition 

as given in the problem), and the determinant found will still be the same. Thus, 

expanding over this first column yields . Thus, 

the expression turns into . Thus, the equation 

holds for all n > 2.  

 

This equation can be rewritten as . This version 

of the equation involves the difference of successive terms of a recursive sequence. 

Calculating backwards from the recursive formula and from the formula 

yields . Examining the differences between successive terms, a 

pattern emerges.  

 

 

 

 

Thus, .  

Thus, the desired sum is  

This is an infinite geometric sequence with first term and common ratio . Thus, 

the sum is .  

Thus, p + q = 1 + 72 =  

Problem 12  

Nine delegates, three each from three different countries, randomly select chairs at 

a round table that seats nine people. Let the probability that each delegate sits next 
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to at least one delegate from another country be , where and are relatively 

prime positive integers. Find .  

Solution  

Use complementary probability and PIE.  

If we consider the delegates from each country to be indistinguishable and number 

the chairs, we have total ways to seat the candidates. This comes to: 

 

Of these there are ways to have the candidates of at least some one 

country sit together. This comes to  

Among these there are ways for candidates from two countries to each sit 

together. This comes to  

Finally, there are ways for the candidates from all the countries to sit in 

three blocks (9 clockwise arrangements, and 9 counter-clockwise arrangements).  

So, by PIE, the total count of unwanted arrangements is 

 

So the fraction Thus 

 

Problem 

Point P lies on the diagonal AC of square ABCD with AP > CP. Let and be the 

circumcenters of triangles ABP and CDP respectively. Given that AB = 12 and 

, then , where a and b are positive integers. Find 

a + b.  

 

Solution 
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Denote the midpoint of DC be E and the midpoint of AB be F. Because they are the 

circumcenters, both Os lie on the perpendicular bisectors of AB and CD and these 

bisectors go through E and F.  

 

It is given that . Because and are radii of the same circle, 

the have the same length. This is also true of and . Because 

, . Thus, 

and are isosceles right triangles. Using the given information above and 

symmetry, . Because ABP and ADP share one side, have one side 

with the same length, and one equal angle, they are congruent by SAS. This is also 

true for triangle CPB and CPD. Because angles APB and APD are equal and they sum 

to 120 degrees, they are each 60 degrees. Likewise, both angles CPB and CPD have 

measures of 120 degrees.  

 

Because the interior angles of a triangle add to 180 degrees, angle ABP has measure 

75 degrees and angle PDC has measure 15 degrees. Subtracting, it is found that 

both angles and have measures of 30 degrees. Thus, both triangles 

and are 30-60-90 right triangles. Because F and E are the midpoints 

of AB and CD respectively, both FB and DE have lengths of 6. Thus, 

. Because of 45-45-90 right triangles, .  

 

Now, using Law of Cosines on triangle ABP and letting AP be x,  

 

 

 

 

Using quadratic formula,  

 

 

 

 

http://www.artofproblemsolving.com/Forum/code.php?hash=1a33a13c5149978e782b98d8bee6c44eb8bcfe7b&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=507f8fee8f5be5a279eb7b9659205ae4239165eb&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=55831fb8a218837f07e2cef9e8bd6c3e88591391&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=7a26f726c1645b3f08202cbf27cd9dcd5e6fe79f&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=3060dd87fce7f81e332509f6670eb80da4523723&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=ff6b5bf00d11039ed4437a8f9bcfae3e2a9a1bc1&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=339da93ead5f2be74e4124da7e47ddcf77e0bdb9&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=9680c33dc967325f6d75b1cea7541e532e38df78&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=9eb02330a34940c4e16a83f16cc35222292d7fc6&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=f13640c1cc3a0d6d79ac995b17c003d8fefe0306&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=7250a5dfbb3cbf5f953a2d795c751ef95ef8e255&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=ce6db1c2096bbce7ea7007b2881c25ae1e1ee6d4&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=7250a5dfbb3cbf5f953a2d795c751ef95ef8e255&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=ce6db1c2096bbce7ea7007b2881c25ae1e1ee6d4&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=87681e4630a23d80956d140ed900ae6edffa7458&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=49955f79388aaae640d5844cc0e6b5c57164b22d&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=28310961cf7a641ce1519733acb0164195dd6414&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=ae85fce559b3e94880b854d331c9cd37dfd83909&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=47318b9c4048c8304daa5620cd099023c5bffe97&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=8c9327ebb087d11c7745f3b8f4714b8655336e31&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=8f8d54f861002a587483228360dfa261ae6d30d8&sid=65668437e4425e144793a8157def6c74
http://www.artofproblemsolving.com/Forum/code.php?hash=063cdb91c62422a40e3f0c8a761c0b0c5a5edc33&sid=65668437e4425e144793a8157def6c74


 

 

 

Because it is given that , , so the minus version of the 

above equation is too small. Thus, and a + b = 24 + 72 =  

Problem 14 

There are N permutations of 1, 2, ... , 30 such that for 

, m divides for all integers n with . 

Find the remainder when N is divided by 1000.  

 1 Problem 14  

 2 Solutions  

 2.1 Solution 1  

 2.2 Solution 2  

 

Solutions 

Solution 1 

Each position in the 30-position permutation is uniquely defined by an ordered triple 

. The nth position is defined by this ordered triple where i is n mod 2, j is n 

mod 3, and k is n mod 5. There are 2 choices for i, 3 for j, and 5 for k, yielding 

2*3*5=30 possible triples. Because the least common multiple of 2, 3, and 5 is 30, 

none of these triples are repeated and all are used. By the conditions of the problem, 

if i is the same in two different triples, then the two numbers in these positions must 

be equivalent mod 2. If j is the same, then the two numbers must be equivalent mod 

3, and if k is the same, the two numbers must be equivalent mod 5.  

The ordered triple (or position) in which the number one can be placed has 2 options 

for i, 3 for j, and 5 for k, resulting in 30 different positions it can be placed.  

The ordered triple where 2 can be placed in somewhat constrained by the placement 

of the number 1. Because 1 is not equivalent to 2 mod 2, 3, or 5, the i, j, and k in 

their ordered triples must be different. Thus, for the number 2, there are (2-1) 
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choices for i, (3-1) choices for j, and (5-1) choices for k. Thus, there are 1*2*4=8 

possible placements for the number two once the number one is placed.  

Because 3 is equivalent to 1 mod 2, it must have the same i as the ordered triple of 

1. Because 3 is not equivalent to 1 or 2 mod 3 or 5, it must have different j and k 

values. Thus, there is 1 choice for i, (2-1) choices for j, and (4-1) choices for k, for 

a total of 1*1*3=3 choices for the placement of 3.  

As above, 4 is even, so it must have the same value of i as 2. It is also 1 mod 3, so 

it must have the same j value of 2. 4 is not equivalent to 1, 2, or 3 mod 5, so it must 

have a different k value than that of 1, 2, and 3. Thus, there is 1 choice for i, 1 choice 

for j, and (3-1) choices for k, yielding a total of 1*1*2=2 possible placements for 4.  

5 is odd and is equivalent to 2 mod 3, so it must have the same i value as 1 and the 

same j value of 2. 5 is not equivalent to 1, 2, 3, or 4 mod 5, so it must have a 

different k value from 1, 2, 3, and 4. However, 4 different values of k are held by 

these four numbers, so 5 must hold the one remaining value. Thus, only one 

possible triple is found for the placement of 5.  

All numbers from 6 to 30 are also fixed in this manner. All values of i, j, and k have 

been used, so every one of these numbers will have a unique triple for placement, 

as above with the number five. Thus, after 1, 2, 3, and 4 have been placed, the rest 

of the permutation is fixed.  

Thus, N = 30*8*3*2=30*24=1440. Thus, the remainder when N is divided by 1000 

 

Solution 2 

We observe that the condition on the permutations means that two numbers with 

indices congruent are themselves congruent for 

Furthermore, suppose that Then, there are indices 

congruent to and numbers congruent to because 2, 

3, and 5 are all factors of 30. Therefore, since every index congruent to must 

contain a number congruent to and no number can appear twice in the 

permutation, only the indices congruent to contain numbers congruent to In 

other words,  

This tells us that in a valid permutation, the congruence classes are simply 

swapped around, and if the set is a congruence class for 2, 3, or 5, 

the set is still a congruence class Clearly, each valid 

permutation of the numbers 1 through 30 corresponds to exactly one permutation 
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of the congruence classes modulo 2, 3, and 5. Also, if we choose some permutations 

of the congruence classes modulo 2, 3, and 5, they correspond to exactly one valid 

permutation of the numbers 1 through 30. This can be shown as follows: First of all, 

the choice of permutations of the congruence classes gives us every number in the 

permutation modulo 2, 3, and 5, so by the Chinese Remainder Theorem, it gives us 

every number Because the numbers must be between 1 and 30 

inclusive, it thus uniquely determines what number goes in each index. Furthermore, 

two different indices cannot contain the same number. We will prove this by 

contradiction, calling the indices and for If then they must 

have the same residues modulo 2, 3, and 5, and so modulo 2, 3, and 5. Again 

using the Chinese Remainder Theorem, we conclude that so 

because and are both between 1 and 30 inclusive, giving us a 

contradiction. Therefore, every choice of permutations of the congruence classes 

modulo 2, 3, and 5 corresponds to exactly one valid permutation of the numbers 1 

through 30.  

We have now established a bijection between valid permutations of the numbers 1 

through 30 and permutations of the congruence classes modulo 2, 3, and 5, so 

is equal to the number of permutations of congruence classes. There are always 

congruence classes so 

 

Problem 15 

Let . A real number is chosen at random from the interval 

. The probability that is equal to 

, where , , , , and are positive integers. Find 

.  

Solution 

Table of values of :  
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In order for to hold, must be an integer and 

hence must be a perfect square. This limits to or or 

since, from the table above, those are the only values of for which 

is an perfect square. However, in order for to be rounded down to 

, must not be greater than the next perfect square after (for 

the said intervals). Note that in all the cases the next value of always passes 

the next perfect square after , so in no cases will all values of in the said 

intervals work. Now, we consider the three difference cases.  

 

Case :  

must not be greater than the first perfect square after , which is . Since 

is increasing for , we just need to find where and the values 

that will work will be .  

 

So in this case, the only values that will work are .  

Case :  

must not be greater than the first perfect square after , which is .  

 

So in this case, the only values that will work are .  
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Case :  

must not be greater than the first perfect square after , which is .  

 

So in this case, the only values that will work are .  

Now, we find the length of the working intervals and divide it by the length of the 

total interval, :  

 

So the answer is .  
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